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“F'is a functor from ... to ... preserving direct limits and pull-backs”;
this is the leitmotiv of Parts III and IV. This sentence makes use of three
keywords, “direct limits”, “pull-backs”, “functors”, which have specific

roles in the theory:

direct limits: this expresses, in a category-theoretic framework, noth-
ing but the familiar ideas of continuity, i.e. the principle of computability
from finitary data; by itself, this idea is not a new principle (but its com-

binations with the two other principles considerably increase its interest).

functor: this expresses, in a category-theoretic framework, indiscernabil-
ity properties; in some sense, the “neighbourhoods” connected with direct

limits will all be “alike”.

pull-backs: pull-backs, which are a category-theoretic version of the idea

of finite intersection, are essential to obtain unicity conditions.

A typical combination of these three principles is the normal form the-

orem of Section 8.2.:

— functoriality enables us to represent any point < F'(z) by an expression

(ZO; Loy ey Ty oen s :C)F

— preservation of direct limits enables us to represent such a point by a

finite expression (zo; Zg, ..., Tn_1; T)F.

— preservation of pull-backs enables us to choose, among all such represen-

tations, a distinguished one, the normal form....

One of the main features of such objects is that they are completely
determined by their restriction to a denumerable category of finite dimen-
sional objects; in practice, in Part 111, these finite dimensional objects will
exactly be integers. From that we shall keep a “finitary” control on all
our constructions. On the other hand, a system of “finitary” data does
not necessarily determine an object of the kind we are seeking: typically,

a functor from integers to integers can be extended to ordinals by means
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of direct limits, but its limit needs not to be an ordinal.... (Similarly,
a sequence of rationals does not necessarily define a real....) Everything
which is connected with this “finitary” aspect ot IT3-logic (not bothering
too much about well-foundedness of extensions) determines an “algebraic”
theory, which, in the case of dilators, is developed in Chapter 8.

But the functors we are interested in, send ordinals on well-founded
structures, and, at some stage, this phenomenon becomes essential! A
dilator is therefore a way of speaking of well-founded classes, by means of
finitary data.... Chapter 9 develops this viewpoint.

Dilators are in some sense the IT} analogue of the II} concept of wi-
tree; but, whereas the mathematical structure of wf-trees is practically
inexistent, we have used two chapters to study dilators: Chapters 8 and 9
are the analogues of Chapter 5.

The place of Chapter 6 is taken by Chapter 10; we find a (functorial)
analogue of the w-completeness theorem, by means of functorial proofs.
The B-proofs obey to the leitmotiv: they are functors preserving direct
limits and pull-backs.

Chapter 11 is the analogue of Chapter 7 for inductive definitions in the
framework of ITi-logic. Chapter 11 combines all the techniques introduced
in the previous chapters (8-10). The inductive definitions are analyzed by
means of a cut-elimination theorem. This cut-elimination theorem in the

framework of IT3-logic has the following features:
— this is a total cut-elimination (i.e. all cuts are removed);
— there is a true subformula property.

The procedure can also be applied to the simplest of all inductive def-
initions, namely integers; this yields a new ordinal analysis of arithmetic
by means of the Howard ordinal 7. Other relations of arithmetic with 7,
can be found in 9.A (comparison of hierarchies) and 12.A (Godel’s 7 and
ptykes) and ?77. All these results are closely related.

Since we have (3-completeness in the case of inductive definition, the
methods of IT3-logic can be used to investigate in questions closely con-
nected to inductive definitions: admissible sets. The next admissible, the

! functions over a successor admissible, can be, in many cases, analyzed
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by means of recursive dilators. What is remarkable in this, is that gen-
eralized recursion (which is not recursive at all) can be reduced, in some

sense, to usual recursion... .
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CHAPTER 8
DILATORS: ALGEBRAIC THEORY

We begin by recalling a certain number of category theoretic notions:
1. a category consists of the following data

— a class of objects |C|;

— for any two objects a, b in |C|, a set Mor¢(a, b), the set of morphisms
from a to b;

— a distinguished element id, € Mor¢(a, a) for all a € |C;
— for all a,b,c € |C|, a composition map:

Mor¢(a, b) x More(b, ¢) — More(a, c)

t,u~ ut

We require that:

1) t e Morc(a, b) —idit =tid, =t
2) t € More(a,b), u € More(b, ¢), v € More(d, ¢) — v(ut) = (vu)t.

In the sequel we shall use many categories, for instance ON (ordi-
nals), OL (linear orders), DIL (dilators).... Most of the time we shall
not define the composition, nor the identity morphisms, which will be
clear from the context.... When ¢ € Morc¢(a,b) is such that for some

u € More(b,a): tu = idy, ut = id,, then ¢ is called an isomorphism

and v = t~! is unique.

2. If C is a category, then a subcategory D of C consists of the following
data:

— a subclass |D| of |C|
— for all a,b € |D|; a subset Morp(a,b) of Mor¢(a, b) such that:
— id, € Morp(a, a)

— the composition maps Morp(a, b) x Morp(b, ¢) into Morp(a, ¢).
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A typical example is that of a full subcategory: D is a full subcat-
egory of C when:

VYaVb € |D| Morp(a,b) = More(a,b) .

. If C and D are categories, then a functor F' from C to D consists of

the following data:

— for all z € |C| an object F(x) € |D]|

— for all z,y € |C| and f € Mor¢(a,b), a morphism
F(f) € Morp (F(a), F(b)) such that the following holds:
— F(idy) = idp(q)
— F(ut) = F(u)F(t) if t € Morc(a,b), u € More(b, c) .

Functors are rather “large” objects; in practice, our functors will
always be determined by their restrictions to rather small categories;
for instance, dilators, which are functors from ON to itself, will be
completely determined by their restriction to the subcategory of finite

ordinals!

. If F and G are functors from C to D, then a natural transformation
T from F to G is a family (7}).c|c| such that:
- T, € I\/IorD(F(x),G(x)) for all z € |C|

— if t € More(x,y), then the morphisms G(t)T,, and T,F(t) are equal;
this is expressed by saying that the diagram

F(t) G(t)
F(y) - G(y)

1s commutative.

It is convenient to consider 1" as something close to a functor: define

~ifzell| T(x)=T,
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—ift € More(z,y)  T(t) = G(t)T, = T,F(t).

It is possible to compose natural transformations:

if T is a natural transformation from F' to G,
if U is a natural transformation from G to H, then

UT is a natural transformation from F' to H:

UT), = U, T, .

In practice, it is not so clear for the beginner that natural trans-
formations are of any interest. In fact this notion corresponds to the
idea of “substructure”, but some practice is needed to understand how
this concept must be used. My advice is (since the technical content
of natural transformations is very limited) to ignore at the first reading

all the results concerning natural transformations... .
5. An isomorphism between C and D is a pair (F, G) such that:

— F'is a functor from C to D

— @ is a functor from C to D

— G o F'is the identity functor of C
— F o G is the identity functor of D.

In the sequel, we shall construct many isomorphisms of categories
(for instance between DIL and SHD, BIL and QDIL); however, this

1

situation is not very common," and current category-theoretic practice

uses a more general notion:

6. An equivalence between C and D is a 6-tuple (F,G,T,T',U,U’) such
that:

Here we can build isomorphisms, because we are dealing with rigid objects, which

have no automorphisms... .
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— F'is a functor from C to D
— (@ is a functor from D to C

— T (resp. T", U, U') are natural transformations from the identity
functor of C (resp. G o F', the identity functor of D, F' o G) to G o F'
(resp. the identity functor of C, F' o G, the identity functor of D) and

Yz € |C T'T), =id, TT"), = id
relC]  (T'T), =i (1) 'G(F(I))

Vz € |D U'v), =id, uv'), =id
velPl WUL=id (U=,

The next concepts that we shall use are those of direct limit and pull-
back, that will be introduced later on. Our use of categories is very limited,
byt perhaps a bit repellent to some readers; of course, there is no absolute
evidence that one must present II3-logic in a category-theoretic framework.
The advantage of such a presentation is that general patterns appear more
easily, and a certain number of directions are naturally suggested by the
category-theoretic framework. The price to pay for that is that perhaps
we lose a bit of our intuitive approach to these matters... .

I have chosen what I think to be a medium position; the category-
theoretic language is mainly used in definitions, and generally soon re-
placed by some useful characterization in usual mathematical terms: for
instance the abstraction “preservation of direct limits and pull-backs” is
replaced by a normal form theorem which has exactly the same contents.

It may certainly be useful for the beginner to try to translate the ab-
stract category-theoretic constructions into more elementary ones; he will
then get close to the original intentions and constructions.... Unfortu-
nately, it is no longer possible for me to think (or to expose) the theory
in very elementary and technical terms.... In any case the contents are

exactly the same.
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8.1. Direct limits and pull-backs

8.1.1. Definition.
Assume that z, y are two linear orders; then I(z,y) denotes the set of all

strictly increasing functions from z to y (see 5.3.1 (ii)).

8.1.2. Definition.

We shall consider the following categories:
(i) the category OL of linear orders: the objects are linear orders
(ii) the category ON of ordinals: the objects are ordinals

(iii) when z is an ordinal, the category ON < z; the objects are ordinals
<z

(iv) when x is an ordinal, the category ON < x; tjhe objects are ordinals
< x.

In all these categories, the morphisms from x to y are the elements of
I(z,y).

8.1.3. Definition.
If x and y are ordinals such that x < y, one defines E,, € I(x,y) by
E,,(z) = z for all z € z. E,, is abbreviated into E,.

8.1.4. Definition.
The following are functors from ON? to ON: let =, 2/, vy, ¥ be ordinals,

let f e I(x,a'), g€ l(yy)
(i) the functor sum

— x4y is the familiar ordinal sum of x and y (5.5.3 (iii))

—if z <z, then (f + g)(2) = f(2), if 2 <y, then (f + g)(z + 2) =
'+ g(2).

(ii) the functor product
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— x - y is the familiar ordinal product of x and y (5.5.3 (iv))
—ift <z, u<y, then (f - g)(x - u+t)=2a" - glu)+ f(1).

(iii) the functor exponential

— (14 x)? is defined as in 5.5.3 (v)

(A At e () - (L4 t) =
(1+2)900 - (14 (1)) + o4 (142790 - (14 f(t)

- |

for all uy,...,uy, t1,...,t, such that y > u; > ... > u, and t1,....t, <

X.

8.1.5. Remarks.

(i) the definition of the exponential for morphisms makes heavy use of
the Cantor Normal Form 5.5.4.: the function (1+ f)¢ can be defined
because every ordinal < (1 + z)¥ can be written in Cantor normal
form, in a unique way. The fact that (1 + f)? is strictly increasing is

immediate.

(ii) these functors can easily be extended into functors from OL? to OL
(using the Definition 5.4.9 together with 5.4.10 in the case of exponen-
tiation). Direct limits provide a general way of extending (particular)
functors from ON (or ON?) to ON into functors from OL (or OL?)
to OL (see 8.2.11 (ii)). In fact our definition of (1 4+ x)¥ for z, y
arbitrary linear orders is exactly what one obtains if one extends the

functor exponentiation by means of direct limits... .

8.1.6. Remark.

It can be of some interest to consider the category OW of well-orders
(morphisms being still given by I(z,y)). There is a functor order type
from OW to ON, defined by

— ||z|| = unique ordinal isomorphic to x

—if f e I(x,y), then || f]| € I(||z], ||y]|) is defined by ¢, f = || ]| 2 (where
¢, is the unique isomorphism from z to ||z||)
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z Y
2 Py

]l [yl
171l

i.e. this diagram is commutative.

We shall often be in the following situation: we are given a functor F
from OL to OL such that F' maps OW into OW. Then it will be possible
to consider the “restriction” of F' to ON, which will be a functor from ON
to ON, defined by: (and denoted by || F||)

Ga) =[[F@) () =1FWDI -

There are many functors from OL to OL which cannot be “restricted”

as above. A typical example is the functor”, defined by:

— 7 is the order opposite to z (same domain, order reversed)
- f=1r

Then, when x is an infinite well-order, z is not a well-order. However,
when x is a finite (well-) order, so is Z, hence it is possible to “restrict”
“to ON < w. We have “a”, and “f"(n — 1 — z) = m — 1 — f(z), when
fel(n,m).

8.1.7. Definition.
If z is an ordinal, let £ = z + 1; if x, y are ordinals and f € I(z,y),
define f € I(z,3) by: f(z) = sup (f(t) + 1), equivalently: f(0) = 0,

f(z+1) = f(z) + 1, and for z limit, f(z) = sup f(¢).

“is clearly a functor from ON to ON.
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8.1.8. Definition.
Let C be a category, and let I be a non void ordered set; we shall always
assume that [ is directed, i.e. that, given ¢, j € I there exists k € I such
that 7,7 < k.

A direct system in C indexed by I, appears as a family (z;, fij)i<jer
such that:

(i) for alli € I, z; is an object of C
(i) for all 4,j € I such that i < j, f;; is C-morphism from z; to z;
(iii) for all i € I, f;; is the identity of z;
(iv) for all 4, j, k in [ such that i < j < k, we have fix = fjifij-
fij
ik fik

Tk

8.1.9. Definition.

A direct system of morphisms (indexed by ¢) from the direct system
(i, fi;) (indexed by I) to the direct system (y, fi,) (indexed by L) is a
family (h;)icr (denoted (h;)ie,) such that:

(i) ¢ is an increasing function from [ to L
(ii) for all i € I h; is a C-morphism from z; to y,g
(111) if Z,j €] andi < j then hjfz'j = ggo(z)tp(])hz

fij

Jo(i)e(5)

8.1.10. Remark.

It would be possible to form a category with direct systems in C as objects,
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and direct systems of morphisms as morphisms. If (h;)ic, and (k;)iey
are direct systems of morphisms from (x;, fi;)i<tjer t0 (Y1, Gim)i<2mer and
from (Y1, gim )i<2mer 10 (2p, dpg) p<3qep, then the composition of (k;)e, and
(hi)iey is defined to be the family h] = ky;)h;. It is immediate that (h})icy,
is a direct system of morphisms from (x;, fi;)i<ijer t0 (2p, dpg)p<24ep-

We shall always try to avoid the abstract nonsense of categories of di-
rect systems; however, it is sometimes useful to have them in mind to be
able to understand operations like composition of direct systems of mor-
phisms. The notation ¢ € ¢ is rather shocking, but is has the immense

advantage of giving explicitly the function ¢.

8.1.11. Definition.
Let (z;, f;j) be a direct system in C, indexed by I; a family (z, f;);es is said
to be a direct limit of (z;, f;;) iff (i)—(iv) hold:

(i) « is an object of C
(ii) forallie I f;is a C-morphism from z; to x
(iii) for all 4,7 € I such that ¢ <j, f; = f; fi;

(iv) if (y, g;) is any family enjoying conditions (i)—(iii), then one can find

a unique morphism h from x to y such that for allt € I ¢; = hf;.

X
i
fi h
fij x Yy
[
gj
Ty

8.1.12. Theorem.
If C is one of the categories of Def. 8.1.2, then Condition (iv) of direct
limits can be restated as:

(iv): = U rg(f;), i.e. every point in = can be written as f;(z;) for some
i€l
1€l and z; € z;.
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Proof. (iv) — (iv)": let X = U rg(fi); define y and k € I(y,x) by
iel

rg(k) = X, and g; € I(x;,y) by the condition f; = kg;; since (y,g;)
enjoys (i)—(iii), Condition (iv) ensures the existence of h € I(z,y) such
that go = hf;, hence f; = khf; for all ¢ € I; from this kh(z) = z for all
z € X, and h maps X onto y: since h is strictly increasing this forces
X =u.

(iv)" — (iv): let z € x; we define h(z) as follows: choose i € I and
z; € x; such that z = f;(2;) (this is possible by (iv)’) and let h(z) = gi(2);
this definition is not absurd, because, if z = f;(2;), choose k > i, j; then
gi(z) = g (fn(20)) = ar(fn(2))) = 95(2;) (the equality fiu(z) = fr(z)
comes from z = fj (flk(z@)) = fr (fjk(zj)) and the fact that fj is strictly
increasing...). h is strictly increasing: if z < 2/, then by the directedness
of I one can choose i € I, z;, 2z} with z = f;(z), 2/ = fi(2}). Since f;
and g; are strictly increasing, it follows that z; < 2! and g¢;(2z;) < gi(2)),
i.e. h(z) < h(Z'). By construction we clearly have g;(z;) = h(fi(zi)), SO
gi = hf;. The unicity of such an h is obvious. O

8.1.13. Examples.

(i) The simplest example of a direct limit is that of a supremum: let
x be a limit ordinal, and let / = z, and for y € z, let a, = y, and
for y < z € z, let f,, = E,,. Then (z,E,;),c, is a direct limit of

(ay, fy-): in that case the direct limit coincides with the supremum.

(ii) If the system (z;, f;;) is such that all z;’s are equal to some fixed inte-
ger n, then the system has a direct limit of the form (n, f;). (Because
all functions f;; are isomorphisms.) But if x; is constantly equal to
some infinite ordinal, nothing can be said as to its direct limit. For
instance, if x is a limit ordinal with a denumerable cofinality, it is
possible to find a direct system (z;, fi;) with all z; = w having a
direct limit of the form (z, f;).

(iii) We give now the crucial example of a system (z;, f;;) with all z;’s
finite, and a direct limit of the form (w + 1, f;): I will be the set IN
of integers; if n € I, let z, =n+1,if n < m, let f,,, = Epm + Eq,
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ie. fum(z) =z for z < n and f,(n) =m; define f, € I(n+ 1,w + 1)
by fn = E,, +Ej, ie. fu(z) =z for z <n, f(n) =w.

15 =4 01 2 3
fs6 L L
x5 =T 012 3 45 6
Jer L L L L 1 |
T =8 012 3 456 7
) 2 A A A A A
w41 01 23 456 7 .. w

(iv) In a similar way, the system (n+n, E,,, +E,,) has (w+w, E,,+E,.,)
as direct limit; the system (n - n, E,,, - E,;,) has (w - w, E,, - E,,)

as direct limit... .

8.1.13. Proposition.

(i) If (z, f;) is a direct limit of (x;, fi;), then x is unique up to isomor-
phism. (This is the reason why we shall often speak of x as “the
direct limit of (z;, fi;).) In ON and in its subcategories, identity
morphisms are the only isomorphisms, hence x is actually unique.
(The same situation will hold for the category DIL of dilators.)

(ii) Suppose that (x;, fij)i<ijer and (Yi, gim)i<2mer admit direct limits
(z, fi) and (y,q) in C; then, if (h;)e, is a direct system of mor-
phisms from (x;, fi;) to (Yi, gim), it is possible to define a morphism
h € I(x,y) such that for all i € I: hf; = gy hi.

hi
Li Yeli)
fij fi Geo(i) Go(i)
h;
Ly Ye(5)
i 9 (5)
x Yy
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This morphism is called the direct limit of (h;).

Proof. (i) If (z, f;) and (v, g;) are two direct limits of (z;, fi;), then by
8.1.11 (iv) one can find h and k such that g; = hf; and f; = kg; for all
i € I. From this one gets f; = khf; for all i € I; by condition 8.1.11 (iv),
kh is the unique morphism such that f; = khf; for all ¢ € I. This forces
kh to be the identity of x, and similarly hk is the identity of y. So x and
y are isomorphic.

(i) (9, gp(i)h:) enjoys conditions 8.1.11 (i)—(iii), hence there is a unique
h from x to y such that hf; = g,uyh; for all ¢ € I. O

8.1.14. Remark.

“The” direct limit is functorial in the following sense: assume that (x;— f;;),
(Y1, Gim), (2p, dpq) are as in 8.1.10 and have direct limits (z, f;), (v, a1), (2, dp)
and assume that (h;), (k;), (h}) are as in 8.1.10. Then their respective di-
rect limits h, k, A’ are such that h' =k - h.

8.1.15. Example.

Assume that (z;);e; and (y;)e;, are increasing families of ordinals, and
that ¢ is an increasing function from I to L. Assume that the func-
tions f € I(x;,y,()) are such that 7 < j — f; extends f;, i.e. that for
z € x; fi(z) = fi(z). Then it is possible to define a function ¢ = U fi,

with g € [(sup(mi), sup(yl)> by ¢g(z) = fi(z), where ¢ is any index such that
LSS

In fact, U f; is a very simple case of a direct limit of morphisms: re-

call rhat (with x = sup(x;), y = sup(y1)) (z, Ey,z) (ves|. (y,Ey,)) is the
direct limit of the system (z;, Ey,2,) (resp. (yi, Ey,y,,)); it is immediate that
(fi)iep is a direct system of morphisms between (z;, E;,.;) and (y;, Ey,y,,)
and that the function g = |J f; is their direct limit.

8.1.1.6. Theorem.

The category ON < w is dense in the categories ON, OL (and ON < z

for x infinite). This means that:
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(i) if z is any object of one of these categories, then one can find a direct
system (z;, f;;), with all x;’s integers together with functions f;, such
that (z, f;) is the direct limit of (x;, fi;).

(i) if x, y are objects in one of these categories, and (z, f;) (resp. (v, ¢1))
is the direct limit of (z;, fi;) (vesp. (yi, gim)) With x;, y; finite for all ¢
and [, then for any h € I(z,y), one can find an increasing function ¢
together with a direct system of morphisms (h;);e,, such that h is the
direct limit of (h;).

Proof. (i) Define I = {a; a finite, a C x}; I (ordered by inclusion) is
obviously directed. Define x, = ||a|| (i.e. the order type of z restricted to
a); if a C b, let ey, be the inclusion map from a into b, and let f,; = ||€a]|-
It is immediate that z, is an integer and (z,, fap) is a direct system. Let
€qe be the inclusion map from a into z, and let f, = ||eq.||. It is immediate
that (z, f;) enjoys Conditions 8.1.11 (i)—(iii) of direct limits w.r.t. (x;, fi;).
Condition (iv)’ is satisfied as well, since if 2z € z, z € rg(f.}). Hence (z, f;)
is a direct limit for (x;, fi;).

(ii) If @ is any finite subset of y, one can find an index a* € L such
that @ C rg(g.). It is an easy exercise of set theory to show that the
function a ~ a* can be chosen increasing, i.e. a C b — a* <? b*. (De-
fine, using the axiom of choice, a* by transfinite induction over a well-
ordering of the finite subsets of y, which extends the inclusion.) Given
i€l let (i) = (rg(hfi))*; then ¢ is an increasing function and we have
rg(hfi)* C rg(ge@)), so one can define h; € I(z;,yp;) by the condition:
hfi = gu@yhi- It is immediate that (h;);c, is a direct system of morphisms
from (z;, fij) to (yi, gim) and h is the direct limit of (h;). O

8.1.17. Notations.

(i) (z,fi) = lUm (zy, fij) expresses that (z, f;) is the direct limit of

—

(i, fi;); one can note the indexing set / by: lim . If we are only
—

1

interested in x, we shall use the notation: z = lim " (i, fij)-

—
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(ii) h = lim (h;) when h is the direct limit of the system (h;); one can

—

note the indexing function by: lim .
—

©

8.1.18. Theorem.

In OL, all direct systems have direct limits.

Proof. Let (x;, fi;) be a direct system in OL; let X be the disjoint union of
the z;’s, and define a binary relation R on X by: (a,i) R (b, j) iff for some
k>1i,7, fir(a) <F fix(b) (<F is the order relation of x;). R is obviously a
preorder, and by directedness, R is a total preorder, i.e. any two elements
of X are comparable; if S is the equivalence relation associated with R,
X/S is celarly linearly ordered by R/S. Let us call this ordered set x, and
define f; € I(x;,x) by fi(2) = eq. class of z modulo S. It is immediate
that (x, f;) enjoys 8.1.11 (i)—(iii) w.r.t. (x;, fi;). (iv)" holds as well, since if
a is an equivalence class modulo S, and (z,%) € a, then a = f;(z). Hence
(z, fi) = lm (x5, fi5). O
8.1.19. Remark.

The analogue of 8.1.18 fails for ON: if x = lim " (i, fi;), with all x;’s

—

finite, then & = lim " (Zi, fij), but Z is not an ordinal when x is an infinite

ordinal: the direct system (Z;, fw) is (isomorphic to) a direct system in
ON, but it cannot have any direct limit in ON since such a limit would
be isomorphic to &, which is not a well-order. The relation between the

concepts of direct limit in ON and in OL are given by:

8.1.20. Theorem.

Let (x;, fij) be a direct system in ON, and let = be its direct limit in the
category OL. Then (x;, fi;) admits a direct limit in ON iff z is a well-
order. In that case, the direct limit is exactly ||z]|.

Proof. Assume that (in OL) (z, f;) = lm (x;, fi;).

—
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(i) If z is a well-order, one can replace = by ||z||, f; by || fi||; and Condi-
tions 8.1.11 (i)—(iv) hold for (||z||, | fi||) in OL, hence in ON.

(ii) Conversely, if (z;, fi;) has a limit (y, ¢g;) in ON, then in the category
OL, (v, g;) enjoys 8.1.11 (i)-(iii) w.r.t. (=, fi;), hence for some h €
I(x,y) g; =hf; but h € I(x,y) and y is a well-order: by 5.3.4, x is
a well-order. O

8.1.21. Theorem.
Assume that (z;, fi;) and (z, f;) enjoy conditions 8.1.11 (i)-(iii), with x;,
z in ON; then (x;, fi;) has a direct limit in ON.

Proof. We construct z, y, k, ¢g; exactly as in the proof of the implication
(iv) — (iv)’. It is immediate that (y, g;) enjoys (iv)’, and since k € I(y, x),
y is a well-order. By 8.1.20, (x;, fi;) has a direct limit in ON. O

8.1.22. Remark.
Direct limits can be thought of as an effective way of dealing with infinite

objects such as ordinals: we can think of an ordinal z = lim " (@i, fij)

—

as the (ideal) limit of an approximation process by means of the integers
x;. It is a fact that most operations on ordinals can be handled by means
of similar operations on finite approximations, i.e. can be represented by
means of a functor preserving direct limits. Examples of such functors are
dilators, B-proofs.... Each time we succeed in eliminating an operation on
actual infinite objects in favor of a similar one acting on approximations,
we have realized something akin to Hilbert’s program, namely eliminating
infinite objects from our universe.

Let us see how direct systems can be connected with ideas of recursive-

ness:

(i) first it is natural to consider recursive index sets: [ is a recursive

subset of IN ordered by a recursive relation.

(ii) then we look at the question of representing the family x;: in the basic

situation, the ordinals z; will be integers, hence x; can be represented



20 8. Dilators: algebraic theory

as {e}i for some index i. (More generally, if z; is a recursive well-

order, then we require that {e}i is an index for z;.)

(iii) a function f € I(n,m) can be encoded by [fl = (f(0),..., f(n —
1), m). Hence it is possible (when x;’s are integers), to represent the
family fi; by [f;1 = {f} (i, ) for some index f. (More generally, we
require that {f} (¢, ) is an index for f;;.)

We have clearly defined two concepts:
— the concept of a recursive direct system of integers
— the concept of a recursive direct system of recursive well-orders.

Observe that any recursive well-order can be obtained as the direct
limit of a recursive direct system of integers: let X = (|X|, <) be a recur-
sive well-order. Let I = IN; for n € IN let z,, = ||(|X| Nn, <[|X|Nn)|,
and if for n < m, ey, is the inclusion map between X|n and X|m, let
fam = |lénml||- Then X is clearly the direct limit of (z,, funm). Conversely

we have:

8.1.23. Proposition.
If (x;, fij) is a recursive direct system of integers (or of recursive well-

orders), then its direct limit in OL(x, f;) can be chosen recursive.

Proof. First of all, we construct a recursive function ¢ from IN to I, with
the property that ¢ is increasing and rg(p) is cofinal in I: let ¢(n) be
the smallest integer which is greater (for the ordering of I) than all the
elements of I N {0,...,n —1}:

p(n) = pm(m € [[|A¥p<n (pe|ll —p<m)).

This function is total because I is non-void and directed! The direct limit
will be the linear order X = (| X|, <') defined by:

X = {(n,z>; 2 € Ty N VMV ((m,z’) <(n,z) —
(M <nA2Z fampm(Z) V ((m>n A2 Z Fampm(2)))) }

(n,2) <M, 2') = fomyem)(2) < fomyem) ()
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where <* stands for the order relation of z,() and p = sup(n,m). X is
clearly the direct limit of (z;, f;;); the functions f; can be defined by: fi(2)
is the smallest pair (n, 2') such that fi;(2) = f,m),(2') for some j > i, ¢(n).
O

8.1.24. Definition.
Let 1, x2, x3, x be objects of a category C, and let fi, fa, f3 be C-

morphisms from respectively x1, xo, 3 to x; then f3 is said to be a pull-
back of f; and fy iff

(i) there exist C-morphisms f3; and f3o from z3 to 27 and x5 such that:

f3 - f1f31 = f2f32

(ii) given any other solution (x4, f5, f41, f4,) enjoying (i) one can find a

unique morphism h from z% to x3 such that

f?l,l = fa1h  and fyl,g = faoh .

I
fa1 S
f31
xh " T3 s x
f32
JED fo
T2

8.1.25. Notation.
f3 = fi N\ fo means that f3is “the” pull-back of f; and f;. The pull-back is
easily shown to be unique up to isomorphism (on the model of 8.1.13 (i)).

In the category ON, pull-backs will therefore be uniquely determined.
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8.1.26. Theorem.
In the categories ON and OL, f3 = fi A fo iff rg(fs) = rg(f1) Nrg(f).
Hence, in these categories pull-backs always exist.

Proof. Any solution f3 of 8.1.24 (i) enjoys rg(fs) C rg(f;) for i = 1,2, so
rg(fs) C rg(fi) Nrg(fe). Conversely, if f3 is such that rg(f3) C rg(f1) N
rg(fa), then 8.1.24 (i) holds: if z € x3, then f5(z) € rg(f1), hence f3(z) =
f1(2’) for some uniquely determined z’ € x1, and one can put f3(2) = 2/
Assume now that rg(f3) = rg(fi1)Nrg(fz2); then, given an arbitrary f; such
that rg(f}) C rg(fi) Nrg(fs), define h € I(z4, x3) by: h(z) = the unique
2 such that fi(z) = f3(2'); then it is immediate that & is the only solution
of fi; = fs1h, fi, = fseh. Conversely suppose that f3 = fi A fo, and apply
8.1.24 (ii) to f4 such that rg(f}) = rg(fi) Nrg(fz): then fi = f3h, so
rg(fs) > rg(f}), hence rg(fs) = rg(f2) N rg(fs). 0
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8.2. The normal form theorem

8.2.1. Remark.

(i) If F is a functor from C to D and if (z;, f;;) is a direct system in
C, (F(xl), F(fij)) is a direct system in D. But in general, if (z, f;)
= lm (x, fij), (F(:c), F(fl)) need not be the direct limit of (F(xl,

F( fij)): conditions 8.1.11 (i)—(iii) of direct limits are obviously ful-

filled, whereas (iv) is problematic.

(ii) If F is a functor from C to D and if f3 = f1 A fo, then in general F(f3)
is not equal to F(f1) A F(f2); however, condition 8.1.24 (i) is always
fulfilled.

8.2.2. Definition.
Let F' be a functor from C to D; then

(i) F preserves direct limits iff given any direct system (z;, f;;) in C,
with a direct limit (z, f;), then (F(acz), F( f”)) has a direct limit in
D, and this direct limit is equal to (F(:c), F(fz)>

(ii) F preserves pull-backs iff given any fi, fa, f5 such that f3 = f1 A fo
in C, then F(f1) A F(f2) exists in D and equals F(f3).

8.2.3. Theorem (Girard, [5]) Normal Form Theorem.

Let F' be a functor from one of the categories OL, ON, ON < z, ON < x
to OL or ON; then F preserves direct limits and pull-backs iff the following
holds: for all x, for all z € F(z), then one can find an integer n and
29 € F(n) and f € I(n,z) such that

(1) z=F()(z0):

(ii) if 2o = F(g)(z1) with g € I(n;,n) and z; € F(n’), then n = n' (and
g =E,) and n, 2o, f are uniquely determined by (i) and (ii).



24 8. Dilators: algebraic theory

Proof. Assume first that F' preserves direct limits and pull-backs: choose

x, an object in the domain of F', and then (z, f;) = lm (z;, fi;) for a well-

—

chosen direct system, with all x;’s finite, by 8.1.16 (i). By preservation of
direct limits (F(a:),F(fJ) = lim (F(I‘i),F(fij)), hence z € rg(F(fQ)

for some i: there exists an integer n, zop € F'(n) and f € I(n,z) such that
z = F(f)(z0). If one chooses n minimum with this property, one gets (i)
and (ii). We must show that n, zy and f are uniquely determined: assume
that n, f, zo, and m, f’, z; are two distinct solutions of (i)—(ii); necessarily
rg(f) & rg(f') (otherwise f = f'k, and zo = F(k)(21)...), hence f # fAf';
let ¢ = g A ¢'; by preservation of pull-backs, F(g) = F(f) A F(f'), i.e.
rg(F(g)) = Tg(F(f)) N rg(F(f’)), hence z € rg(F(g)); write g = fh;
then z = F(g)(z2) = F(f)F(h)(z2), hence zy = F(h(ZQ)) with h # E,:
this contradicts property (ii) of n, 2o, f.

Conversely, assume that F' is such that a unique representation by

means of (i) and (ii) is possible: if (z, f;) = lim (z;, fi;), we have already

remarked (8.2.1 (i) that (F(x), F(fi)) enjoys conditions 8.1.11 (i)(ii)
w.r.t. (F([BZ), F(fij)); it suffices to show that (iv)’ is fulfilled: if z € F(z),
write z = F(f)(z) for f € I(n,x) and 2y € F(n). Since rg(f) is fi-
nite, one can gind an index ¢ such that rg(f) C rg(f;) (use condition (iv)’
for (z, f;) and the directedness of I), hence f = f;h for some h. Then
z = F(f)F(h)(z), ie. z € rg(F(f,)) Assume now that f3 = fi A fa;
then by Remark 8.2.1 (ii), we know that F'(f3) enjoys condition 8.1.24 (i)
w.r.t. F(fi1) and F(f2), i.e. that rg(F(fg)) C rg(F(fl)) N rg(F(fg)).
The reverse inclusion is shown below: if z € rg(F(fl)) N rg(F(fg)),
write z = F(f1)(z1) = F(f2)(22), and choose nq, 21, g1, and ng, 25, g» such
that conditions (i) and (ii) hold w.r.t. z; and z9: then z; = F(g1)(%}),
29 = F(g2)(25); hence z = F(fig1)(2)) = F(f292)(2}). Since zj is such
that z; = F(h)(z]) — h is the identity (similarily for z5), it follows that
(from the unicity of n, zg, f such that (i) and (ii)) that 2§ = 25, ny = no,
figr = faga. Clearly rg(fig1) C rg(fs), hence fig1 = f3k for some k:
2= F(f3)F(k)(21), s0 = € rg(F(fs)). O
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8.2.4. Notation.

When z < F(z), we shall represent by means of the data n, zg, f such
that (i) and (ii): we shall represent z by (2¢; Zo, ..., Tpn_1; T)p, With 2y =
f(0),...,zp—1 = f(n—1). We may forget the index F when F is clear from

the context.

Let us sum up under which conditions (zq; o, ..., ,—1; ) is a deno-

tation:

(i) xo,...,xn_1,x are ordinals such that xy < ... < 2,1 < x.
(i) 20 € F(n).

(iii) for all m < n and all f € I(m,n), zo & rg(F(f)).

One clearly sees that in the denotation, there is a right part, namely the
pair (zo; n), and another part that can take arbitrary values (the strictly
increasing sequence xy, ..., T,_1, «; but its length is fixed).

The behaviour of the functorial constructions w.r.t. denotations arising

from Theorem 8.2.3 is given by:

8.2.5. Proposition.

(i) F(f)((zo; Oy eens Tyl ; x)F> = (205 f(x0), ..o, f(xn_1); y)r when f €
I(z,y).

(ii) if T is a natural transformation from F' to G, then T(a;)((zo; 2o, ...,
Tuors 2)r) = (T(n)(20) 5 T, - Tnot s T

Proof. (i) If g € I(n,x) is defined by: ¢(0) = xg,...,9(n — 1) = x,_1,

then (zo; o, ..., Tn_1; ) denotes F(g)(zo), and F(f)(z) = F(fg)(2o) is

denoted by: (z0; f(20), -, f(n-1); ¥)-

(ii) Consider the following commutative diagram

F(n) Tiw) G(n)
F(g) G(g)
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where g is defined as in (i). Then it is clear that T'(x )((zo DLy ey Tl ] IL‘)F)
= G(g)(T( ) (= )) hence, it will suffice to prove that T'(n)(z) = G(h)(z1) —
h = E,. If h # E,, it is possible to find ¢1,9o € I(n,n + 1) such
that g1 # go, but ¢1h = goh. Then G(g1)T(n)(z0) = G(g1h)(z1) =
G(g2h)(z1) = G(g2)T'(n)(20), but F(g1)(20) = (205 91(0), ..., a(n —1) 5 n+
Dr # (205 92(0), ..., g2(n—1) ; n+1)p = F(ga)(20), hence T'(n+1) F(g1)(20)
# T(n+1)F(g2)(20), a contradiction:

F(n) o G(n)
F(g;) G(9:)
F(n+1) T+ 1) G(n+1)

8.2.6. Theorem.
Assume that F' is a functor from ON < w to OL; then, if F' preserves
pull-backs

(i) F can be extended into a functor from OL to OL preserving direct

limits and pull-backs; this extension is unique up to isomorphism.

(ii) Moreover, if F' is a functor from ON < w to ON and if the extension
computed in (i) is a well-order for all z, then F' can be extended into

a functor from ON to ON preserving direct limits and pull-backs.

Proof. First of all, remark that F preserves direct limits (if (n, f;) =

lim (n;, fi;), then there is some ¢ € I such that n; = n, f; = E,), hence

—

the normal form theorem can be applied to F.

(i) If  is a linear order, then define G(x) as follows:

— G(x) consists of all formal expressions (zq; ug, ..., u,—1; ) such that
UQy veey
u,—1 is a strictly increasing sequence in x, zp € F(n), and zy cannot

be written F'(h)(z1) with h # E,.

— G(x) is linearly ordered as follows: (zg; ug, ..., un—1; ) = zand (z1 ; vy, ...,

Um—1; ©) = 2’ can be compared by considering the subset {wy, ..., w,_1 } =
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{ug, oy un—1} U {vo, ..., vm_1} of x, and f € I(p,x) such that rg(f) =
{wo, ..., wp_1}; then one can write u; = fg(i), v; = fh(i), for some
g € I(n,p) and h € I(m,p); consider y = (z0; ¢9(0),...,g(n — 1); p) and
Yy = (z1; h(0),...,A(m—1); p). Then z is less than 2’ in G(z) iff y is less
than y' in F(p).

— if f € I(z,y), then define G(f)((zg; UQy oeey Up—1 ; x)) to be (z0; f(uo), ...,
f(un—1); y). One easily checks that G(f) is a strictly increasing function
from G(x) to G(y), and G is a functor from OL to OL.

Now observe that G enjoys the normal form theorem: if z € G(x), z =
(205 Toy ey Tt ; ), then clearly z = F(f)(2), with: f € I(n,z) defined
by f(0) =xo,..., f(n—1) =x,_1, 2, = (20; 0,...,n—1; n). Conditions (i)
and (ii) are obviously fulfilled, and this is of course the only solution.

Strictly speaking, G is not an extension of F', since the values G(n)
are not exactly equal to F'(n); however, G(n) is isomorphic to F'(n) (to
(20 Toy -y Ten—1; M), associate (zo; To, ..., Tm—1; n)r!) and so a very small
modification of G on the integers enables us to construct an extension of
F preserving direct limits and pull-backs... .

The extension is unique up to isomorphism: if z = lim " (@, fij) with

—

all 2’s finite, then one must have G(z) = lim ’ (F(mz), F(fw)> recall that

—

direct limits are unique up to isomorphism.

(ii) is immediate: assume that the extension of F' computed in (i) ac-
tually maps ON into OW; then || || o F' maps ON into ON and preserves
direct limits and pull-backs. (For a pedantic proof of this: observe that

|| || preserves direct limits and pull-backs....) O

8.2.7. Remark.
In order that the functor F' from ON < w to ON may be extendable into
a functor from ON to ON preserving direct limits and pull-backs, it is

necessary and sufficient that:
(i) F preserves pull-backs.

(ii) The direct limit of (F(a:z), F(fl-j)) exists in ON, where (z;, f;;) is a di-
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rect system in ON, with all z;’s finite, and such that lim " (i, fij) =

—

N;.

(Proof. By 8.2.6 (ii), it suffices to show that G(x) is a well-order for all or-
dinals z; but, if G(z) is not a well-order, let ¢°, ..., 47, ... be a s.d.s. in G(z),

and let (x(,...,20,_1), .., (20, <y Ty _1), -+ e the elements of z occurring

in the normal forms of the points 4%, ..., 97, ...; if Y is the set of all these co-
efficients, then Y is denumerable, and if g € I(y, x) is such that rg(g) =Y,
it is immediate that y* = F(g)(z"), for a certain s.d.s. 2" in G(y). Then
G(y) is not a well-order; but y < 8y, hence G(eyy,) € I(G(y)7 G(Nl)) and

since by hypothesis G(X;) is a well-order, so is G(y), a contradiction. 0O)

8.2.8. Definition.
A dilator is a functor from ON to ON preserving direct limits and pull-
backs.

8.2.9. Examples.

(i) If 2 is an ordinal, then z defined by

is a dilator.

(ii) The functor Id defined by

ld(x) = ld(f) = f
is a dilator.

(iii) The functors sum, product, exponential allow us to form new dila-
tors: if ', F" are dilators, so are F' 4+ F', F - F', (1 4+ F)¥", defined
by

(f + F')(x) = F(x) + F'(x) (F+ F)(f)=F(f)+ F'(f)
(F - F')(x) = F(z) - F'(z) (F - F)(f) = F(f) - F'(f)
1+ )@ = (1+F@) " a+R)r )= (+F)""
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These combinations are dilators because of the

8.2.10. Theorem.
The functors sum, product, exponential preserve direct limits and pull-
backs.

Proof. The theorem is an obvious consequence of an analogue of the normal
form theorem 8.2.3 for binary functors. It suffices to show that if F'is any
of the functors sum, product, exponential, then any z = F(z,y) can be
written as F(f, g)(20), for some f € I(n,z), g € I(m,y) and 2z, € F(n,m)
such that zo = F(f',¢')(z1) — f' = E, and ¢ = E,,, moreover, one must
show that zy, n, m, f, g are uniquely determined by these conditions. We
content ourselves with exhibiting zy, n, m, f, g, and the unicity is left to

the reader:

(i) fz<z+y,and: +z<az;letn=1,m=0,2=0, f € I(1,z) be
defined by f(0) = 2z, g = Eqy. +2 > x; write z =z + 2'; let n = 0,
m:17 ZOZOJ f:EOxaQE](Ly) with g(O) =2

(i) ifz<z -y, writez=2 - -u+v, withu<y,v<z;letn=m=1,
20 =0, f € I(1,x) be defined by f(0) =wv, g € I(1,y) be defined by
9(0) = u.

(iii) if 2 < (142)Y, write z = (14+x)Y (14+up_q )+...4+(142)¥ (1+ug) with
Uy ey Up1 < Ty Yo < woo < Ypo1 < y; let m = p and let g € I(p,y)
be defined by ¢(0) = vo,....,9(p — 1) = yp—1; let n and f € I(n,z)
be such that rg(f) = {uo, ..., up_1}, and let ko, ..., k,—1 be such that
f(ko) = ug, ..., f(kp_1) = up_1; then define zp = (1 +n)P~+ - (1 +
kp1)+ ..+ (14+n)° - (14 k). O

8.2.11. Remarks.

(i) One of the most remarkable features of direct limits is their good be-
haviour w.r.t. questions of double limits, function spaces (in contrast
with topological continuity). Results established for unary functors
can usually be extended without any problems to the case of binary

functors.
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(i) For instance, any functor from (ON < w)? to ON preserving pull-
backs can be extended into a functor from OL? to OL preserving
direct limits and pull-backs. The obvious idea is to use two variable
normal forms. If one applies this to sum, product, exponential, this
enables us to define these operations on arbitrary linear orders. It
turns out that this way of extending these functors to OL? exactly

coincides with our definition of Chapter 5.

8.2.12. Examples.
(i) 7 as a functor from OL to OL, preserves direct limits and pull-backs.

(i) "is a functor from ON to ON; but is preserves neither direct limits,

nor pull-backs.

(Proof. The functor 1 + Id coincides with " on the category ON < w;
this functor preserves direct limits, hence, if ~ would preserve direct
limits one should have”= 1+4-1d, by unicity of the extension by means
of direct limits; but @ = w + 1 whereas (1 + Id)(w) = w. So " does
not preserve direct limits (this can be seen from the definition of 1,
which is not “finitary”). Let f,g € I(w,w) be defined by f(n) = 2n,
g(n) = 2n+ 1. Then f A g = Eq,, hence (f//\\g) = E,,1; on the
other hand f A g = Eg, + Eq, hence " does not preserve pull-backs.O)

8.2.13. Definition.
Let f,g € I(z,y); then f < g means that: Vz € x (f(z) < g(z))

8.2.14. Lemma.
If x, y are ordinals, if f,g € I(x,y) , then f < g iff there exist an ordinal
z and functions h € I(y, 2), k € I(z, z), such that hg = khf.

Proof. (i) If hg = khf, then, for all t < z, h(g(t)) = k(h(f(2))); but,
since z is an ordinal, k(u) > wu for all u, hence h( ) > h(f (1) )
from this g(t) > f(t).

(ii) Conversely, let z = w?, h(t) = w* T if u < 2, write u = u'+r, with
u' = sup {w O WO+ and let o' = sup{w29 )L WO+ <) and

2t+1.
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let k(u) = v’ + r; observe that hg = khf, so it remains to show that k is
strictly increasing: assume that (with obvious notations) u; +71 < ug +ro;
then

e if uy = us, then vy = vy, hence vy + 11 < vy + 19.

o if u; < uy, then vy < wy; choose t such that r; < w? O+ < 4y then

r < w0+ < (2904 <y hence vy + 1 < vy < Uy + To. O

8.2.15. Theorem.
Assume that F is a dilator; then f < g — F(f) < F(g).

Proof. If f < g, then write hg = khf, hence F(h)F(g) = F(k)F(h)F(f),
and so F(f) < F(g). O

8.2.16. Definition.
A predilator is a functor from OL to OL preserving direct limits and pull-
backs, and such that VaVyV Vg (f,g cellz,y) Nf<g— F(f) < F(g))

8.2.17. Example.
The functoris the typical example of a functor from OL to OL preserving
direct limits and pull-backs, and which is not a predilator: if f < g, then

g<f!

8.2.18. Proposition.

A functor F' from OL to OL preserving direct limits and pull-backs is
a predilator iff the denotations w.r.t. F' are increasing in the coefficients,
Le. iff oo < xfy, @1 <@g, and 2, < & — (205 Toy ooy T 5 T)p <
(205 @y ooy Ty )P

Proof. If f < g, and F is a predilator, then F(f)((zo; 0,....,n—1; n)F) <
F(g)((zo; 0,...,n—1; n)) define f € I(n,z) by f(0) = g, ..., f(n—1) =
Tp-1, and g € I(n,z) by ¢(0) = xg,...,g(n — 1) = x,,_y, then f < g and so
we get: (205 Toy oy Tne1; T)r < (203 X0, ..., @)1 5 ) p. Conversely, assume
that f < g, and that the denotations w.r.t. F' are increasing in the coeffi-
cients. Thenif z = (20; Y0, ..., Yn—1; y) and f,g € I(y,x), we get F/(f)(z) =
(205 f(%0) s f(Yn-1); @) and Flg)(z) = (205 9(%0), - 9(Un-1);
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x), and clearly F(f)(z) < F(g)(2). O

8.2.19. Corollary.
A functor F' from OL to OL preserving direct limits and pull-backs is
a predilator iff its restriction to ON < w enjoys the property f < g —

F(f) < F(g).

Proof. In order to compare (2q; Zg, ..., Tn—1; )p and (zo; g, ..., Th_1; T)F,
when zy < xy, ..., x, < 2/, < x, one can assume that x is an integer: this

is a consequence of the:

8.2.20. Theorem.

Let F' be a functor from ON (or OL, ON < z) to OL, and assume
that (zo; o, .., Tn_1; )p and (21; Yo, .., Ym—1; )p are denotations for
elements < F(z). Then the order relation between these two elements is
completely determined by: (if one knows F) zy, n, z;, m and the order

relations between the points x; and y;.

Proof. This means that given any two strictly increasing sequences z(, <

<z, <a and y, < .. <y, , <’ such that, for all 7, j:

T <yj o 1 <Y;
and
then

t<u < t'<u,

Where t = (20} T,y Tnot; T)pr t = (215 You o Yaet T £ = (20 Ty
2 ) e, v = (215 Yoy Yy ; ). Define an integer p (resp. p’) and
a function f € I(p,x) (vesp. f' € I(p/,2')) by: rg(f) = {xo, ..., xn_1} U
{Y0, s Ym—1} (vesp. rg(f") = {xf, ., 2l Y ULy, -, ¥h—1}). Then one can
find to,ug € F(p), ty,uy € F(p') such that t = F(f)(ty), v = F(f)(uo),
t' = F(f")(t,), v = F(f")(ug). Hence it suffices to show that t, < uy <
to < ug. Now observe that the hypothesis z; < y; < 2} < y; and
y; < x; < y; < x; implies that the sets {wo,...,zn 1} U {Yo, s Ym-1}
and {z(, ...,z 1} U{vg, -, ¥_1} have the same order type, hence p =

P for the same reason ! (z0) = ' (@h), s [~ (wnmr) = F7 ),
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T wo) = 71 Wo), oo ST Wime1) = F7H (W), hence to = ), up = uf. O

end of the proof of 8.2.19.: one can find integers Yo, ..., Yn—1, Ys s Yn_1, Y
such that z; < 2} < y; < y; and 2 < z; < y; < y;, hence y; < y;
for all i, hence (205 Yo, s Yn—1; ¥)F < (205 Yo, s Yn_1 Y) > and by 8.2.20

(Z(]; Loy ooy Tn—1 3 ‘r)F < (ZO; xé)u "'71‘;71; .T)F. 0

8.2.21. Corollary.
If F is a dilator, then “the” extension of F into a functor from OL to OL

is a predilator.

Proof. By 8.2.19 and 8.2.15. O

8.2.22. Remark.

Hence dilators can be viewed as special cases of predilators, just as well-
orders are special cases of linear orders. The relation between the categories
DIL and PIL of dilators and predilators is exactly the same as the relation
between ON and OL: OL (resp. PIL) is “the closure” of ON (resp. DIL)
w.r.t. direct limits. Direct limits in DIL and PIL will be investigated later
on (see Sec. 8.3).

8.2.23. Definition.

A dilator is weakly finite iff F'(n) is finite for all n. A weakly finite dila-
tor is recursive (resp. primitive recursive) iff the function [F! which
associates to any sequence (xq, ..., Z,_1; m) with xy < ... < 2,1 < m (this
sequence is the code for the function f € I(n,m) : f(0) = xo, ..., f(n—1) =
x,_1) the sequence encoding F'(f), is recursive (resp. prim. rec.). (The def-
inition of [f when f € I(n,m) is given in 8.1.22 (iii).
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8.2.24. Proposition.
Assume that F is a recursive weakly finite dilator, and let X = (| X, <!)
be a recursive well-order; then F'(X) is (isomorphic to) a recursive well-

order.

Proof. One can represent all elements of F'(X) by sequence (zq ; Zg, ..., Tp_1 ;
X)p with:

(i) (20;0,...,n—1;n)p is a F-denotation.
(11) T <b < Tp—1-

The condition (i) is perfectly recursive: it can be translated as: lh(fF 1((0,
com))) > 20+ 1A (n=0Vn#£0AYs (Ih(s) #0AYi < lh(s) — 1 (x); <
(@i A (S = 1A 3p < Uh(s) = 12o((FI(s)) — lh(s) =n+1).

The comparison of two elements of F'(X) is given by

(205 @0y ooy Ty s X) <FE) (2 af, 2!, 3 X)
iff

n+m)

(205 Doy oy P13 m +m) <F (215 Dy oy Popr s M)

where po, ..., Dm—1, D), ---, Piy_1 are integers such that:

pi <P e a1 <
and

P <pi X <

the construction of the sequences py, ..., p,—1 and pj, ..., pl,_; can be done

from xo, ..., x,—1 and xy, ..., z;,_; in a recursive way, since the ordering of X

is recursive. Finally (2o; po, ..., Pn_1; n+m)p is exactly ([F1 ((poy vy D1, N+

m>)> , l.e. is obtained from (py, ..., pn_1), 20 in a recursive way, similarly
20

for (z1; ph, -, Pl,_1; m + m), hence the ordering is recursive. O

8.2.25. Remarks.

(i) Obviously 8.2.24 holds when “primitive recursive” is substituted ev-

erywhere for “recursive”.
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(ii) One can imagine a more general meaning of “recursive dilator”, namely

when the dilator is not necessarily weakly finite, and the requirement

is that the functions:

— to each integer n the code of the recursive well-order F'(n)

— to each [ f1 (f € I(n,m)) the code of the recursive function F(f)

are recursive. This concept still enjoys 8.2.24.
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8.3. Trace of a dilator

8.3.1. Definition.
Assume that F' is a dilator (resp. a predilator) then the trace of F, de-
noted by Tr(F), is the set of all pairs (zg,n) such that (zy; 0,...,n—1; n)p

is a F-denotation.

8.3.2. Definition.

We shall consider in the sequel the following categories:

DIL, the category of dilators: the objects are dilators.
PIL, the category of predilators: the objects are predilators.

In both cases, the morphisms from F to G are given by the set I'(F, G)
of all natural transformations from F to G. I'(F,G) is a set because T €
I'(F, Q) is completely determined by T'(w). (We recall that if T € I'(F, G),
U e I'(G, H), then UT € I'(F, H) is defined by (UT)(x) = U(z)T(x).)

8.3.3. Definition.
Assume that F', G are objects of DIL (resp. PIL), and that T' € I'(F,G);
then one defines a function Tr(T") from Tr(F) to Tr(G) by:

Tr(T)((20,1)) = (T(n)(20), ) -

8.3.4. Remarks.
(i) Tr(T) is well-defined because of 8.2.5 (ii).

(ii) tr is a functor from DIL (or PIL) to the category SET of sets; less
pedantically this means that Tr(7') is the identity of Tr(F') when T is
the identity of F', and that Tr(Tw) = Tr(T)Tr(U).

8.3.5. Examples.

(i) If F is the constant dilator z, then Tr(z) = {(2,0); 2 < z}; if f €
I(x,y), define a natural transformation f from z to y by: f(a)(z) =
f(z) for all @ € On. Then Tr(f) is defined by Tr(i)((z, 0)) = f(2),0).
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(ii) F is by no means determined by its trace; but if F' and G are known,
then any T € I'(F,G) is completely determined by Tr(T'), since

T(x)((zo; X0y eees Ty ; x)p) = (21; 0y ey Tn_1; T

with Tr(T)((zo,n)) = (z1,n).

8.3.6. Theorem.

Let G be a dilator (resp. a predilator); then given any subset X of Tr(G)
one can find a unique dilator F' (resp. a unique-up-to-isomorphism predila-
tor F') and T € I'(F, @) such that rg(Tr(T)) = X.

Proof. Consider for all z the subsets H () of G(z), consisting of all denota-
tions (2o ; Zo, .., Tn_1; T)g, With (29; n) € X, and let H(f) be the function
from H(x) to H(y) obtained by restriction of G(f). It is immediate that
H preserves direct limits, pull-backs and morphisms: if we start with a
predilator G, H is therefore a predilator, and rg(H) = X; the transforma-
tion 7" is just the inclusion 7'(z) from H (z) into G(z), and Tr(7T') is just the
inclusion map from Tr(H) = X into Tr(G). When G is a dilator, simply
replace H and T defined as above by: H'(x) = ||H(z)||, H'(f) = ||H(f)||,
T'(z) = |T(x)]],.... H' is clearly a dilator, and T’ € I'(H',G’) is such
that rg (Tr(T ! )) = X. Unicity conditions are left to the reader.... O

8.3.7. Theorem.

Let (F;, T;;) be a direct system in DIL (resp. in PIL) and let (F,T;) be a
family enjoying 8.1.11 (i)-(iii) w.r.t. (¥}, T;;); then the following conditions
are equivalent:

(i) (F’TZ> = lim (FZ,T”)

—

(i) Tr(F) = U rg(Tr(T})).

i

(iii) For all n (F(n),Ti(n)) = lim (Fi(n),Ti;(n)).
(iv) For all direct systems (z, fi,) indexed by L, with a direct limit (z, f;)
in ON (resp. in OL), one has
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(F(@), T(f) = lim (Fi(w), Ty(fim) -

—
IXL

As usual, one sets: T(f) = G(f)T(z) = T(y)F(f) when f € I(x,y),
and T € I'(F, Q).

Proof. (i) — (ii): Define X C Tr(F) by X = U rg(Tr(T,-)); define H

and U € I'(H,F) by rg(Tr(U)) = X; one can surely write: Tr(T;) =
Tr(U)u; for some function u; from Tr(F;) to Tr(H); one easily constructs
U; € I'(F;, H) such that Tr(U;) = u;, and we have T; = UU;. The family
(H,U;) enjoys 8.1.11 (i)—(iii), hence one can find V € I'(F, H) such that
U; = VT, for all i: hence T; = UVT;, ie. Tr(T;) = Tr(U)Tr(V)Tr(1;) for
all i: for all a € X Tr(U)Tr(V)(a) = a. We know that rg(Tr(U)) = X:
hence for b ¢ X, Tr(U)Tr(V) = a must belong to X: Tr(U)Tr(V)(a) =
Tr(U)Tr(V)(b), contradicting the obvious injectivity of Tr(U) and Tr(V).
Hence X = Tr(F).

(ii) — (iv): The double direct system index by the product I x L,
and the family (F(ac),TZ(fl)) obviously enjoys 8.1.11 (i)—(iii); we prove
condition (iv): if z € F(x), write z = (20; %o, ..., Tp—1; x); choose an
index i such that (zp; n) € rg(Tr(E)), and an index [ € L such that
20y, Tn—1 € 1g(f1); then it is immediate (see Remark 8.1.8 (ii)) that
(205 0y ey Tn1; X) € rg(Ti(fl)).

(iv) — (iii): Immediate by considering z; = z =n, f; = fi; = E,.

(iii) — (i): Assume that (F(n),Tl(n)) = lim (E(n),Tw(n)) for all n

and let (G,U;) be any family enjoying 8.1.11 (i)—(iii) w.r.t. (F;,T;;); if f €
I(n,m), then (G(m),Ui(f)> enjoys 8.1.11 (i)—(iii) w.r.t. (Fl(n),Tm(n)),
hence there exists a unique function V(f) € I(F(n),G(m)) such that
Ui(f) = V(f)Ti(n). By unicity, one easily gets G(g9)V(f) = V(g)F(f),
i.e. the family V(n) = V(E,) defines a natural transformation V' from
FION < w to GJON < w. Such a natural transformation obviously ex-
tends to an element V' € I'(F, G), which is the unique solution of U; = V'T;.

(|

8.3.8. Remarks.
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(i) 8.3.7 clearly shows that the concept of direct limit of dilators, predila-

tors, is very easy to handle: we have two ways of handling it:

e by means of the “pointwise” direct limits 8.3.7 (iii).

e by means of the traces (8.3.7 (ii)). Observe that this condition
means that (Tr(F), Tr(Ti)> = lim (Tr(ﬂ), Tr(Tij)) in the category

—

SET of sets.

(ii) Given rg (Tr(T)) and rg(f), it is easy to determine rg (T(f)): since

T(f)((Zo; L0y oy T x)F) _
(T(n)(20); f(x0), ..., [(xn-1); ¥)a

one gets, provided T' € I'(F,Q), f € I(z,y):

rg(T(£) = {(215 90, s Un159)5 (215 1) €
rg(Tr(T)) A Yoy ooy Yn—1 € rg(f)} :

8.3.9. Theorem.
(i) In PIL, every system has a direct limit.

(ii) In DIL, if (F;,T;;) and (F,T;) enjoy 8.1.11 (i)—(iii), then (£}, T;;) has

a direct limit.

Proof. (i) If (F;,T;;) is a direct system in PIL, let (F(n),ﬂ(n)) =
lim (Fl(n),T,J(n)) F(n) exists as a linear order in OL. If f € I(n,m),

consider the system F;(f) indexed by the identity function from I to I and
let F(f) € I(F(n),F(m)) be the direct limit of the F;(f)’s. One easily
checks that F' is the restriction to ON < w of a predilator (still denoted
by F) and that T; € I'(F;, F). Conditions 8.1.11 (i)-(iii) are fulfilled,
together with 8.3.7 (iii), hence (F,T;) = lim (F},T};).

—

(ii) Define X, H, U, U; exactly as in the proof of 8.3.7 (i) — (ii); then it
is immediate that Tr(U) = U rg(Tr(Ui)), hence (H,U;) = lim (F;,T;;).

—
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8.3.10. Theorem.
Let Ty € IYF,G), T, € I'(Fy,G), T3 € I'(F3,G); then the following

conditions are equivalent:
(1) T3 - T1 A TQ.

(ii) rg(Tr(Tg)) = rg(Tr(T1)> N Tg(Tr(Tg)).
(iii) T5(n) = T1(n) A Ty(n) for all integers n.

(iv) For all xy, @9, x3, y and f1 € I(x1,y), fo € I(x2,y) and f5 € I(x3,y)
such that f3 = fi A fo, one has:

T3(f3) = Ti(f1) A Ta(f2) -

Proof. (i) — (ii): Assume that 75 = T} A T5, hence T3 = 1113 = 15150,
for some T3, and T4, hence Tr(T3) = Tr(T1)Tr(T51) = Tr(1%)Tr(T52), and
this implies rg(Tr(Tg)) C rg(Tr(Tl)) N rg(Tr(Tg)). Define Fj and T} €
I'(F},G) by rg(Tr(Té)) = rg(Tr(Tl’)) N rg(Tr(TQ’)). It is easy to find
T, € IN(F}, F)) and T}, € I'(F}, Fy) such that T, = TyT%, = TyT%, and
U € I'(F3, F}) such that Ty = T4U. (T4, T4y, U can be easily obtained
by means of their traces; see 8.3.11 (ii).) Since T3 = T7 A Ty, there exists
V € I'(F3, Fy) such that T4, = Ty, V, T4y = T3V, hence Ty = T3V: from
that we obtain T3 = T3V U and T4 = T5UV. Tr(T3) = Tr(T5)Tr(V)Tr(U)
entails (since the function Tr(7%) is injective) Tr(V)Tr(U) = identity of
Tr(F3), hence VU is the identity of Fj, similarly UV is the identity of F,
and this forces rg (Tr(Té)) to be equal to rg (Tr(T;;)).

(ii)) — (iv): Assume that rg(Tr(T;;)) = rg(Tr(Tl)) N rg(Tr(Tg)); and
that rg(fs) = rg(fi) N rg(f2); then, by Remark 8.3.8 (ii): rg(Tg(fg)) =
{(zo; X0y ey Tno1; Y)a s (203 1) € rg(Tr(Tg)) N Ty ooy Tyy € rg(fg)} =
rg(Ti(f1)) Nrg(Ta(f)).

(iv) — (iii): Take f3 = f1 = fo = E,.

(iii) — (i): Assume that T3(n) = Ti(n) A Ty(n) for all n, and let
T, € INF},G), Ty, € I'(F5, ), Ty, € I'(F}, Fy) be such that 8.1.24
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(i) holds, i.e. Ty = ThTi = TyT4,; then we have when f € I(m,n)
Ti(f) = Th(n)T5,(f) = To(n)T4,(f), and by condition 8.1.24 (ii) of pull-
backs: there exists a unique morphism U(f) € I(Fg(m), F3(Tl)) such that
T5:(f) = Tsai(n)U(f) and T5(f) = Ts2(n)U(f); unicity of U(f) implies
that

Fs(g)U(f) = Ulg)F5(f)

when g € I(n,p), i.e. U(n) = U(E,) is the restriction to ON < w of a
natural transformation from Fj to Fj, still denoted by U. Hence we get
T4 = T5U and T3, = T55U, and U is clearly uniquely determined by these
conditions, since U is determined by its restriction to ON < w. O

8.3.11. Remarks.

(i) 8.3.10 gives us two ways of computing pull-backs in the categories
DIL and PIL:

— by means of an intersection (8.3.10 (ii)); this means that Tr(7} A
T5) = Tr(T1) A Tr(T3) in the category SET of sets.

— by means of the “pointwise” pull-backs 7' (n) A Ta(n).

(ii) We have several times made an implicit use of the following principle:
assume that T € I'(F,H), U € I'(G, H) are such that rg(Tr(T)) C
Tg(Tr(U)>; then there exists a unique V € I'(F,G) such that T =
Uv.

(Proof. If u = Tr(U), t = Tr(T), then one can find a unique v such
that ¢ = wwv; the mapping v from Tr(F') to Tr(G) induces for all = a
mapping V (z) from F(z) to G(z), by

V(I)((ZO7 Loy .-y Tn—1 ;5 m)F) == (21 y Ly eeey Tp—1 LE)G ,
with (z1,n) = v(z0,n); one easily checks that V(z) € [(F(m), G(:v)),

i.e. that V(x) is strictly increasing. The property V(f)F(x) =
G(y)V(f) is immediate as well. O
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8.3.12. Theorem.
In PIL and DIL, pull-backs always exist. Moreover, in DIL, they are

uniquely determined.

Proof. Immediate from 8.3.10 (ii) and 8.3.6. O
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8.4. Finite dimensional dilators

8.4.1. Definition.
Let F' be a dilator (or a predilator); then the dimension of F', dim(F) is
by definition the cardinal of Tr(F).

8.4.2. Remarks.
(i) If T e I'(F,G), then dim(F) < dim(G).

(ii) A dilator (or a predilator) is finite dimensional iff its dimension is
finite. Finite dimensional dilators form a full subcategory DILy,; of
DIL.

(iii) It is not possible to replace the cardinal dim(F") by an ordinal: there
is no natural way of well-ordering Tr(F'), even when F is a dilator.
(However, we shall see that Tr(F') is naturally linearly ordered, see
8.4.22; but even when I is a dilator, this linear order need not to be

a well-order.)

8.4.3. Theorem.
Let F' be a finite dimensional predilator; then F' is isomorphic to a dilator

G. (This G is finite dimensional, and uniquely determined.)

Proof. We first prove that F(z) is a well-order for all z € On. Let (s,) be
as.d.s.in F(x), and let us write s, = (2, ; 2, ..., 2, _ ; *)F; the sequence
(zn, pn) varies through the finite set Tr(F'), hence one can find a subset
I € IN, I infinite such that (z,,p,) = (z,p) = constant for all n € I; by
renumbering the subsequence (s,),cr one can find a s.d.s. (s),) of the form
(2590, Yp_1; )r in F(x). Define a partition 1(2,w) = CoU...UC),; by:
f € C; iff 7 is the smallest integer such that ylf © 5 ylf W, (
0) < yf(l), this would entail S/f(O) < S/f(l) by 8.2.18.)
By Ramsey’s theorem, there exists an infinite set X and an integer 79 < p
such that if f(0), f(1) € X, then f € C;,. Then the infinite sequence
(Y5t Jnex is strictly decreasing in X, a contradiction. The theorem holds

with G(z) = [|[F(2)[l, G(f) = 1F(NI- O

Such an integer

i exists, because if ylf (
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8.4.4. Theorem.
DIL; is “dense” in DIL and PIL w.r.t. direct limits. In the case of PIL,
DILy, is not, strictly speaking, a subcategory of PIL

(i) if F' is any object in DIL or PIL, then one can find a direct system
(F;,Ti;), with all F;’s finite dimensional, together with morphisms 7;
such that:

—

(ii) if F, G are objects of DIL (or PIL), and (F,T;) = lim (F;,T};),

—

(G,U)) = lim (G}, T},) with F; and G, finite dimensional for all

—

i and [, then given any V € ['(F,G), one can find an increasing
function ¢ together with a direct system of morphisms (V;);e,, such
that

V= lim (V).

—

Proof. (i) Define I = {a; a finite, a C Tr(F)}. I (ordered by inclusion) is
clearly directed. If a € I define F, and T, € I'(F,, F) by rg(Tr(T.)) = a;
F, is finite dimensional. Now, since when a C b, rg (Tr(Ta)) Crg (Tr(Tb)),
it is possible to define Ty, € I'(F,, F;) by T, = T;T, (Remark 8.3.11
(ii)); it is immediate that (F;,T;;) defines a direct system, and that (F,T;)
enjoys 8.1.11 (i)—(ili) w.r.t. (£}, T;;), hence it suffices to show 8.3.7 (ii); but
if (29,n) € Tr(F), clearly (20,n) € rg(Tr(T{(ZO,n)})).

(ii) is easily established on the model of 8.1.16 (ii). O

8.4.5. Remark.

We have therefore a strict analogy between:

DIL, DIL PIL
ON <w ON OL
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Similarly to ON < w, DILy,; has the property that the only systems hav-

ing a direct limit inside the category are trivial.

8.4.6. Proposition.
Let F be a dilator; then F is finite dimensional iff the function n ~ F(n)

is a polynomial.

Proof. If F' is finite dimensional, then F(n) = ap +a; - n+ as - n(n —
1)/24+...+ag -n(n—1)...(n—k+1)/k! with k =sup{i; 3z (2,i) € Tr(F)},
a; = card{z; (z,i) € Tr(F)} (because the number of strictly increasing
sequences py < ... < p;—1 < n is exactly n(n — 1)...(n — i+ 1)/d!). Con-
versely, if the function n ~» F(n) is a polynomial, it is still possible to
write Fi(n) = ap + ayn + ... + a; - n(n — 1)..(n — i + 1)/il + ... with
a; = card{z; (z,i) € Tr(F)}, and such an infinite sum of binomial poly-
nomials is a polynomial iff almost all coefficients are equal to 0, and this
forces the sum » _a; = dim(F) to be finite. O
8.4.7. Proposition.

Finite dimensional dilators are primitive recursive.

Proof. F(k) can be viewed as the set of all denotations (2o ; ig, ..., in—1; k)F,
with (z,n) € Tr(F) and iy < ... < i,—; < k, and for f € I(k, k),
F(f)((z, 00y ey 1 k)p) = (z; flio)y s f(in_1); k') F, so all we need to
show is that the ordering of F'(k) can be obtained as a prim. rec. function of
k: but, in order to compare (z; ig, ..., in—1; k)p With (2; Jo,..es Jm—1; k) F,
by 8.2.20 it is sufficient to compare (z; if), ..., in_1; {)p with (z'; 430, ..., 4013
l)r where the sequences i, and j. are such that i/ < ji < i, < js the
problem is to find a uniform value for [; the only requirement on [ is that
[ > n+m (because if [ > n+ m, one can always find ¢/, j. as above), and
since Tr(F') is finite, n and m vary through a finite set: it is therefore pos-
sible to find a uniform value [ for I, and the ordering of F'(ly) determines

the ordering of F(k) for all k in a prim. rec. way. O

8.4.8. Remark.

It remains to answer the question: is it possible to generate all finite di-
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mensional dilators effectively, for instance to enumerate them by a prim.
rec. function. As we shall see below the answer is positive. For an alter-

native proof of this property, see [5], (4.3.9).

8.4.9. Proposition.

Let F' be a dilator; then the following conditions are equivalent:
(i) dim(F)=1.
(ii) If G is dilator with I'(G, F) # 0, then G = F or G = (.

(iii) There exists an integer n such that all elements in F(z) can be

written (0; g, ..., 2n—1; @) (for all x € On).

(iv) The function p ~ F(p) is equal to a binomial polynomial p(p —
1)...(p — n+ 1)/n! for some integer n.

When F satisfies these equivalent requirements, F' is said to be prime.

Proof. Immediate, left to the reader. O

8.4.10. Definition.

Let F' be a prime dilator, with Tr(F) = {(0,n)}; then one defines a per-
mutation o of n as follows:

the points a; = (0; 0,2,...,20 —2,2i4+1,2i42,...,2n—2; 2n)p are pairwise

distinct, hence one can introduce o by:

1< J < AgF@) > AgF(j) -

8.4.11. Theorem.

Assume that F' is a prime dilator, with Tr(F') = {(0,n)}; then in order
to compare two distinct denotations: ¢ = (0; g, ...,x,_1; )r and ' =
(0; xf, ..., z),_1; ), one can proceed as follows:

choose the smallest integer io such that z,r g, # x Fig)> then

t<t if ToF (ig) < x;F(io)

t>t if ToF (ig) = l’;p(

io) °
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Proof. Let ¢ = o%'(iy); one will assume that z, < ;,, and prove that ¢ < t;
(i) We assume that z, +w < inf (2,41, 2, ); then we prove that ¢ < ' by

induction on the number k of indices ¢ such that x} < x;:

— if £ =0, then z; < 2} for all 4, hence by 8.2.18 t < #/, and since t # t/,
t<t.

— if k& # 0, then construct t”, by replacing the coefficient z, of ¢ by 2/ and
x4 by x, + 1, where r is the smallest integer such that z] < x,.

If r < ¢, then the parameters in ¢ and ¢” can be listed as follows: xq, ..., z,_1,
X, Ly, Tg, Tq + 1, Tg41, ..., this list is to be compared with 0,...,2r —
2,2r,2r +1,...,2q,2¢ + 1,29 + 2, ..., i.e. the order relations between ¢ and
t" is the same as between: a, = (0; 0,2,...,2r—2,2r+1,2r+2,...,2q,2q+
2,..,2n —2;2n)p and a; = (0;0,2,...,2r —2,2r,2r + 2,...,2¢ + 1,2¢q +
2,...,2n — 2; 2n)p; now, if one looks back at the way the integer g was
chosen, it is immediate that a, < a,, hence ¢ < ¢”. Similarly, one concludes
that ¢t < t” in the case ¢ < r. Now we can apply the induction hypothesis
to t” and t', hence t" < t',sot <t

(ii) In the general case, we only know that x, + 1 <'inf (2441, 2;); con-
sider the function f € I(z,w - x) defined by f : E;,E,; the image under
[ of the coefficients z;, 2, and such that f(z,) +w <inf (f(xq+1), f(xé)),
and by (i) above F(f)(t) < F(f)(t'), hence t < t'. O

8.4.12. Theorem.
If ¢ is a permutation of n, there is a unique prime dilator F' such that

oc=ol.

Proof. Once the permutation o of n is known, we are able to compare
any two F-denotations (0; g, ...,z,—1; )p and (0; z(,...,2,,_; )r, and
this determines F' completely. Hence the solution of the theorem is unique.
Consider now the dilator G = Id" (= Id - id - ... - Id); in G(z) = 2", we

n=l, To(0) + - + 20 To(n—1), Where g, ..., ,,_1 is any

consider all points x
strictly increasing sequence of ordinals < x. Clearly such a point can be
expressed as (z; Tg, ..., Tp_1; T)g, with 2 =n""1 - 0(0)+...+n° - o(n—1),

so there is a unique prime dilator F' together with 7' € I'(F, G) such that



48 8. Dilators: algebraic theory

F we need to compare the

rg(Tr(T)) = {(z,n)}; in order to compare o
points: b; = 2n""! - a;0+ ...+ 2n° - a;,_1, with a; ; = 20(j) when i # 7,
a;; = 20(i) + 1. Everybody knows how to compare integers written in

number base 2n: we have by(,—1) < ... < by(g), hence o = o' O

8.4.13. Corollary.
There are exactly n! prime dilators such that Tr(F) = {(0,n)}.

Proof. Immediate from 8.4.12. O

8.4.14. Definition.

Assume that F' is a dilator (or a predilator); then one defines, when
(20,n) € Tr(F) a permutation o, , of n as follows: let a; = (20; 0, ..., 2i —
2,204+ 1,2i+2,...,2n — 2; 2n)p then i < j < gr (i) > GoF (j)-

zg,n

8.4.15. Remarks.

(i)  We already know, by 8.2.20, that (z; x¢, ..., n—1; ®)r and (2o ; 2, ...,

/ .
n—1>

x x)p can be compared by means of finitary data. The per-
mutation ain gives some kind of uniform answer to the question:
“what is the particular process of comparing (zo; o, ..., Tn_1; T)F
and (zo; @y, ..., 2,1 ; )r?” The answer is: compare the coefficients
To(0) and xgg), -, To(i) and a7, ;, ... until we find some integer ¢ such
that z,(;) # @), then the two denotations compare exactly as their

coefficients x, ;).

(Proof. We already know that this is true when F' is a prime dilator,
hence it suffices to consider G prime and T € I'(F,G) such that
rg(Tr(T)) = {(z0; n)}: if o) < :vf,(i), then (0; g, ..., Tpn_1; T)g <
(0; xf, ..., zl_1; )G, hence if one takes the images under T'(f), one

gets (205 Toy ooy Tne1; T)F < (205 T(y ooy Thyq 3 )P 0)

(ii) In the proof just made, we have implicitly used the fact that of,

F . this is a general property, immediate to

(= 0%) is equal to of
check: if U € I'(H,H') and a € Tr(H), then J%I(U)(a) = oll. The
permutation associated with a point in the trace of a dilator is there-

fore an invariant.
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(iii) The idea of listing the coefficients in “order of importance” in order
to be able to compare two denotations, is familiar from the practice of
decimal (or more generally: Cantor normal form) numeration. Here
we have established that this principle is in some sense universal.
However, we still don’t know how to compare (zo; o, ..., Tn_1; T)F
and (z1; @y, ..., _1; x)F when (z9,n) # (21, m).

8.4.16. Proposition.

Assume that F is a dilator of dimension 2, and let (a,n), (b,m) be the

elements of its trace. Define p to be the greatest integer such that:

(P) = Vivj (i<pnj<p— (0L,() <ol () = o (i) < ob()))

assume that ro < ... < z,_1 < 2, Yo < ... < Ym_1 < x, and that
To(0) = Yr(0)) - To(p—1) = Yr(p—1), With o = ain, T = Jlfm. Then the

order between (a; xg,...,x,—1; x)p and (b; Yo, ..., Ym—1; )r deos not de-

pend on the ordinals Lo(p)s -y La(n—1)s Yr(p)s «+» Yr(m—1)-

Proof. Assume for instance that (a; zg,...,Zn_1; Z)r < (b5 Yo, o Ym—1; T)F

and let zf < ... < )y <, Yy < ... < Yy < x be such that a7, =

Lo (0)s - Tp(p1) = To(p—1)s Yr(0) = Yr(0) -+ Yr(p—1) = Yr(p—1); We prove that

(a5 g,y 13 2)F < (b5 Yooy Y13 T)F

(i) if n = p, then the mutual orders of the x;’s and the y;’s are the same

as the mutual orders between the z;’s and the y;’s. By 8.2.20 one

gets (a; xg, ..., @b 1 X)p < (b5 Yy ooy Y1 T)F-
(ii) if m = p: similar to (i).

(iii) if p < inf(n,m), let k = o(p), k' = 7(p); since p is maximum such
that (P) holds, it follows that, for some i < p:

either: z1, < 24 = Yr) < Un (subcase a)

or 1 Yr < Yr() = To(i) < Tk (subcase b)

Subcase a: Since obviously ), < @) = Yy < Yp, We get
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L. if o), < xp, yp < yp, then, by 8.4.15 (i): (a; zp, ..., 2, _1; x)p <
(a; 2oy ooy 15 ) < (05 Y0y ooy Yme1; )E < (05 Yoy s Y1

2. in general, it is possible to construct an ordinal x’, functions
f.g € I(z,2") such that f(z,4) = g(ws) for all i < p and
f(zh) < g(zk), 9(yr) < f(ys). (The existence of 2/, f, g is imme-
diate from x},, xx < Y/, yr.) We get (a; f(xp), ..., f(xl_1); @' )r <
(05 F(W0)s o f (Y1) ; @) p, by applying 1to (a; g(zo), ..., g(Tn-1);
2)p < (b5 9(Yo)s s §(Ym—-1) ; @' )p. Hence (a; xp,....xl,_1; x)p <
(03 Yos s Y1 T)F-

Subcase b: Symmetric to subcase a. O

8.4.17. Proposition.
Let F' be a dilator of dimension 2, with Tr(F) = {(a,n),(b,m)}, and
let p be an integer enjoying (P) (see 8.4.16). Let k < p, and assume
that, for some sequences g < ... < Ty 1 < T, Yo < oo < Y1 < T
eNjoying To(0) = Yr(0)s - To(k—1) = Yr(k—1), We have: (a; o, ..., Tn_1; T)p <
(b5 Yo, ..oy Ym—1; @) p; then given any sequences xjy < ... < x| < z, Y, <
< Yy <Y, WIth 2000 = Yooy Toho1) = Yree1y Togr) < Yrr) WE
have:

(a5 2, s @15 2)p < (05 Yl or Y15 T)F -

Proof. (i) Iff x5 = :B;(O), ooy To(lm1) = :B;(k_l), and x;(k) < Tohys Yr(k) <
Yrry» then by 8.4.15 (i): (a3 x4, ..., 7515 ¥)F < (a3 To, o, Tno1; T)F <
(03 Y05 s Y15 T)F < (D5 Yoy oo Y15 T) -

(ii) In general, one easily constructs an ordinal x’ together with func-
tions fa g€ ](IE, $/)7 such that f(xo(O)) = g(xla(o))7 ) f(l‘a(kfl)) = g(l‘o‘(kfl))a
and g(:z:’a(k)) < flwowy), flyrm) < g(y’T(k)). (The existence of 2/, f,
g is immediate from the hypothesis a7, < y;).) The case (i) yields
(a3 g(zp), s 9(2, 1) 2)r < (b5 9(¥o), -+ 9(Wpu—1) s @), Which in turn
implies (a; oo, @l 15 ) < (b5 Yoy ooy Y15 T)F- O
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8.4.18. Definition.
Assume that I is a dilator (or a predilator) and let (a,n), (b,m) be two
elements of Tr(F), with (a,n) # (b,m); one defines §(a(a,n; b,m) as

follows: §(a,n; b,m) is a pair (p,e), where:

(i) p is the smallest integer enjoying property (P) of 8.4.16, and such
that for all sequences o < ... < z,_1 <z and yg < ... < Y1 < T
such that x,u = Y- for i = 0,...,p — 1, the order between ¢ =
(a; zgy.;tpn1; x)p and u = (b; Yo, ..., Ym_1; *)F does not depend

Ol Ty(p)s -5 La(n—1) Yr(p)s --+» Yr(n—1)-
(ii) &= 41 when, under the conditions of (i), one has t < u.

(iii) € = —1 when, under the conditions of (i), one has t > u.

8.4.19. Remarks.

(i) The existence of an integer p such that 8.4.18 (i) holds is an im-
mediate consequence of 8.4.16 applied to G such that there is a
T € IY(F,G), with rg(Tr(T)) = {(a,n), (b, m)}.

(i) If §"(a,n; b,m) = (p,e), then §7(b,m; a,n) = (p, —¢); it will be
convenient to set §7(a,n; a,n) = (n,0). We shall use the abbrevia-

tion |§(a,n; b, m)| for the first component p of the pair.

(iii) The definition of §'(a,n; b, m) is perfectly finitistic and effective: if
§7(a,n; b,m) = (p,e), then it will be possible to compute p as fol-
lows: by 8.2.20, (a; xg,...,Zn_1; ®)r and (b; Yo, ..., Ym—1; T)F are or-
dered in the same wau as (a; po, ..., Pn_1; nt+m)p and (b; Go, -, Gm-1;
m) g, where the sequences p; and ¢; are such that p; < ¢; < x; <y,
and p; > q; <> x; > y;: so, in order to compute p, it will suffice to

look at the value x = n + m: the same process yields ¢.

8.4.20. Theorem.

Assume that (a,n) and (b, m) are distinct elements of Tr(F), with §(a,n;
b,m) = (p,e); then t = (a; g, ..., Tn—1; T)F < (b5 Yo, ooy Ym—1; T)p = u iff
one of the following conditions holds:

n-+
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(i) either e =+, and Zo(0) = Yr(0), s To(p—1) = Yr(p—1)-

(ii) or for some g < p, To() = Yr(0); - To(g—1) = Yr(g—1)> To(q) < Yr(q)-

Proof. If (i) holds, then this means that for any sequences zy, < ... <
Tpo1 < 7z and yy < ... < Y1 < x such that z,0) = yr0), .-, Top—1) =
Yr(p—1), We have always (a; zo, ..., Zn—1; T)r < (b; Yo, s Ym—1; T)p.

If (ii) holds, then it is possible (since the order between (a; xy, ..., 2}, 4 ;

2)p and (b; Yy, ..., Yh_1; &')r is < or > according to the choice of the

sequences zy < ... < zh_, < 2’ and y, < ... < y,,_; < 2/ such that
T0) = Yro)r -+ Tor(q— 1) = Yp(g-1)) to find sequences :cg <..<uz_y <7
Yo < ... <y < ' such that 2! vy = yT(O),. . g(q N = y’T(q_l), and

(a; 2y, sl 152" )p < (b5 Yy, ooy Y15 ©')r, hence, with 2" = sup(zx,z’),
(a5 Toy ooy @15 ) p < (b5 UGy ooy Yoy s ") p; by 8.4.16 (a; o,y .oy Ty ;
2")p < (b3 Yo, s Ym—1; ") r, hence (a5 2o, .o T T)p < (05 Yos oes Y13
T)F.

Assume now that (i) and (ii) are false; then either (i)’: ¢ = —1, and
To(0) = Yr(0)s - To(p—1) = Yr(p—1) Or (ii)": there exists ¢ < p, such that
Ta(0) = Yr(0); -+ To(q-1) = Yr(g-1) AN Ta(q) > Yr(q)-

Clearly (i) and (i) imply (a; o, ..., Tn_1; )F > (b; Yo, s Ym—1; T)F-
O

8.4.21. Theorem.
Assume that §(a,n; b,m) = (p,+1) and §7(b,m; c,I) = (q,+1); then
§7(a,n; ¢,1) = (inf (p,q), +1).

Proof. Assume that §(a,n; ¢, 1) = (r,€), then

(i) r>inf(p,q): let o =0k, 7=0f,, p=

of), let s = inf(q,p) and
assume s # 0; choose sequences zg < ... < Tp_1, Yo < - < Ym_1,
29 < ... < 211 bounded by x = n +m + [ such that: z,0) = Y- =

Zp(0); -+ Lor(s—2) = Yr(s—2) = Zp(s—2) and:
L. Zo(s—1) < Yr(s—1) < Zp(s—1): by 8.4.20 (variant (ii)) one gets (a; o,
5 Lp—1; T )F < (b7 Yo, s Ym—1: T )F < (%, 20y +eey Rl—1 5 x)F-
2. To(s—1) > Yr(s—1) > Zp(s—1): by 8.4.20 one gets (a; To, ..., Tp_1; T)F
> (b, Yo, -y Ym—1 5 x)F > (C, 20y ooy Rl—1 5 LE)F
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(i)

This shows that the order between (a; xg, ..., x,_1; z)r and (c¢; 2o,
...;Z1-1; ®)p depends on the order between z,(s_1) and z;_1) and
from that r > s.

r < inf (p, ¢): assume that zo, ..., 2,1, 20, ..., 21—1 are such that z, ) =
2p(0)5 s To(s—1) = Zp(s—1); We shall prove that (a; xg,...,2n—1; 2)p <
(¢; 2oy ..y 21-1; ) p; necessarily e = +1, and r < s. By 8.2.20,
there is no loss of generality in supposing that zq, ..., z,_1, 20, ..., 211,

x are limit ordinals. This makes the construction of the sequence

Yo, -+, Ym—1 possible;

— if p = ¢, choose a sequence o, ..., Yym—1 With Z50) = Yr0), To@p-1) =
Yr(p—1); by 8.4.20 (variant (i)) one gets: (a; @o,...,Tn—1; T)p <
(D5 Yoy ooy Ym—1; T)p < (€5 20y ooy 2121 T) -

— if p < g, choose a sequence yq, ..., Yym—1 With Z50) = Yr(0), s To(p—1) =
Yr(p—1)s Yr(p) < Zp(p); again by 8.2.20: (a; xo, ..., Tp-1; )r < (b; Yo,
s Ym—1; T)p < (C5 205y 21215 T)F.

— if ¢ < p, choose a sequence ¥y, ..., Yym—1 With T50) = Yr(0), s To(g—1) =
Yr(g—1)s Ta(q) < Yr(q): ONce again, by 8.2.20: (a; xo, ..., Tp—1 ; )R <

(b) Yo, -+ Ym—1 x)F < (C’ 20y -evy Rl—1 5 x)F- ]

8.4.22. Remarks.

(i)

(iii)

If one defines <*'| a binary relation on Tr(F), by (a,n) <t (b,m) iff
the second component ¢ of §'(a,n; b,m) is # —1,then <F is clearly
an order relation, (and better: a linear order) on Tr(F'). However,

there are dilators F such that < is not a well-order.

It is possible to define a metric d* on Tr(F), by d (a,n; b,m) =
218" (@n:bm)l when (a,n) # (b,m), = 0 otherwise. This metric enjoys

the ultrametric inequality:
d”(a,n; c,1) < sup (¥ (a,n; b,m),d" (b,m; c,1)) .

§F" is the other invariant of dilators: if T € I'(F,G), then §¢ (Tr(T)(a),
Tr(T )(b)) = §%(a,b). A description of dilators by means of their in-

variants is possible, see 8.4.23.
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(iv) 8.4.20 gives us the effective way of comparing t = (2 ; Zo, ..., Tn_1; T)F
and © = (21; Yo, -, Ym—-1; ©)r When (zo,n) # (z1,m): one looks for
the smallest iy such that z,4) # yru) (o = inf(n,m), if there is
no such 4); then, if ig < |87 (2o, n; 21, m)|, t < w iff 2,04 < Yr(a);
if i > [§"(20,m; 21,m)|, then ¢ < w iff the second component of
§7(29,n; 21,m) is +1. Hence, we have found a universal algorithm
corresponding to 8.2.20: this completes 8.4.15 (i).

8.4.23. Theorem.
Assume that X is a set, together with the following data:

(i) a linear order < on X.

(ii) a function f from X? to IN such that:

- f(z,y) = f(y,z) for all z,y € X.

— f(z,z) = inf (f(x,y),f(y,z)) for all z,y, 2 € X such that z <y <
z.

(iii) for all x € X a permutation 3, of f(x,x); the permutations 3, have

the property that:

Vi< fl2,y) Vi < f(2,y) (Ba() < Zalh) < By(0) < Z,(5)) -

Then there is a predilator F' (unique up to isomorphism) together with
a bijective function ¢ from Tr(F) to X, such that:

L i (a,n: bm) = (p,+1), then p(a,n) < o(b.m) and f(ip(a, ), @(b,m))
= p.

2. O'(f:n = Ew(a’n).

Conversely, every predilator can be obtained in that way:.

Proof. Let u be a linear order; then F'(u) consists by definition of all formal
expressions: (z; ug, ..., up_1; u) with z € X ug, ..., u,_ a strictly increas-

ing sequence of length n = f(z,2). By definition, (2; ug, ..., up_1; u) <*

/

(25 up, oy U,y 5 w) A either (i): 2z < 2" and us. o) = u ) for @ =
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0,...,f(z,2") — 1, or (ii) there exists an integer i < f(z,2’) such that
us,(j) = u’zz/(j) for all j <, and uy, ;) < u,EZ/(i)'

It is immediate that <" is a linear ordering of F'(u); if f € I(u,v), then
it is immediate that the function F'(f) defined by:

F(£)((z205 10, oo ttnr; w)) = (25 f(to), s fttnr) 5 0)

is strictly increasing. One easily checks that F'is a predilator. (By 8.2.23 F
preserves direct limits and pull- backs F< g — F(f) < F(g) is immediate

..) It is immediate that Tr(F {( ) z € X} that ol ) =
Y., and that §F<z,f(z,z) 2 f(z z )) ( (2,2'),e) with e = +1 if z <
Zoe=—-1if 2 < 2z, e =01if z = 21 hence the theorem holds with

o((2 f(2.2)) = =
Conversely, every dilator F' can be written in this form, with X =
TI’(F), §:§F7 Ea,n = O—(Ijna f(a>n; a’,m) = ’§F(aan7 a/am)" .

8.4.24. Corollary.
There is a prim. rec. function which enumerates all finite dimensional dila-

tors.

Proof. It suffices to enumerate all 4-uples (X, <, f,3) of Theorem 8.4.23,
with X equals some integer. The unique finite dimensional dilator defined

by the data (X, <, f,¥) is obtained from these data in a prim. rec. way.O

8.4.25. Remarks.

(i) Another equivalent formulation is possible: instead of considering
the permutations ¥, of f(z,x), one could introduce a linear order
Ry of f(z,x) by

iR, 7 — X.(1) <X.(5) .

8.4.23 (iii) shows that R, and R, coincide when restricted to f(z,y):
let Roy = Rl f(z,y) = Ryl f(z,y).

We obtain the following alternative formulation of predilators: a
set X, together with

1. a linear order < on X.
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2. for all z,y € X s.t. x <y, a linear order R(x,y) of some integer

f(z,y).

These data must satisfy:
VaVyVz o <y <z — R(x,2z) = R(z,y) N R(y, 2) .

This formulation is easily shown to be equivalent to 8.4.20: this

is the abstract construction of predilators.

(ii) Let us see how the abstract construction (i) enables us to determine

all predilators.

1. We can construct all dilators of finite dimension n, as follows: Let

X = n, ordered as usual, and choose, for all # < n a linear order
R(i,i) of some integer f(i,7); then choose for all i s.t. i+ 1 < n
a linear order R(i,7 + a) such that R(i,7+ 1) is the restriction of
R(i,i) N R(i 4+ 1,7+ 1) to some integer f(i,i + 1). Then we can
define

R(i,j) =R(i,i+1)N..NR(G—1,) for i<j<n,

and clearly R(i,7) N R(j, k) = R(i, k).

. A morphism of predilators is clearly represented by a function

g€ 1(X,<; X', <) such that

R’(g(x),g(y)) = R(z,y) forall z,y st. z<y.

Since we know how to construct finite dimensional dilators and
their morphisms, the direct limits enable us to construct all predila-

tors.

(iii) The abstract construction of predilators is a way of obtaining them

from a set of “independent data”, just like the matricial representa-
tion of endomorphisms of a vector space enables us to describe them

by “independent” data.

(iv) It is quite remarkable that this abstract construction was obtained

by piecing together:
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(v)

1. the characterization of dilators of dimension 1 (8.4.11).
2. the characterization of dilators of dimension 2 (8.4.12).

3. the characterization of dilators of dimension 3 by means of 8.4.24,
which expresses in which way the three 2-dimensional subdilators

of a 3-dimensional dilator behave w.r.t. one another.

the interest of the abstract construction is that it enables us to see
rather subtle aspects of the theory. For instance one can imagine a

notion of morphism of predilator not satisfying

R'(g(x),9(y)) = R(x,y) ,

for instance we are given h(z,y) € I(R(x,y),R(g(x),g(y))), to-
gether with compatibility conditions.... These morphisms have no
obvious interpretation in terms of the associated functors, but are
rather natural objects.... The direct limits along these morphisms
could produce objects which are not any longer dilators or predila-

tors, but which must play a role at a certain stage....

We have succeeded in characterizing in a complete way the concept
of predilator; all this was done in the bulk of elementary mathemat-
ics. Now, no such elementary (or algebraic) approach is possible for
dilators, since the concept of dilator is IT3-complete. There is another
part of the theory, where the algebraic features are less prominent,
and in which we turn our attention towards well-foundedness prop-

erties of dilators: this will be done in Chapter 9.
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Annex 8.A. A theory of ordinal denotation

This is not the first attempt to analyze the act of denoting ordinals by
means of expressions involving other (in general strictly smaller) ordinals.
However, compared to other approaches, e.g. Feferman [77], this theory
seems to be more general, and mathematically of greater interest, since
it enables us to identify systems of ordinal denotations with dilators, and
the mathematical structure of dilators is rather subtle. (Whereas former
authors were rather concerned with normal functions, i.e. strictly increas-
ing and continuous function from On to On; normal functions are of very
limited theoretical interest: if f(x) is any function from On to On, then

z~ Y (f(y)+1) is a normal function. Normal functions were thought
y<x
to be of interest because of their continuity property, but the example

given above shows that, except at limit points, the behaviour of a normal
function is completely inpredictible. Dilators are another conception of
“continuity”, which is mathematically interesting, since the behaviour of
the functor is completely determined by its behaviour on finite objects and
morphisms, i.e. on ON < w. When F' is a dilator, the function z ~ F'(x)
is not necessarily continuous at limits (but this is the case when F is a
flower), but the “inner” continuity of a dilator is anyhow more real than

the superficial continuity of normal functions....)

8.A.1. Examples.

Practice gives us example of ordinal denotation:

(i) The Cantor Normal Form of base, say, 10:

any ordinal can be uniquely written
z=10% - aqy+ ...+ 1 =" -q,_q,

where 0 < aq, ..., a,_1 < 10, and x¢ >,,,> x,_1.

(i) any ordinal < z? can be uniquely written

Z=x - To+x1,
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with xg, 1 < .

8.A.2. Discussion.
We must now find out in these examples what are the inherent and the
contingent features: of course one cannot pay too much attention to the
two-dimensional way of representing the denotation; on the other hand,
the list of the “ordinal parameters” is obviously crucial. As to the ordinal
parameters, there is an important difference between (i) and (ii): the de-
notation (ii) depends on the choice of an x such that z < 2%, and this x is
present in the denotation. In Example (i), the denotation is universal: it
does not depend on the choice of an x such that z < 10*. We shall unify
the two situations by deciding that (ii) is the natural case, whereas (i) is
exceptional, and that this is only an abuse of notations which allowed us
to get rid of an x such that z < 10”. (The distinction between (ii) and (i)
is exactly the distinction between general dilators and flowers.)

Given a denotation d, then the basic distinction is to divide it into two

parts:

— a dynamic part: the ordinal parameters.

7

— a static part: what is “independent” of the ordinal parameters, we shall

call it skeleton or configuration.

For example, in 8.A.1 (i), the ordinals z, ..., z,_; are ordinal param-
eters, whereas ao, ...,a,_1 are part of the skeleton. (zo,...,x,_1 can be
changed arbitrarily, provided zy > ... > x,_1, whereas the coefficients
ag, ..., ap—1 are bound to stay in the interval ]0,10[.) In 8.A.1 (ii) all ordi-
nals z, xg, r, are parameters.

Up to now, this distinction between skeletons and parameters is not
very precise; we shall ask conditions later on.

If we have a denotation d, we shall represent it in an abstract form as

d=(S; ¥o,-»Yk—1; v), where

(1) yo, .-, Yr_1, x are the ordinal parameters of d, listed in strictly increas-

ing order (recall that x may be absent from the “actual” d).

(ii) S is the skeleton of the denotation.
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This gives the following representation for 8.A.1 (i)—(ii):

(i) z=(S;2n_1,...,70; x), where S is the skeleton: S = 10F-1 . o +
4107 - a, 4 (B, ..., P,_; are just extra symbols: P; stands for “the

it parameter”).
(ii) Here we have three cases:
1. If xg < 2y, then z = (S; zg, 21 ; ) with S = P - Py + P, P being
an extra symbol for “the parameter z”.
2. If g = xq, then 2 = (S; zg; x) with S =P - Py + F.
3. If x1 < xg, then z = (S; x1,x0; x) with S =P - P, + F,.

We are now in a position to give a general definition:

8.A.3. Definition.

A system of ordinal denotation D consists of the following data:

(i) aset of configurations (skeletons): a configuration is a pair (Xg, n):

n is the number of parameters # x.

(ii) a function | |P which associates to any D-denotation, i.e. any
formal expression (Cy ; g, ..., 1 ; ) with (Cy, n) skeleton in D and
Tg < ... < Ty < (x €0n) an ordinal z = |(Cy; T, ..., Tn_1; )|?;
one will say that (Cy; o, ..., x,_1; *) denotes z in D, and we shall

use the notation z = (Cy; xg, ..., Tp_1; T)p-
We require a certain number of properties to hold:
(iii) two distinct denotations with the same x denote distinct ordinals.

(iv) the set of ordinals of the form (Cy; zg,...,z,_1; ), x being fixed,

forms an initial segment of On, i.e. an ordinal D(z).

(v) theorder between |(Cy; T, ..., Zn_1; )P and |(C1 5 Yo, ooy Ym—1; @) |P

depends only on the relative orders of the z;’s and the y;’s.
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Properties (iii) and (iv) state that any point < D(z) is uniquely deno-
table by means of a D-denotation ending with x, whereas (v) stresses the

local character of the order between denotations.

8.A.4. Examples.
It is immediate that our Examples 8.A.1 (i) and (ii) are systems of ordinal

denotation in the sense of 8.A.3. This is completely immediate.

8.A.5. Theorem.

Assume that D is a system of ordinal denotation, and define D* by:

— D*(z) = D(z) when = € On; if f € I(z,y), then

o D*(f) ((CO; Loy -evy Tn—1 5 x)D) = (CO; f(x())? ) f(xnfl> ) y)D
Then D* is a dilator.

Proof. We first show that D* is a functor from ON to ON; the crucial
condition is that D*(f) € I(D* (x), D* (y)), i.e. D*(f) is strictly increasing.
But, if (Co; 2oy, Tn-1; )p < (C1; Yo, e, Ym—-1; T)p, the order between
the x;’s and the y;’s is the same as the order between the f(xz;)’s and
the f(y;)’s, hence, by Condition 8.A.3 (v): (Co; f(z0),.... f(zn-1); y)p <
(Cr; f(Yo)s -y f(Ym—1); ¥)p. In order to prove that D* is a dilator, it
suffices, by Theorem 8.2.3, to show the existence of uniquely determined
29, m, f such that 8.2.3 (i)—(ii) hold; but if z = (Co; xo, ..., Tp—1; T)p,
let n =p, f € I(n,p) be defined by f(0) = z¢,..., f(p — 1) = x,_1, and
20 = (Co; 0,...,p — 1; p)p. Then by 8.A.3 (iii), 29, n, f are uniquely de-

termined. O

8.A.6. Examples.

(i) If D is the denotation system 8.A.1 (i), then

D~ is the dilator 10 (= (14 ¢))
10(z) = 10*
104(£)(10% - ag + ... +10%1 - @, ;) =

10/@0) .« qg + ..+ 107@n-1) g,
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(ii) If D is the denotation system 8.A.1 (ii), then

D* is the dilator Id?
1d?(z) = 22
*(f)(z - mo+a1) =y - flxo) + f(x1) (f€l(z,y)) .

8.A.7. Theorem.
Assume that F is a dilator; then one can construct (by 8.2.4) a denotation

system F'T.

Proof. 8.2.4 enables us to construct a denotation system F*, with:
(i) the skeletons are the pairs (2, n) with (z9,n) € Tr(F).
(ii) the meaning of (zy ; g, ..., Tn_1; T)p+ is by definition (2q ; xq, ..., Tp_1;
Properties (iii) and (iv) are fulfilled because of the Normal Form The-
orem 8.2.3, whereas Property (v) follows from 8.2.20. O

8.A.8. Theorem.

The operations * and ™ are inverse.

Proof. This is practically immediate: if F' is a dilator, then F** = F; if D
is a denotation, then D*t is a denotation system isomorphic to D. (The

notion of isomorphism of denotation systems is clear.) O

8.A.9. Discussion.

(i) Finally, the concept of dilator is perfectly equivalent to the concept
of system of ordinal denotation. Hence the idea of “representing
ordinals by means of expressions involving ordinals” is universally

solved by the concept of dilator.

(ii) However, this is a typical situation where one must be cautious: the
danger is to find an ad hoc solution. For instance in that case, we
found the concept of dilator before thinking about ordinal denota-
tions. The conditions on systems of ordinal denotations are very

simple and general (8.A.3) and correspond to practice, but it is still
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(iii)

(iv)

possible to have a doubt as to the adequacy of the mathematical
solution we have found w.r.t. the general idea of ordinal denotation,
although in that case we must confess that we are rather convinced

by this solution.

Ordinal notations, i.e. representation of ordinals by means of no-
tations in a given language, do not lead to any interesting theory.
The natural concept corresponding to the concept of system of ordi-
nal notations is that of a recursive well-order, whose mathematical
structure is limited. In practice people have been mainly interested
in constructing many notation systems. A closer look would show
that these systems are indeed denotation systems (in which the or-
dinals parameters have been replaced by integers < w). This remark
gives us a way of associating dilators with various constructions con-
nected with the subject labelled as “ordinal notations”, and gives a
general framework for a part of mathematical logic where theoretical

considerations were particularly missing!

One will find another exposition of the results of this section in [83].
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Annex 8.B. Categories of sequences

Most of the results of this section are without proof; a certain number

of functors considered here are introduced in Chapter 9.

8.B.1. Definition.
Let C be a category; then one defines the category CON as follows:

(i) The objects of CON are families (a;);<, of objects of C, indexed by all

1 < x, where x is an ordinal.

(ii) The set of morphisms from (a;);<, to (b;)i<, consists of all families
(ti)i<s such that: f € I(z,y) and for all i < z, ¢; is a C-morphism from
a; to byp(;y. This set is denoted by [((ai)i@, (bi)i<y); the composition
of (t;)i<y with (u;)i<g is by definition (t4()u;)icfq-

8.B.2. Theorem.

Assume that ((aﬁ)iql, (tﬁm)Kﬂm) is a direct system in CON and that ((aﬁ)iq,
(té)Kfl) enjoys 8.1.11 (i)—(iii) w.r.t. this direct system; then 8.1.11 (iv)
holds (i.e. this is a direct limit) iff:

(1) (xvfl) = lim ('rlaflm>‘

—
L
(ii) Given z € z, define a subset L, of L by: | € L, < z € rg(f;), and a
direct system (b', g"™) indexed by L., by: b = a! (if z = f +1(2))
gim = t!". Define a family (b,¢') by b = a. and ¢' = ¢, . Then
(b,g') = lim (2, ™).

—
L.

Proof. This is a good exercise... . O

8.B.3. Theorem.
Assume that (t‘g)i<fj (j = 1,2,3) are morphisms in
target (ai)icy; then (8)ics, = (t)ics A (£ )i<s, iff:

1) f3=fiAfo

CON with a common
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(ii) given z € y, define iy, iy, i3 by z = f1(i1) = fa(iz) = f3(i3); then
o=t N2

Proof. Another exercise. O

8.B.4. Definition.
We define the functor Z from ONON to ON: Z y; is the usual sum of

i<z

the family y;,

(Z gi) (Z yz‘"'Z) = Z Yi + i (2)

i<f i<io i< f(io)

when (gi)i<f € Iset((yi)i<:1:7 (Z/é)iq/) and 79 <z, z < Yig -

8.B.5. Theorem.
The functor of 8.B.4 preserves direct limits and pull-backs.

Proof. Easy consequence of 8.B.2 and 8.B.3.... O

8.B.6. Remark.

The sum of dilators, as defined in 9.1.1, appears as a functor from DILON

to ON. Obviously, this functor preserves direct limits and pull-backs. The
two functors Z are related by:

(X R)(h = ,EE: F(f)
(T =X Tily) -
8.B.7. Remark.

Another example of functor from a category of sequences to ON is given
by II (see 9.5).
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Annex 8.C. Dendroids

Dendroids are an alternative description of dilators in terms of well-
trees (in Greek 70 Jévdpor means “true”). This concept is reminiscent of
a former attempt, made by Jervell to handle the concepts of II3-logic by
means of homogeneous trees ([78]). Unfortunately, homogeneous trees are
not sufficiently general, and it was necessary to consider this more complex

notion. We follow our exposition in [5], Chapter 6.

8.C.1. Definition.
A dendroid of type z is a pair (z, D), where x is an ordinal and D is a

set of sequences (ay, ..., a,) of ordinals, such that:
(i) ifs=(aog,...,a,) € D, then p is even.
(ii) if s = (ao,...,a,) € D and ¢ < p, then (ay, ...,a,) € D.

In order to state the remaining properties, we introduce D* : s € D*

iff s=()orsx*s €D for some s’ (* denotes as usual concatenation).

(iii) if s = (ag,...,agy) € D*, if s * (t), s * (u) € D* and t < u, then
agiy1 <t <wuort<u < ayy forall i < p. (As a consequence,
ai, as, ..., gy are pairwise distinct.) Moreover, for all i < p, agi11 <

X.

(iv) if s = (ag, ..., a9p—1) € D*, then the set {a; s * (a) € D*} is an

ordinal, i.e. (ag, ..., agp-1,b) € D* and a < b — (ay, ..., azp_1,a) € D*.

(v) there is no sequence (a,) such that, for all n, (aq, ...,a,_1) € D*.

8.C.2. Remarks.

(i)  Usually, when the context is clear, we shall identify a dendroid (z, D)

with the second component D.
(ii) Condition (v) is a well-foundedness condition for D*.

(iii) Observe that D is not an abstract tree; D* is of course a well-founded

abstract tree.
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8.C.3. Definition.
Assume that (z, D) and (2', D’) are dendroids; then I(z, D; 2/, D’) is the
set of all pairs (f, g) such that:

(i) fel(z,a).

(ii) g is a function from D to D’ such that g(s) has the same length as

S.

(iii) ifs = (ag,...,a,) € D*and sxt, s*u € D, then one can find s’ € D™,
s' = (ag, ...,a;) such that g(s * t) = s’ * t', g(s * u) = s" * ' for

some t’ and u'; " will be denoted by g*(s); we define g*(()) =():
g* maps D* into D™,

(iv) g*(s * (a)) =g*(s) * (f(a)) when s = (ao, ..., ag,) € D*.

(v) assume that s = (ao, ..., agp—1) € D* and that ¢* (s * (a)) = g*(s) % (b)
and g*(s * (a’)) = g*(s) * (V'), and that a < b (and s * (a) € D*,
s * (b) € D*); then ¢’ < V.

8.C.4. Remark.
If (f,g9) € I(x,D; 2/, D) and (f',¢') € I(z/,D"; 2", D"), then (f'f,¢'g) €
I(z,D; 2", D").

8.C.5. Example.
Given a dendroid (y, D’) and f € I(z,y), we shall define a new dendroid
(z,D) = f~Y(y, D’) (we shall also write D = f~'(D’)) by:

(i) In D', remove all sequences (ao, ..., ag,) such that agiy1 & rg(f) for
some 7 < p; one obtains a set D" of sequences enjoying all properties
of dendroids, except perhaps (iv); we define D"* as in 8.C.1; the

process of construction of D” and D”* is mutilation (w.r.t. f).

(ii) There exists one and only one dendroid D and one and only one
function f from D to D’ such that (f,g) € I(x,D; a’,D'), and
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rg(g) = D". In fact we shall define the associated function g*. We
define the members s = (ay, ..., a,—1) of D* and ¢g*(s) by induction
on n. The case n = 0 is trivial: obviously () € D* and g*(( )) =();

if n # 0, two subcases; let us write s =t * (a):

1. If n is even, then s € D* iff t € D* and g*(t) * (f(a)) € D™ in
that case, g*(s) = g*(t) X (f(a))

2. If n is odd, then s € D* iff t € D* and the order type of the
set X = {u; ¢g*(t) = (u) € D™} is > a; if ¢ is the isomorphism
between || X || and X, let g*(s) = g*(t) * (gp(a)).

(iii) The function g just defined is the mutilation function, and is de-
noted by m¥" (or simply my). (f,my) € I(x,D; 2/, D).

8.C.6. Definition.
The category DEN of dendroids is defined by

objects: dendroids (z, D)
morphisms from (z, D) to (2/, D’): the elements of I(z,D; 2/, D’) .

8.C.7. Remark.

In DEN, there are only trivial isomorphisms: if (f, f') € I(x,D; ', D"),
(9,9") € I(z/,D"; z, D) are such that (fg, f'¢’) = (Ew,idp/) and (gf,¢'f")
= (E.,idp), then x = 2’ and f = g = E,. Using condition (iv) of den-
droids, one easily proves that D = D" and f' = ¢’ = idp.

8.C.8. Definition.
The functor type from DEN to ON is defined by: t(xz, D) =z, t(f,g9) = f.

8.C.9. Proposition.
In DEN (z,D; fi,g;) = lim (x;, D;; fij, gi;) iff 8.1.11 (i)—(iii) hold and

—

(i) z= U rg(fi) (ie. (x, fi) = lim (x4, fij)).

1 e
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(i) D= U rg(g) (equivalently: D* = U rg(g})).

% %

Proof. Left to the reader (see also [5], 6.2.2). O

8.C.10. Corollary.
(i) The functor ¢ preserves direct limits.

(i) In DEN, (z,D; fi,m?) = lim (z;,D;; fij,my?) iff 8.1.11 (i)-(ii)

hold and (.CE, fz) = lim (.flfi, f”)

—

Proof. (i) is immediate from 8.C.9.

(ii): If 8.1.11 (i)-(iii) hold and (z, f;) = Um (z, fi;), take s € D, s =

(ag, ..., Qgk, Gog11, --.), and choose i such that ay,as,as,... € rg(f;). Then
s € rg(m}), hence conditions 8.C.9 (i)-(iii) hold, hence (x,D; f;,mf) =

lim (x;, D;; fij, m?j) The converse implication is exactly (i). O

—

8.C.11. Proposition.
In DEN, given (f;,9:) € I(z;,D;; x,D) (i = 1,2,3); then (f1,91) A
(f2,93) = (f3,93) iff

(1) rg(fi)Nrg(fa) =rg(fs) (e fi A fo= fs).
(ii) 7g(g1) N7g(g2) = 19(gs) (equivalently rg(g7) N7g(g5) = rg(g3))-

Proof. Left to the reader, see also [5], 6.2.4. O

8.C.12. Corollary.
(i) The functor ¢ preserves pull-backs.

(11) If (fz,Dz) = f'ﬁl(x,D) (Z = 17273)7 then (flumg) A (f27m?2) =

)

(fs,mp) iff fi A fo = fs.

Proof. (i) is a trivial consequence of 8.C.11.

(ii): If f1 A fo = f3, then rg(f1) Nrg(fa) = rg(f3); furthermore it is
immediate that rg(mfp) Nrg(my) = rg(m}), hence by 8.C.11 (fi,my) A
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(fa,mB) = (fs,m}). The converse implication is just (i). O

8.C.13. Definition.

(i) If (x,D) is a dendroid, then the height of (z, D) is the ordinal iso-
morphic with the well-ordering of D defined by: if ¢ # u, then

s* (1) s <tTsx*(u)xs"—>t<u.
(ii) The functor height from DEN to ON is defined by:

h(z,D) = ||(D, <)l
h(f,9) = llgll -

8.C.14. Remark.

<™ is the restriction to D of (the analogue of) the Brouwer-Kdnig ordering
of finite sequences of ordinals. The (analogue of) the linearization princi-
ple (5.4.17) for ordinal trees, proves that D* is well-ordered by <*, and so

is its subset D.

8.C.15. Proposition.
The functor h preserves direct limits and pull-backs.

Proof. Immediate consequence of 8.C.9 and 8.C.11. O

8.C.16. Definition.

A dendroid (z, D) is homogeneous iff:
« forall 2’ <z, f,g€l(z,z), f71(D)=g (D).

...,:ng) S fﬁl(D)*, if

wk for all 2’ < z, f,g € I(2',z), and s = (=,
= g(xk_1), then m]’?*(s) =

f(x1) = g(x1), f(x3) = g(x3), ..., f(@2p-1)

ml*(s).
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8.C.17. Examples.

(i) The following dendroid of type 10 is not homogeneous:

This denotes the dendroid D = {(0,3,0),(0,4,0),(0,5,0),(0,5,1),
(0,6,0),(0,7,0),(0,7,1),(0,7,2),(1)}. Take f € I(3cdot 10) defined
by f(0) = 1, f(1) = 2, f(2) = 9; then rg(m?p) is the set {(1)},
hence f~1(D) = {(0)}. If one considers now f’ € I(3,10) defined by
J/(0) =4, f'(1) =5, f'(2) = 6, then rg(m}) is

0 0 1 0

| |
4 5 6

and f'~1(D) is therefore
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Clearly f~Y(D) # f'~1(D): Condition () is violated.

(ii) The following dendroid of type 5 is not homogeneous:
0 0 0 0 0

| | | | |

0 1 2 3 4

| | | | |

0 1 2 3 4

Condition () of homogeneity is fulfilled, but not the subtler con-
dition (*x): define for instance f, f' € I(1,5) by f(0) =2, f/(0) =
then f~Y(D) and f'~'(D) are both equal to:

0
|
0
|
0
|

but mp* ((O)) = (2) # mJ’?,*((O)) = (4), and this contradicts con-
dition ().

(iii) The following dendroid of type 5 is homogeneous:
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01010101 0 010101 000101 0
| | |
1 2 3 4 0 2 3 4 013 4 0

L — o —

For instance, when f € I(3,5), f~1(D) is always equal to

0 1 0 1 0 1 0

0
|

1 2 0 2 0
|
0

- O — =

8.C.18. Proposition.

In Definition 8.C.16, (*) and (%*) can be weakened in (x)" and (*x)" by

replacing “Va’ < x” by “Va' finite < x”.

Proof. Left to the reader (see [5], 6.3.3).

8.C.19. Proposition.

Assume that (x, D) is homogeneous; then there is a functor F' from ON <

z to DEN such that:

(i) for all 2’ <z, F(2') is a dendroid of type z’.
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(ii) for all o/,a” <& and f € I(a',a"), F(f) = (f,m;""").
(iii) F(z) = (z, D),

Proof. Assume that (z, D) is homogeneous; then define F(z') = (Eg,) "t -
(z, D); it is immediate that, when f € I(2’, 2”), then (f, m?(wﬂ ) € I(f*1 :
(F)s Fa"): but £ (F(a") = fBRL (F(@) = B (F(2)):
by homogeneity (Exuxf)_l(F(a:)) =E.! (F(x)) = F(2). The fact that

F' is a functor follows from the equality

D _ .. D f YD
My, = Mmpm; (D) O

8.C.20. Proposition.
Let (x, D) be a homogeneous dendroid and let F' be the functor associated
with (x, D) by 8.C.19; then F' preserves direct limits and pull-backs.

Proof. F preserves lim : if (2/, f;) = lim (xy, f;;), then by 8.C.10 (ii),

(F@), F(f) = lim (F(x:), F(fy)).

F preserves A: if fiAfo = f3, then, by 8.C.12 (ii) F'(f1)AF(f2) = F(f3).
O

8.C.21. Definition.
A dendroid D of type w is strongly homogeneous (in short: D is a sh.
dendroid) iff for all x > w there is a homogeneous dendroid (z, D’) such
that D = E_1(D").

8.C.22. Proposition.
D is strongly homogeneous, iff there is a functor D° from ON to DEN
such that:

(i) for all z, D°(z) is a homogenous dendroid of type z.
(ii) for all z, y and f € I(x,y), D°(f) = (f, m}?“(y))'

(iii) D°(w) = (w, D).
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Proof. (1) If such a functor exists, then E_! (Do(x)> = D°w) = D, hence
D is strongly homogeneous.

(2) Conversely, assume that D is strongly homogeneous; then (z, D') =
D°(x) is uniquely determined by the condition E_}(D") = D: since D’ is
homogeneous, there is a functor F' from ON < z to DEN enjoying 8.C.19
(with D' instead of D). If (z, f;) = lim (x;, fi;), with all ;s finite, then

(F(m), F(fz)> = lim (F(mz), F(fw)> But F(z;) and F(f;;) are uniquely

determined by: F(z;) = E; (D) and F(f;;) = mf;gwj). In DEN, since we

have no non-trivial isomorphisms, then the direct limit is unique, when it
exists: hence F(z) is uniquely determined. We define D° to be the union
of all functors F' defined as above, when x varies through On. By Property
8.C.19 of these functors, we get (i), (ii) and (iii). O

8.C.23. Remark.
We have seen in the proof of 8.C.22, that 8.C.22 determines D° uniquely.
Also, observe that D° preserves lim and A, by 8.C.20.

—

8.C.24. Definition.
The following data define a category SHD:

objects: strongly homogeneous dendroids.

morphisms from D to D’: the set I4,(D, D’) of functions ¢
from D to D’ such that (E,g) € I(w,D; w,D’) and

mP' g = gmP for all h € I(w,w) .
8.C.25. Proposition.

Assume that D and D’ are sh. dendroids; then

(i) If T is a natural transformation from D° to D", then for all z, T'(x) =
(E;, T,) for some T,. (Hence T, € I, (D, D").)

(ii) Conversely, given g € I4,(D, D’), there is a unique natural transfor-
mation ¢° € I'(D° D) such that ¢°(w) = (E,g).
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Proof. (i) t o T is a natural transformation from ¢ o D to t o D"; but
toD"=1toD"=1Id hence t o T € I'(ld,Id). Hence t o T = Ej,.
(For instance observe that Tr(f)((0,0)) = (0,0), if f =t o T.) Hence
t(T(x)) = E, for all x. The condition m? T'(w) = T(w)mP is immediate.

(i) Let p, = mE , let p,, = mE . Let X, C D and X, C D’
be the respective ranges of p, and p/: X, (resp. X/) is the set of all
sequences (o, ..., azy) € D (resp. D') and such that a1, as,as5,... < n. It
is immediate that ¢ maps X,, into X, hence there is a unique function
T, from D°(n) to D(n) such that u,, T, = gi,, and it is immediate that
(En, T) € I(D°(n), D°(n)); if f € I(n,m), choose h € I(w,w) such that
hE,., = E,. - f; then

D'O(m / /
pmy T, = mb T = mb g, = gmPp, =
D%(m DO(m
GHm Mg ) = M;nTmmf ") 5

hence m?lo(m)Tn = TP°0" " From that, it follows that T(n) = (E,,T})
defines a natural transformation from D°ON < w to D)ON < w. By
general category-theoretic results (for instance see [5], 2.1.5 (ii)) T can be

uniquely extended into a natural transformation from D to D”. O

8.C.26. Remark.

The monstruous condition mP g = gm# for all h € I(w,w) can obviously
be replaced by the condition: m?lo(m)Tn = T,,mP"™ for all n, m and
f € I(n,m); this enables us to replace the quantification over the non-

denumerable set I(w,w) by a denumerable quantifier.

8.C.27. Theorem.
One can define a functor LIN (linearization) from SHD to DIL by:

(i) If Disash. dendroid, then LIN(D)(z) = h(D(x)) and LIN(D)(f) =
h(D°(f)).
(ii) If g € I(D, D'), then LIN(g)(z) = h(g°(x)).

Proof. D° preserves direct limits and pull-backs, as well as i (8.C.22 and
8.C.15), hence LIN(D) is a dilator.... O
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8.C.28. Definition.

Assume that F' is a dilator; then one defines for x an ordinal and p an

integer, a binary relation ~/* on the ordinal F'(z), as follows:

z=(a; xo, s Tp_1; T)p ~5" (05 Yo, oo Y1 ; ) = 2/

iff z=2or

(i) [§"(a,n; b,m)| > p/2 and

(ii) if o = of

T = 0}, then, for all i < p/2, o) = Yr(s)-

a,n’

8.C.29. Proposition.

~F
p

is an equivalence relation.

Proof. By Remark 8.4.22 (ii). O

8.C.30. Theorem.

For all p, the equivalence classes modulo ~

5 T are intervals.

Proof. We prove the result by induction on p: assume that A = (a; xo, ...,

Tp—1; x)F; B = (ba Yoy ooy Ym—1; :L‘)Fa C - (C7 20y o0y Rl—1 5 l’), and that
A Ng"” C and A < B < C. We prove that A Nf’m B: assume for
contradiction that A * B:

(i)

(iii)

If p =0, then §"(a,n; b,m) = (0,¢), §(b,m; ¢, 1) = (0,¢") (8.C.28
(i)); since A < B < C, we must have ¢ = ¢ = +1, hence by 8.4.21
§7(a,n; c,1) = (0,41), 50 A 5" C.

If p = 2¢g + 1, the induction hypothesis yields A ~§;” B; since

we assume that A f/af?x B 765’:‘ C, we get Toq) # Yr(q) 7 Zp(q)-
If yrq) < Zo(g), then since ) = Yr(0), - To(g—1) = Yr(g—1) and
1§ (a,n; b,m)| > g, it would follow that B < A; hence 24(q) < Yr(q)
and similarly y-) < 2,(), hence we get x,(,) < z,(), contradiction
with A ~5’$ C.

If p = 2¢q+ 2, the induction hypothesis yields A Niﬁl B, and so the
hypothesis A 745’” B 745’33 C implies §'(b,m; ¢,1) = (¢ + 1,¢) and
§5(b,m; ¢,1) = (g+1,€'); since T (0) = Yr(0)s s To(q) = Yr(q) it follows
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that e = +1, similarly ¢/ = +1. By 8.4.21, we get §"(a,n; ¢, 1) =
(g4 1,+1), a contradiction with A ~[* C. O

8.C.31. Proposition.

(i) If f e I(x,y) and z ~5" 2/, then F(f)(z) ~[Y F(f)(%).

p

(i) T el (F,G)and z ~5" 2, then T(z)(z) ~5* T(x)(2).

p

. F .
(iii) The equivalence class of (a; xg, ..., T 1; ®)r modulo ~y," consists

n

of exactly one point.

Proof. (i) and (ii) are immediate. For (iii) observe that |§'(a,n; b,m)| <
inf (n,m) < 2n/2, hence the only possibility left in Definition 8.C.28, when
2= (a; Ty Tno1; T)p ~op" 2 s 2= 2. O
8.C.32. Notation.

We shall use the notation I to denote the pair (I, k) where [ is an
equivalence class modulo N?. (F and x are assume to be clear from the
context; if not, we shall say “Iy in F(x)”.) I is an interval, and observe
that there is a unique sequence Iy, ..., [_1 such that Iy D ... D Iy_1 D I}
(for i« < k, I; is the equivalence class modulo Nf * containing Ij). Define
Iy byVze L, V2 € J, z < 2, and I, < Jy: I, = Jp, or I}, < J. Define
the ordinals |I| as follows:

(i)  |Zo| is the order type of the set of predecessors of I, for <.

(ii) |Iog+1| = the ordinal b defined by: if (a; xo,...,2pn-1; T)p € Iopi1
then b = z,r () if k <n, b= 0 otherwise.

(iii) |Iors2| = the order type of the set of predecessors of I, o for <t which

are included in Io .

Assume that I is an interval in F'(x), f € I(x,y); we shall denote by
F(f)(I}) the interval J in F(y) containing the image of I under F(f).
Similarly, if I, in F(z), T € I'(F,G), we shall denote by T'(x)(I;) the

interval J; in G(z) containing the image of I under T'(z).

8.C.33. Definition.
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(i) If F'is a dilator, one defines the function ¢, from F(z) to the class

of finite sequences of ordinals by:

pro((a: 70,y s )p) = (1], ..s [Lzn)

with I, = {(a; o, ..., Zn_1; )} and Iy D ... D Ioy,.

(ii) If F'is a dilator, one defines the function ¥ ;, when f € I(z,y),
from rg(pp,) to rg(Pp,):

(iii) IfT e I'(F,G), one defines a function ¥, from rg(¢p,) torg(eq.,)
by:

Yool s [Tonl) = (IT(f)(Lo), - IT(f) (T20)]) -

8.C.34. Theorem.

(i) 79(¥r,) is a dendroid of type x.

(i) (fivry) € 1(3777”9(901%)5 yﬂQ(‘PF,y))? furthermore g rpp, =

LPF,yF(f)
(iii) (Ee,¥r,) € I(a:, rg(dr.); , rg(goG,x)); furthermore ¥y pp, =
SOG,IT(x)‘
Proof. First of all, remark that the sequence (|ly|, ..., |1,|) determines I, in

a unique way.

(Proof. By induction on p: |Iy| determines Iy, since Iy is the |Io|™ equiv-
alence class modulo NUF *.if p = 2¢ + 1, then by the induction hypothesis,
Iy, is uniquely determined; the ordinal | /5,41 | gives the common value To(q)
of all points in Io,11: (a; Zg, ..., Tp_1; T)p € Iz4+1 iff it belongs to I, and
To(q) = |lag+1|- Finally, if p = 2¢ + 2, and if I5441 is well-determined (in-
duction hypothesis), then Io .o is the |5, 2|™ equivalence class modulo

Fx - .
~oate included in Jogy . 0)
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(i): We check properties 8.C.1 (i)—(v): (i)-(iv) are immediate, for in-
stance (ii): if z # 2/, then the associated sequences (Io, ..., I2,) and (I, ...,
I..,) are such that I, = {z} # {Z'} = I3, hence by our preliminary
remark one can find p < inf (n,n’) such that [I,| # [I}|.... Property (v)
is much more delicate: by our preliminary remark a s.d.s. in rg(¢p,)* for

<* is the same thing as a decreasing sequence
Iy>..D2L,D...

Define f € I(x,w - z) by f(z) =w - 2, and let J, = F(f)(I,); then
JoD..DJ, D

Write J, = [ay, b,[; the ordinals b, form a decreasing sequence, hence b, =
b = constant for all p > N. But, if ¢ = (2; po, .., Pn_1; w - T)p € Joni1,
define qo, .., gn-1: Go(0) = Po(0), -+ o(N)=1 = Po(N)-1, do(N) = Po(N)+1;
Go(n—-1) = Po(n—1) + 1; with o = afjn. Such a definition is possible because
Do) = |Jils oy Po(v—1y = |Jon—1] are in rg(f), ie. are limit. If d =
(25 Goy ey Gn1; w * x), then & ~gn d, hence d < bay; but ¢ ony1 d and
¢ < d, hence byn11 < d; a contradiction with boy = boni1.

(ii): Yp,Pr. = @r,F(f) is exactly the definition; so we need only
show that (f, % () is a morphism of dendroids. This is completely evident;

observe that

P g (ol - [ Lpa]) = (IF ()L, - [F () (Lp1)]) -

(iii): Similar to (ii), left to the reader.... O

8.C.35. Theorem.
It is possible to define a functor BCH (branching) from DIL to SHD
by:

BCH(F) = rg(¢p.)
BCH(T) = ¢, .

BCH enjoys the following properties:
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(i) BCH(F)°(x) = (2,79(¢r.))-

(i) BCH(F)(f) = (f,br,) (= (f,m ).
(i) BCH(T)*(z) = (Es, ¥7.,).

Proof. Essentially we need to prove that BCH(F) is a sh. dendroid for all
dilators , and that BCH(T) € I, (BCH(F), BCH(G)). It will suffice to
show that (i)-(ii) define a functor BCH(Fo from ON to DEN enjoying
Conditions 8.C.22 (i)—(iii), and (by 8.C.25 (i)) that (iii) defines a natural
transformation from BCH(F)° to BCH(G)°.

1. We claim that (|lo|, ..., [l2n|) € 79(¥ ;) iff (Lo, ..., [T2n]) € T9(eR,,)
and I, I3, I5, ... € rg(f).

(Proof. Assume that Iy, = {(z; o, ..., Zn_1; ©)p}; then (|Io], ..., |I2n]) €
rg(Yp ) iff Iy = F(f)(I3,) for some Jo, (= {(z; f~Hx0), ..., fH(wp_1);

z)p}, this is equivalent to o, ..., x,—1 € rg(f), in other terms |I1|, ..., | Ion—1]
€ rg(f). 0)
Tg((PF,y)

Hence 7g(1hr ) is equal to the range of the mutilation function m;, ,

;g(SOF‘y): this establishes 8.C.22 (ii). The homogeneity of

79(Pr,) is left to the reader.
2. By 8.C.33 (ii), (iii) we get:
@[’G,fT/JT,xSOF,x = ¢G,f%0G,xT(x) = ‘PG,yG(f)T(x) =
‘PG,yT(y)F(f> = 1/)T,y‘PF,yF<f) = 1/’T,y'¢F,f‘PF,z .

This clearly proves that ¥ ;97 , = ¥ ,%r ; hence BCH(T)? is a natural

transformation... . O

hence p, = m

8.C.36. Theorem.
(l) LIN o BCH = IDDIL-

Proof. (i): The function ¢y, is strictly increasing: if z < 2/, and ¢ ,(2) =
([ o], -+ [2nl), Yra(2") = (ILo]; -, [13,]), choose 7 minimum such that I; #
Il; then I; < I] (since z € I;, 2’ € I}), hence |Iy| = |Ij], ..., [Li—1]| = |1[_4],
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|Ii| < ||, and ¢ p,(2) <* ¢ p,(2'); hence the order type of bf BCH (F)°(x)
is equal to F(z): LIN(BCH(F))(z) = h(BCH(F)*(z)) = F(x). Now, if
f € I(z,y), the formula

"J’F,f‘PF,x = ‘PF,yF(f)
means exactly that h(f, ¥ g ;) = F(f), so
LIN(BCH(F))(f) = h(BCH(F)°(f)) = F(f) .
If T € I'(F,G), the formula

Y12 Pra = Pl (2)
means that (E,, ¥7,) = T(r), hence
LIN(BCH(T))(z) = h(BCH(T)°(z)) = T(x) .

We have proved that LIN(BCH(F)) = F and LIN(BCH(T)) = T.
(ii): If D is a sh. dendroid, then we shall first study the dilator F' =
LIN(D):

1. If s € D, then let z be the order type of the set of predecessors of s w.r.t.
<*, and write z = (a; Tg, ..., Tp_1; W)F, S = (Ug, ..., Uz ); from the
equality F(f) = h(DO(f)) it follows that z € rg(F(f)) if s € rg(m?),
for all f € I(z,w), and all x < w: from this it follows that m = n, and
that {xg,...,n_1} = {uq,...,u2,_1}. Define a permutation 7 of n by:
7(1) = j iff ugry = x;; we claim that 7 = 057”; we shall compare the
points zy = F(f)(z) when f € I(w,w); obviously z; < z, iff sy <T s,
with sy = m?(s). Here we use property (+x) of homogeneous dendroids:
assume that f(u1) = g(u1), ..., f(ugk—1) = g(ugk—1), then s/ 2k +1 =
Sgl 2k + 1; now, if f(ugkt1) < g(ugks1), it follows that s; <t s,0 25 <
zg iff f(ur) = g(w), ..., flugk—1) = gluok—1), fluors1) < g(ugpsr) for
some k < n, equivalently f(z-0)) = 9(z+0)), -, [(@r-1)) = 9(Tr-1)),
f(@r@) < 9(zr)). Hence 7 =0l .

2. We shall now compute the relations Nf’w: assume that s’ = (vg, ..., Uy, ) €
D, and that 2’ = (b; yo, ..., Yn—1; w)F is the order type of the set of pre-

decessors of s w.r.t. <*; then we claim that (we assume that z # 2’)
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RO A iffug = =
z ~ 2 It ug = vo, ..., U, = Vg -

Assume that z Nf’w 2"t hence 2,3y = Y- for all i < k/2, ie. ugqyr =
v9;41 for all i such that 2i + 1 < k. Let r = [k/2] (the greatest integer
< k/2); then o(i) < o(r) iff 7(:) < 7(r) for all i < r (with o = o},

T = Tlfn), hence one can find functions f,g,h € I(w,w) such that:
f(ma(i)) = g(yT(Z)) = h(xo(z)> for all © < r and f(a:a(r)) < g<y7'(r)> <
h(zo(r)). Now, observe that [§%(a,n; b,n')| > k/2 > r (easy exercise
for the reader; this can be obtained on the model of Part 1. above),

hence, if 2} = F(f)(2'), one gets:
zp < 2y < zp ,

and write s = m?(s’): sp <* s, < s,. Now we apply once more
property (xx) of homogeneous dendroids, since f(2i+ 1) = g(2i + 1) =
h(2i + 1) for all 4 s.t. 20 + 1 < 2r:

m?* ((an o Uzr)) = mf* ((uo, ...,UQT)) = mf*((uo, ...,uQT)) (= A)

mP*((vo, ..., var)) = mP*((vo, .oy v2r) ) = mE* ((vo, .., v2r)) (= B)

and the inequalities s; <™ sy < s;, will be rewritten as:
Axty <t Bxt, <t Axty,

and so A = B. This forces u; = v; for all i < 2r, and this establishes
uy = o, ..., U = v, when k is even; but when k is odd, we know that
Up = V... .

Conversely, assume that uy = vy, ..., ux = vi; observe that ug; 1 <
Ugpr Iff v9;11 < wopyq for ¢ < r: if k is odd, then £ = 2r 4+ 1, and this
is simply trivial; if k£ is even, then by Property 8.C.1 (iii) of dendroids,
the point ug; 1 = v9;41 cannot belong to the interval [ug, i1, vo,11] (or
[Voy 41, U2r11]). Hence it will be possible to define functions f, g, h
exactly as above, and it is immediate that sy < sy <* sp, hence z5 <
z, < zp,; the definition of §7(a,n; b,n’) shows that [§¥(a,n; b,n’)| > r
hence [§7(a,n; b,n’)| > k/2. The hypothesis yields
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To(i) = Yr(d) for all 7 < ]{?/2 ,

Fw _y
SO 2 ~p zZ.

3. Let us compute the ordinals |Ix|: assume that z € I;, and choose s as
above; we claim that |I;| = wy:
— If k is odd, then |I}| = 2 (k—1/2) = s
— If k=0, then 2 ~§’“ z iff ug = vy: I is the uff' class, hence |Iy| = up.

F .
— Ifk=2p+2, then z ~y)%, 2" iff ug = vy, ..., ugp1 = vopt1, hence uy,
enables us to distinguish between the various classes modulo ~y%,

which are included in I5,41, and from this, again || = uy.

4. From 3, it becomes possible to compute BCH(LIN(D)): this dendroid
is the range of the function which associates to s € D, the sequence
(|o], -+, [T2n]), with I, = {z}. Clearly BCH(LIN(D)) = D.

5. Finally, we compute BCH(LIN(g)) when g € I,(D, D'): if g(s) = s”
and if 2” is the order type of the set of predecessors of s” w.r.t. < in
D', then

BCH(LIN(9))(s) = (IT(@)(Io)], - IT(@)(L2)]) .

with 7' = LIN(g); but, by definition, T'(w)(z) = 2”, and we know by 3
that (if 2” € Jy in D) |Jg| = wg, (if s” = (wy, .., way,)), hence

BCH (LIN(g))(s) = s" = g(s) . O

8.C.37. Corollary.
The functors BCH and LIN preserve direct limits and pull-backs.

Proof. Trivial. O
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Annex 8.D. Quasi-dendroids

The concept of quasi-dendroid is akin to the concept of dendroid; its
main interest lies in its greater flexibility and its direct relation to 3-proofs
(Chapter 10). But the category of strongly homogeneous quasi-dendroids
is no longer isomorphic to DIL. A certain number of results will be listed

without proof, especially those who duplicate results of 8.C.

8.D.1. Definition.

A quasi-dendroid of type x is a pair (z, D) where x is an ordinal and:
(i) D is a set of finite sequences s = (xo, ..., Z,) such that, for all i < n:

— either z; is an ordinal,

— or x; is a pair (a;, —), with a; < z; such a pair will be denoted by
a;.
(For instance s = (0,w,5,w + 1,w? + w).)

(ii) If s = (xo,...,2n) € D and m < n, then (zo,...,x,) & D.

(i) Let D* = {()}U{s; s x 8" € D for some s'}, then:if z, 2’ are ordinals
and s * (x) € D*, then s x (2') € D*.

(iv) There is no sequence z,, such that, for all n:

(0, ey Tno1) € D* .

8.D.2. Remarks.
(i) We shall abbreviate “quasi-dendroid” into “qd”.

(ii) Dendroids will be identified with particular qd’s: if D is a dendroid,
define D’:

D' = {(930,$1,£U2, ~--7$2n—17x2n); (-TO,ZU1,3327 ---75U2n—1>5172n) S D} .

Then we identify D with the qd D’.
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(iii) The height h(D) is its order type for the order <™, defined as usual.
(Of course s * (a) <™ s (b) iff a < b.) There is a bijective function
¢p from D to h(D), such that s < s < @p(s) < ¢p(s).

8.D.3. Definition.
Assume that (z, D) and (2/, D) are qd’s; then I,(x, D ; 2, D’) is the set of
all pairs (f,g) such that:

(i) fel(z,a).

(ii) g is a function from D to D’ such that g(s) has the same length as

S.

(iii) If s = (ag, ..., ap) € D* and s*t, sxu € D, then one can find s’ € D™,
s' = (ag, ..., a,) such that g(s * t) = s" x ', g(s * u) = s * v for
some t' and u’; s’ will be denoted by ¢*(s); we define g*(()) =():

g* maps D* into D™,
(iv) g*(s * (@)) =g*(s) * (M) if s x (a) € D*.

(v) If a is an ordinal, then g* (s * (a)) = g*(s) * (b) for some ordinal
b, depending on s and a; moreover, if a < a’ and g¢* (s * (a’)) =
g (s) * (b'), then b < V.

8.D.4. Definition.
The following data define a category QDN

objects: quasi-dendroids (z, D)
morphisms from (z, D) to («/, D’): I,(z,D; 2',D’) .

8.D.5. Remark.
It is possible to define functors type and height from QDN to ON. It is
also possible to establish for QDN the exact analogue of 8.C.8-15. (But

the mutilation functions m]l? are replaced by ,u]l? ..., see 8.D.6.)

8.D.5. Definition.
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Assume that D' is a qd of type y and let f € I(x,y); we shall define a new
qd (x,” D) by:

(i)

In D' remove all sequences (ay, ..., a,,) such that a; = z and z & rg(f)
for some 7 < p; one obtains a set D" of sequences which is still a qd
of type y. The process of construction of D" is called mutilation
w.r.t. f.

Define a function py as follows

,uf(s * (a)) = pp(s) * (a) it a € On
,uf<s * (g)) = ys(s) * (M) ifa<ux.

We define /D" = {s; us(s) € D'}, i.e.

D' = 1 (D) = (D).

(iii) Define a function p?" from /D’ to D’ by:

,u?/(s) = pp(s) forallsefD" .

Clearly (f, ") € Iy(x,/ D' y, D').

8.D.7. Remark.

The mutilations u]’? are simpler than the mutilations mjl? ; when D is a
dendroid, then /D # f~1(D) in general: /D is not necessarily a dendroid:
for instance, in the Example 8.C.17 (iii) /D is (if f(0) = 1, f(1) = 2,
f(2) =4)
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and /D differs from f~!(D) by the choice of the non-underlined ordinals.

8.D.8. Definition.
A qd D of type x is homogeneous iff the following property holds

(%) for all 2’ <z and f € I(a/,z), f' € I(2, ), then fD =" D.

8.D.9. Remarks.
(i) A good surprise is that the technical condition (*x*) has disappeared.
(ii) The analogues of 8.C.18-20 hold.

(iii) One defines in a similar way strongly homogeneous qd; they form
a category SHQ whose morphisms are denoted by Iqeh(D,D’)....
The analogues of 8.C.22-26 hold for shqd’s (strongly homogeneous

quasi-dendroids).

(iv) One defines the functor LIN, from SHQ to DIL by LIN,(D)(x) =
h(D*(x)), LING(D)(f) = h(D°(f)) and LIN,(T)(z) = h(T°(x)).
The main problem is to define a functor BCH,, from DIL to SHQ;
one cannot expect that BCH, (LINq(D)) = D (for instance, if D =
{(0)} and D" = {(0)}, then LIN,(D) = LIN,(D’) = 1).
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8.D.10. Definition.

(i) Assume that F is a dilator and let D = BCH(F); let D' = D°(w?),
and let f € I(w,w?): f(n) =w - (1+n). We define BCH,(F) =/ D’

(i) If T € I'(F,G), let ¢ = BCH(T) and ¢ = ¢°(w?); we define
BCH,(T') by:

BCH,(T)uf" = p¥'g  (if ' = BCH(G)°(w?)) .

8.D.11. Theorem.
(i) BCH, is a functor from DIL to SHQ.
(11) LINq (¢] BCHq == IDDIL-

Proof. (i): Let D} = D°(w(1+ 8)) and D =/ Dj,, with f5 € I(8,w(1 +
ﬂ)): fa(2) = w(l + z). We show that if g € I(3,), then 9D}, = DJ;
since D = BCH,(F"), this will establish that BCH,(F) is strongly ho-
Mogeneous.

We establish the following property: let ¢ = E, - (E; + g); then if

s = (To,L1, T2, s Top_1,T2n) € Dj and @y, 23, ..., T9,—1 are limit, then
D,
mgfﬁ (5) = (0, 9'(w1), T2, ., §' (T2n—1), Ton) (= ,ug'(S)).

D, .
(Proof. Looking back at the definition of m,” we see that it suffices

!

to show that (with X = rg(mjﬁ/)): if t = (Yo,y,5---) € D", with
Y1, Y3, Us, .. limit, then ¢t € X* < yy,y3,v5,... € rg(g’). Clearly, if t € X*
then y1,ys,ys, ... are in rg(g’); conversely, if y1,ys,ys, ... € rg(g’), choose
t' such that t x ' € Djg; if t * t' = (y0,y,, -, Y2n), choose a function
g’ € [(w -(1408),w - (1 +ﬁ’)) such that: y1,y3,9s, ..., y2n_1 € 79(g”), and

/ D// . . . .
consider m?%) ((mg,/ﬂ )t * t’)). Using (**) this point is of the form ¢ = ¢”

g/
and all its odd coefficients v, v, &, ..., y5,_, are in rg(g’): this proves that
txt"eXandsote X" 0)

Using the property, one easily shows that ¢ Dg, = Dg‘

(ii) is left as an exercise to the reader.... O
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8.D.12. Definition.
A dilator is finitistic iff the associated shqd BCH,(F) = D has the
following property:

Vn Im Vs € D* (lh(s)):2n—>{x;s x () € D} Cm.

8.D.13. Examples.
(i) Finite dimensional dilators are finitistic. (In 8.D.12 take m = dim(F)).

(ii) Finitistic dilators are weakly finite: since D(n) has finite branchings,
F(n) is finite.

(iii) But there are weakly finite dilators which are not finitary, for instance
F =" D,, with D, a prime dilator with Tr(D,) = {(0,n)}.

n<w

8.D.14. Comments.
Finitistic dilators are closer to our intuition of a dilator than other con-
cepts so far introduced: a dilator is a way to describe ordinals by means

" in some

of “finitary data”. Of course the dilator must itself be “finitary’
sense. Finite dimensional dilators form a very small class which cannot
fit our intuition, whereas weakly finite dilators contain objects that can-
not be accepted as “finitary”, for instance the dilator of Example 8.D.13
(iii) which is of kind w! Observe that it was necessary to make a rather
complex definition (leading to BCH,(F)) in order to find the concept of
a finitistic dilator; dendroids and quasi-dendroids are useful because they
help us to visualize the “algebraic” structure of dilators.... Another use of

qd’s can be found in the

8.D.15. Corollary.
The ordering <*' (8.4.22) has the following property: let Tr, (F) = {(z0,n);
(20,n) € Tr(F)}; then < | Tr,(F) is a well-order when F is a dilator.

Proof. If (z9,n) € Tr(F), then we associate to this point a sequence
(g, ...y Tn) = g(20,n) as follows: If ¢ is the order-preserving isomorphic
between F(w) and (D, <) (with D = BCH,(F)), consider go((zo; Y0y -
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Yn—1; w)p): this is a point of D of the form (xg,go,xl,...,gn_l,xn); we
observe now that xg,...,x, are independent of the choice of the integers
Yo < oo < Yp—1-

(Proof. Ifgp((zo; Yoy s Y1 s w)F> is equal to (z, ¥y, @, .-, ¥/, |, ¥y,), then
since the diagram

Feo) Y R
"2 "2
D . D
Ky

is commutative for all f € [(w,w), we get, if we choose f, f’ such that

Fwo) = ' (Wo), s fYn1) = f' (Y1)

(20, f(©0)s @1, oo f(Un-1)s ) = 1P P((203 Y0, o0y Y15 W) =
PF(F)((203 Y0, s 15 @)r) = 9((203 F©0)soos FUn1) s i)

and

(2 £ W) @ oos S (n1)s @) = (205 F/(Wh)s s J' (Wht) s @) )
by symmetry. Hence zy = z(, ..., z, = x/,. 0)

Now observe that the function g is strictly increasing: if (zo,n) <" (21,n)
let p = |87 (29,m; 21,n)|; choose integers yo < ... < y,_1 and y) < ... <
yr._, such that

Yo(0) = Yooy -+ Yr(p-1) = Yr(p-1) -

: _ F _ _F . : ) ro
with o = o7 ., 7 = 07, ,,- Then (20; Yo, -, Yn—1; W)r < (215 Yor - Y1

w)rs let s = 9((203 Yo, Yn15 @)r )5 8" = 9((205 Yy s Y1 ; W)r); then

s <t §. Ifs= (:170,%, Y 5 Tn), 8= (xf),%, Y, xy,), then either

(zo; oy ) <T (g, ..., 2,) hence g(zo,n) <T g(z1,n), or (xo,...,7,) =
/

(g, -, ;). But this case is impossible: since D obviously enjoys Condition

8.C.1 (iii) of dendroids, then y, and g, lay in the same of the intervals
determined by yo, ..., yp—1, and we can assume that y;, < y,: but this would
entail (zg,...,2,) < (zg, ..., 7p).

The existence of a strictly increasing function from Tr, (F') to On implies

that Tr,(F) is a well-order. O
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8.D.16. Remarks.

(i) The set Tr<,(F) = {(20,p) € Tr(F); p < n} is well-ordered by <"

this is an easy consequence of 8.D.15.

(i) But Tr(F) is not necessarily well-ordered by <”. For instance the
points (2,1),(12.2),(112,3),(1112,4),... form a s.d.s. in Tr(10').

One can define an equivalence relation =< between quasi-dendroids of
the same type. This relation has the property that all equivalence classes
contain one and only one dendroid: to each quasi-dendroid one can asso-
ciate the unique dendroid N (D) such that D =< N(D). The definition of
the equivalence relation < and its immediate properties are rather long to
establish, and the reader will find all necessary information in [5], Chapter
7.

The equivalence relation < is very useful because the conditions defining
quasi-dendroids are not as drastic as the conditions defining dendroids. It

is therefore possible to define operations on dendroids as follows:
+ define the operation on quasi-dendroids.
+ then “normalize”, i.e. apply N(-).

Of course the operations one defines, must be compatible with the
equivalence relations < ..., see [5], 7.2 for a list of such operations..., see
also 8.G.4.
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Annex 8.E. IT}-completeness of dilators

This is one of the very first results of IIi-logic, that I proved a few
months before the B-completeness theorem. The original proof is too ar-
chaic to be presented here; moreover, the B-completeness theorem yields
[T3-completeness of B-proofs, and by linearization, of dilators, see for in-
stance 10.1.27; hence the only interest of this annex is to present a simple

and direct argument. The proof which follows is due to Normann.

8.E.1. Theorem (Girard, 1978).

The set of all indices of prim. rec. dilators is II3-complete; more precisely

(i) the formula expressing that “e is the index of a prim. rec. dilator” is
I,

(ii) if A is a closed II} formula, then one can construct (primitive recur-

sively in A) a prim. rec. predilator P such that:
A« “Pis a dilator” .

Furthermore this equivalence is provable in PRA? + X — C A*.
Proof. (i) is left to the reader (for a proof, see 10.1.26).

(ii): We start with a I} formula A, and we assume that A is

Vf 3g Vn R(f*(n), g*(n))

with R prim. rec.; this is made possible by the general result of 5.1. If f

is a function, we define 7 by:
s € Ty < Seq(S) AVn < lh(s) R(f*(n),sin) .

Then clearly: A < Vf -WTR(Ty).
If v is an ordinal, we define an abstract tree D(«) as consisting of all

sequences

s = (ag,...,an_1)

such that:



94 8. Dilators: algebraic theory

(i) a9 is an integer, for all 7 s.t. 20 < n; let t = (ay, ..., as;, ...) (2i < n).
(ii) agi11 is an ordinal < «, for all 7 s.t. 20 + 1 < n.

(iii) For all s; and sy such that 2s; + 1,2s9 +1 < n, s <* s9 and
Vp < lh(s;), R(t| p,sip) (i =1,2), we have:

a’251+1 < a282+1 .

8.E.2. Lemma.
A < VYa € 0n D(a) is well-founded w.r.t. the familiar ordering of se-
quences.

Furthermore this result is provable in PRA? + X9 — C A*.

Proof. (i): Assume A, and for contradiction that s, = (ag,...,a,_1) is a
s.d.s. in some D(«); then let f(n) = ag,, and, when s € Ty, h(s) = agsi1;
clearly h is a strictly increasing function from 7 to «, and this forces T
to be a wf-tree, contradiction.

(ii): Conversely, assume —A, hence there is an f such that WTR(T}).
Now there is a strictly increasing function h from Ty to some o # 0, and
we define h(n) = 0 when n ¢ T}; the sequence s, = (ao, ..., @y—1), With
ag; = f(i), azip1 = h(i) is a s.d.s. in D(«), contradiction.

As to the formalization, observe that ordinals must be interpreted by
well-orders. Everything is immediate, except in Part (ii), the existence of
a strictly increasing function from Tt to a well-order, which follows from

the linearization principle, a consequence of 39 — C A* (see 5.4). O

We define a predilator @) by:
Q(a) = the set D(«, equipped with the Brouwer-Kleene ordering of se-
quences; Q(f) is by definition equal to D(f): D(f)((..., Ty eey T2j41, )) =

(..., L2y vens f(l'2j+1>, )

Hence we obtain

8.E.3. Lemma.
A < (@ is a dilator.
This result is provable in PRA?* + 39 — C A*.
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Proof. Immediate use of the linearization principle. O

However, () is not necessarily weakly finite; we introduce P as follows:
P(«) is the set of all pairs (z,2% + ... + 2"»~1) such that:

(i) z=1(z20,...,a5-1) € D(); let t = (aq, ..., az;, ...) (2 < k).
(i) up1 < ...<wup < aand n="t.
The pairs are lexicographically ordered, and

P(f) ((27 210 4 .+ 2“n—1)) = (D(f)(2), ofwo) o 4 2f(un—1)) )

8.E.4. Lemma.
The predilator P is weakly finite and prim. rec.

Proof. In P(n), an element (z,2 + ...+ 2%»-1) is such that m < n, hence
if z = (ag, ..., ax_1), the value of t = (aq, ..., as, ...) is bounded by n. We
have only finitely many choices for the ordinal parameters: hence F'(n) is
finite. Looking back at the definition of () and P, we immediately see that

P is prim. rec. O

8.E.5. Lemma.
P is a dilator « (@ is a dilator.
This result is provable in PRA?* + Y9 — C A*.

Proof. (i): If (z,) is a s.d.s. in Q(«), we may assume that « is infinite; write
2z, = (ad,...,a,...) and let t,, = (a, ..., ay;, ...); then (z,, 271 + . +2%) is
a s.d.s. in P(a).

(ii): P(a) appears as a subset of the product 2* - Q(«), with induced
order; if Q(«) is a well-order so is P(«).

Y0 — CA* is clearly needed in Part (ii). O

The lemma concludes the proof of 8.E.1. O
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8.E.6. Remarks.

(i) Of course, if A contains second order parameters, then the construc-
tion is still valid and all we have to do is to remark that P is then
prim. rec. in these parameters.

The proof of the equivalence can still be carried out in PRA?.

(ii) A typical application of 8.E.1 can be found in next annex (8.F.4).
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Annex 8.F. The basis theorems

Basis theorems are results of the kind: “if the class C of functions is
non-void, then it contains a function of D”,i.e.: C# 0 — CND # (.
There are three main basis theorems, which are connected to the logical

complexities X9, I13, IT3.

8.F.1. Theorem (Kreisel basis theorem, [79]).
Let A(X) be of II? formula of L? depending on a variable X of type s;
then, if 3X A(X), X can be chosen AY, i.e. there is a A set X s.t. A(X).

Proof. Replace X by its characteristic function f; then A(X) can be rewrit-
ten A’(f), and the hypothesis is that EIf(V:B(f(:B) =0V f(z)=1) /\A’(f)).
In other terms, there is an infinite branch in a prim. rec. tree T" associated

with A’ and consisting of 0’s and 1’s:
s €T < Seq(s) A Vi <Ih(s)((s)i =0V (s)i=1) A
Vn < lh(s)R(s|n)
where the prim. rec. predicate R is such that:
A'(f) & Vn R(f*(n))

(see 5.2.4 for more details).

If T is not a wi-tree, then we explicitly define a s.d.s. (f(0),..., f(n —
1)) = s, in T as follows: observe that 7' cannot be finite, and let sy = ();
if s, has been defined and € T, and Ty, is infinite, then

— either Ty, , o) is infinite: let 5,11 = 5, * (0).
—or T, .o is finite: let 5,1 = s, * (1).

Now, observe that “T} is infinite” can be expressed by a I formula:

let ¢ be the prim. rec. function defined by:
o(n) =sup{s; lh(s) =nAVi<n(s); <1} .

Then Ty infinite < Vn 3t < p(n)(Seq(t) Alh(t) =nAs xt e T). Now,

there is a formula B(s,n) which holds iff s is s,:
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B(s,n) < Seq(s) ANlh(s) =

nAVi < n((s)l =0« Ts[i*<0> infinite) .
Observe that B can be put in both of X9 and IIJ forms; hence the

function f such that s, = f*(n) can be expressed by:

f(n) =m = ¥s(B(s,n+1) = (s)n = m) (I13)

m) (£2)

— Js(B(s,n+1) = ()

Hence the graph of f is £9 and TI9, i.e. f is a AJ function, i.e. if f = Xy,
X is AY. O

8.F.2. Theorem (Kleene basis theorem, [80]).
Let A(f) be a II{ formula of L2, and assume that 3f A(f)l then such a f
can be chosen among the set of functions which are recursive in some II}

predicate.

Proof. Write 3f A(f) as “R is not a well-order”, for some recursive linear

order R; then, by 5.6.7, if 3f A(f), one can find a s.d.s. in R which is
recursive in the I1} set |Acc(R)|. O

8.F.3. Theorem (Novikoff-Kondo-Addison, [82]).

Let A(f) be a II} formula of L2, and assume that 3f A(f); then such a f
can be chosen among A} functions.

Proof. This basis theorem is a standard corollary to the Novikoff-Kondo-
Addison uniformization lemma; the reader can find a proof in [7], pp.
188-189; dilators enable us to give a rather elegant proof of a result which

is slightly weaker than the uniformization lemma, but which contains 8.F.3:

8.F.4. Theorem.
Let P be a prim. rec. predilator; there is a II} predicate B(h), with the

following properties:
(i) B(h)AB(W)—h=".

(ii) 3h B(h) < P is not a dilator.
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(iii) If P is not a dilator, then the unique h s.t. B(h) encodes a pair
(f1, f) such that: f; is the characteristic function of a denumerable
well-order <, f is a s.d.s. in P(=).

Proof. A priori, there is some trouble in defining < uniquely (because <
is an order between integers); but the ordinal & = || < || can be chosen
unambiguously: a = inf{z € On; P(z) is not a well-order}. We shall
not bother about the representation of o as an order between integers,
and we turn to the problem of choosing a specific s.d.s. in P(«). Let [
be the inaccessible part of P(«), i.e. the set {y € P(«a); P(a)ly is not a
well-order}; we shall construct a s.d.s.

g(n) = (in; 2y, ..., 5 a)p

in Pla): g(n+1) < g(n) (< is the order of P(«)). Assume that ¢g(0) >
... > g(n—1) have already been constructed, and let I,, = {z € I ; z < g(i)
for all i < n}; then I, is non void, because I has no smallest element.
Consider the set

Sp(l,) = {(zo :p) € Tr(P); 3ag, ..., ap_1(ap < ... < ooy < a A
(205 gy ooy Qpo1; Q) p € [n)} )

Define (i, rn) = inf {(z0,n); (20; n) € Sp(I,,)}; now we consider the sub-
set J,, of P(a) defined by:

Jn = {(’ln, A1y ooy Qg 5 Oé)P; ap < ... < o < a} ,

i.e. J, is the set of all points of P(«) whose denotation w.r.t. P has the
“skeleton” (i, ; 7). Observe that

8.F.5. Lemma.
Jy,, is a well-ordered subset of P(a).

Proof. Define Q and T € I'(Q, P) by rg(Tr(T)) = {(in; Tn)}; then Q is
a finite dimensional predilator, and is therefore (isomorphic to) a dilator

(8.4.3), hence J,,, which is isomorphic to Q(«) is a well-order. O



100 8. Dilators: algebraic theory

Hence J,,N1,, which is non void, has a smallest element: (i, ; =, ..., x
«) p; this element is by definition g(n).
First observe that:

8.F.6. Lemma.
a={x;ne NN1<i<mr,}.

Proof. Let Y = {al';n e INAN1<i<r,}; define § and h € I(F,«) by
rg(h) =Y. Then the sequence ¢'(n) = (in; h=' (), ..., A7 (2} ); a)p is a
s.d.s. in P(3). By the choice of «, it follows that 8 = «; since h ! (z?) < a7,
it follows that ¢’'(n) < g(n) for all n; ¢’(n) is a point in J, N I, which is <
g(n), hence ¢'(n) = g(n) for all n: this forces h(y) = y for all y € Y; but

since rg(h) =Y, this is only possible if Y = «. O

8.F.6 enables us to define a surjection from the set X = {(n,i); n €
INA1<i<r,}onto a:
p((n,4)) =i .

We define (n,i) < (m,j) by 2} < 27", (X, =) is a preorder, and the asso-
ciated order is a well-order isomorphic to «; let < be the associated equiv-
alence, and N((n,7)) = inf ({m,j); (n,i) < (m,j)); then Y = {(n,i) €
X ; N({n,i)) = (n,1)} is well ordered by =.

We define the s.d.s. f in P((Y, g)):

f(n) = <in7 N(<n> 1))? 7N(<n7rn>)>

(the last component is not indicated...).
Now we show that Y, <Y, and f are the only solution of a II} prop-
erty; the property is a conjunction (i) A ... A (vi):

(i) Forall n, f(n) is a sequence (i, p{, ..., p; ), with:
— (in,tn) € Tr(P).
~pley.

- pr <. =<p.
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(ii) (Y, =) is a well order; moreover

Y ={(i.): 1< <miAp= (i) A
il <i V(1< 5 <o —pl £ D)}
In order to state the remaining properties, let us order the set S of all

formal sequences (i, ag, ..., a,_1) such that (i; n) € Tr(P) and aq, ..., a,_1 €

Y and ag < ... < ap,_1:
<i,a0, ...,an,1> < <], b07--~7bm71> iff
(15 CoyeeyCne1;n4+myp < (J; doy ooy dp—1; n+m)p |

where ¢g < ... < ¢,_1 <n+m,and dy < ... < d,,_1 < n+m are such that:
C; < dj — a; < bj (resp. c; > dj — a; > b])

(iii) If z € Y, then the set of all points (i, aq, ...,a,—1) in S such that
an_1 < z, is well ordered by <.

(iv) For all n, f(n+1) < f(n).
(v) If 2= (i,a9,....,ap—1) < f(n), then

— either (i,p) > (in,7n)-

— or the set of the predessors of Y w.r.t. < is a well-order.
(vi) Let z = (i, ag, ..., ap—1) € S; then

— 22 f(0) = (i,p) = (io, 0)-

— fln+1) <z < f(n) = (in1,mni) < (5 p)-

Y, <Y, and f are solutions of this IT{ property; if Y’, <’ f’ is another

solution, observe that:

— [(Y", 2| = «: this follows from (ii) and (iii); let ¢ be the order-
preserving isomorphism from (Y, =') to ; define ¢'(n) = (i, ; ¥(p7), ..., ¥ (p,) ; @)p;
then, by (iv), (v), (vi), we obtain

- g =g
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Finally observe that (ii) forces Y/ =Y, <'==<1Y, and f' = f.
The final solution of 8.F.4 is obtained by expressing (i) A ... A (vi) as a
[T} predicate depending on a code h = (fi, f) for 3-uple (y, <Y, f).... O

Proof of 8.F.3. If A(f) is II}, and 3f A(f), then, by II} completeness
of dilators, we can construct a prim. rec. predilator P such that P is not
a dilator. Using 8.F.4, we obtain 3! f B(f); this unique fy such that B(fy)
is A}, i.e. its graph is both X} and IT3:
fo(n) =m < Jf(B(f) A f(n) =m)
< Vf(B(f) = f(n)=m) .
Now, an inspection of the proof of II}-completeness of dilators shows the
existence of an arithmetical g = T'(f) (g is defined arithmetically in f)
such that B(f) — A(g); hence if go = T'(fo) it is clear that A(g); finally

observe that g, which is arithmetical in a Al function, is Al as well. O

8.F.7. Remarks.
(i) The three basis theorems can be restated as:

— the class of all A§ sets is a basis for II{ classes of sets.

— the class of all functions which are recursive in a II} set, is a basis

for TI9 classes of functions.

— the class of all A} functions is a basis for II} classes of functions.

(ii) The three basis theorems are still valid when A is modified into
A'=3Y A (in 8.F.1) and A’ = 3¢9 A’ (in 8.F.2-3); in particular:

— the class of all functions which are recursive in a II} set, is a basis
for A classes of functions.
— the class of all A} functions is a basis for 31 classes of functions.
Hence 8.A.1, and 8.A.2, 8.A.3 modified as above, give us the
logical complexity of models of consistent theories in:

¥9-logic: the model can be chosen AY.
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(iii)

IT}-logic: the model can be chose recursive in II}.

[13-logic: the model can be chosen Al.

In the proof of 8.F.4, one fact was absolutely essential: ordinals are
linearly ordered; hence it is possible to make a unique choice of ||Y|.
If we try to adopt 8.F.4 to IT3-logic (i.e., if we start with a preptyx
P of type (O — O) — O, which is not a ptyx), there will be no way
of choosing a particular dilator F' such that P(F') is not an ordinal,
because dilators are not “naturally” linearly ordered. But, as soon as
this F is given (it may be part of the data), the descending sequence
g(n) can be uniquely constructed, exactly as in the proof of 8.A.4,

mutatis mutandis... .

Of course, the three basis theorems can be relativized: if A depends
on an extra function parameter g, then the basis must be relativized

w.r.t. g.
Concerning the formal provability of 7.A.1-3:

o 7.A.1 is clearly provable in PRA? + X9 — CA*.
o 7.A.2 and 7.A.3 are provable in PRA%> + ¥ — CA* + 11} — CA.



104 8. Dilators: algebraic theory

Annex 8.G. Exercises

8.G.1. Preservation of pull-backs.

Let F' be a functor from ON to ON preserving direct limits. We consider

the functor
Fi(x) =27 - F(x) F'(fy=2"-F(f).
(i) Show that F' preserves direct limits.

(ii) Define, for all x € On, a subset A, of F'(x) as follows: A, consists of
all 2 = 2% . q4+2%0 4 . 4251 with: a < F(x), x> by >,,,> b,_1, and
a € rg(F(f)), where f € I(n,z) is defined by rg(f) = {bo, ..., bp_1}-
Show the existence of a functor G from ON to ON, together with
a natural trnasformation 7" from G to F’, such that rg (T(x)) =A,

for all x. Prove that G preserves direct limits and pull-backs.
(iii) Show that F'(z) < G(x) for all x.

(Remark. The meaning of 8.G.1 is that preservation of pull-backs can be
easily obtained by a slight modification of the functors.... See 8.G.15 for a

better result... .)

8.G.2. Paleodilators.
Consider functors from OL to OL preserving direct limits and pull-backs;

we call then paleodilators.

(i) First we study paleodilators of dimension 1: if F is a paleodilator of
dimension 1, such that F(n) = 1 show the existence of two disjoint
subsets Xt and X~ of n = {0,1,...,n — 1} such that X* U X~ =
n, and with the property that: if ig,...,%,_1, Jo, .-, jn_1 are strictly
increasing sequences of integers < p, and such that Vk € Xt i, < ji,
Vk € X~ ji. <y, then

(05 igy ey in—1; P)F < (05 Joy ooy Jn1; D)F -

Show the existence of a permutation o of the integers 0, ..., n—1, with
the following property: if ig < ... < 1,1 < P, Jo < . < Jn_1 < P,

Lo(0) = Jo(0)s -1 bo(k—1) = Jo(k—1) and ig) < Jo(x) then:



Exercises 105

(iii)

—if O‘(l{j) S X+7 then (07 7:()7 "'7Z.n—1 ; p)F < <O’ jO) "'ajn—l ; p)F
— if U(k) € X_7 then (07 7;07 ~--7Z-n71 ; p)F > (07 j07 "'7jn71 ; p)F

Next we study paleodilators of dimension 2: assume that Tr(F) =
{(a,n),(b,m)}, dim(F) = 2; assume that Xt X, o have been
associated to (a,n), and that Y™, Y~ 7 have been associated with
(b,m); show the existence of a pair (p,¢), such that: ¢ = +1 or
—1,p <mymand for all i < p: o(i) € XT < 7(i) € YT, for all
i,j < p: o(i) <o(j) < 7(i) < 7(j) with the following property: if
10 < oo <lp_1<4q, Jo < ... <Jm-1 < q, then:

o if igc0) = Jr0); - lo(p—1) = Jr(p—1), then

(a; igyosin_1; QOr < (b5 JoyeesJn1; Q)r iffe=+1.
o if i,00) = Jr
+ if o(k) € X, then (a; ig,...,in_1; Q) r < (b, J0y ooy Jme1; Q) F-
+ if o(k) € X7, then (a; ig,-.osin_1; @)r > (b5 Joy, s Jm—1; Q) F-

0)s - bo(k—1) = Jr(k=1)» Lo(k) < Jr(k) for some k& < p, then

Finally, we study paleodilators of dimension 3: assume that dim(F") =
3 and Tr(F) = {(a,n),(b,m),(c,p)}; assume that §(a,n; b,m) =
(r,+1), §(b,m; ¢,p) = (s, +1); show that §(a,n; c,p) = (inf (r,s),
+1).

Consider paleodendroids, i.e. the same thing as quasi-dendroids, ex-

cept that two colours (+,—) are possible when we underline elements;

we assume of course that all branchings are homogeneous in colour,

ie.that s€e D*As* (x )€ D* —sx* (y )¢ D* etc.... The the-
+ J—

ory of paleodendroids is developed in a way akin to quasi-dendroids,

except that:

— we do not bother about any kind of well-foundedness assumptions.

— when we define the order <™, we say that

s*(x) s <t sx(y)xs ifx<y
"ofr<ysx(x)xs <F

sk (x)xs <t sx(y)x*s
+ +
"

sx(y)xs" ifx>y.
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Show that if D is a homogeneous paleodendroid of type w, then one
can construct a paleodilator F' = LIN, (D), by F(z) = ordertype of
De°(z) wrt. <.

(v) Using (iv) shows that:

egivenn = XTUX ", XTtNX~ # () given o0 permutation of n,
there is a paleodilator F' of dimension 1 corresponding to the data
Xt X", 0.

e givenn = XTUX ™, XTNX~ = (), given o permutation of n, given
m =Yt UY ", YTNY~ = ), given 7 permutation of m, given p such
that: Vi < po(i) € Xt « 7(1) € X7, ViVj < p o(i) < 0(j) <
7(1) < 7(j) show the existence of a paleodilator F' of dimension 2
corresponding to the data X*, X, o, YT, Y™, 7, p, +.

(One would show that paleodilators and homogeneous paleodendroids

of type w form equivalent categories.)

8.G.3. Study of some dilators.
We define a category C (very close to ONON):

objects: families (z;);<, where y € On and (x;) is a family of nonzero
ordinals.
morphisms: families (fi)ieg (9 € 1(g,Y'), fi € I(wi, 7))

Consider the full subcategory C’ of DIL consisting of linear dilators:
De|C| — Tr(D)=D(1) x {1} .

Prove that the categories C and C" are isomorphic.
(Remark. This shows that DIL is a very big category! ONON is practi-
cally a subcategory of DIL/)

8.G.4. Normalization of quasi-dendroids.

If s = (ag,...,a,) is a sequence consisting of ordinals and of underlined

ordinals, one defines Occ(s) by:

Occ(s) = (zgy ooy Tp-1)
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where

e 1; are pairwise distinct ordinals.

e there is a function f € I(p,n + 1) such that, for all j < n + 1, if a; is
underlined, there exists ¢ < p such that a; = x; = ay;), and f(i) < j.

If D is a quasi-dendroid, then we define a function Occ” on the ordinal
h(D), as follows:

OccP(z) = Occ(cp[)l(z)) .

If D is a quasi-dendroid, and p is an integer, define equivalence relations

~p on D by:
o if s€ D, then s ~, s.

o if s, € D and s # s, then: s ~y,yq s if one can write s = ¢ * u,
s =t x o, and Occ(t) has p + 1 elements (i.e. Occ(t) = (zo,...,2p))
s ~g, s if one can write s =t * (z) * u, ' =t * (2') x v/, and Occ(t)

has p elements, and for all z € Occ(t), z & [z, 2]

These equivalences are transferred to h(D) by

2~ 2 e opt(2) ~y 0 (F)

We define an equivalence relation < between quasi-dendroids of the

same type by: D =< D" iff
1. h(D) = h(D").

2. the functions Occ? and Occ?’ coincide.

D

/
, are equal.

3. the equivalence relations Nf and ~
(i) Show that the equivalence classes modulo ~7 are intervals.

(ii) Prove that in any equivalence class modulo =< there is exactly one
dendroid N(D). Hence D = D' iff N(D) = N(D').
(Hint. Construct the dendroid N(D) by adapting the construction
of the functor BCH to this new context.... For the unicity of the
dendroid D" such that D < D', observe that: N(D') = D', and N(D)
is completely determined by the data h(D), OccP, Nf.)
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(iii)

(iv)

(vi)
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If D is a dendroid, show that:
fH(D)=N(D).

Assume that (D;);-, is a family of quasi-dendroids of the same type;
then define a new quasi-dendroid D = Z D; of the same type, by:
i<a
D={(i) *s;seD;}.
Prove that Z is compatible with =.

Assume that (D;);<, is a family of quasi-dendroids of type a; then
define a new quasi-dendroid D = Z D; of type a by:
i<a

D={() *s;seD}.

Prove that Z* is compatible with =.

Prove the following principle of induction; this principle has nothing
to do with induction on dilators! Assume that P(-) is a property
of quasi-dendroids of type z, which is compatible with < (i.e. D =<
D — (P(D) — P(D’))). Suppose that the following hold:

e P(0) (0 is the void dendroid).
e P(1) (1isa quasi-dendroid {(a)} for some a € On).
o if P(D;) for all i < z, then P(Z Di).

1<z
o if P(D;) for all i < z, then P(3_" D;).

i<z
Conclude that P(-) holds for all D of type x.
(Further information can be found in [5], 7.2.)

8.G.5. Dendra.

Let K be a finite or denumerable set (the set of colours), let (xy)rex be
a family of ordinals. A dendron (plural: dendra) of type (xj) is a pair
((a:k, D) such that D is a set of finite sequences (ao, ..., a,) and:
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. (agy...;a,) € DAmM < n— (ag,...,an) ¢ D.

. If ag,...,a,) € D, then for all i < n, a; is either an ordinal or a pair

(x,k), € On, k € K; such a pair will be dnoted by % One says that

% is of colour k.

If s % (t) € D* and s % (u) € D* and t is of colour k, then u is of colour
k.

. There is no sequence (a,) such that, for all n, (1y,...,a,) € D*.

A dendron ((xk), D) is a multi-dendroid iff the following extra con-

ditions hold:

5.

6.

(ag, ...,an) € D — n is even.

(ag, ...,a,) € D A\ 2i <n — ay; is not coloured.

(ag,...,an) € DA2i+1<n— ag is coloured.

If s % (x) € D*, x € On and 2’ < z, then s * (2') € D*.

/
If ((lo,/./..,agi, E) e D, (CL(],...,(IQZ‘, E) € D*, and if for some j < 2i,
a; =~ then o & [z, 2'].
Define an equivalence relation =< between dendra of the same type,
in such a wau that each equivalence class contains one and only one

multi-dendroid.

i) Assume that (fg)rex is such that: fi € I(zk,yx); if D is a dendron

of type (gx), define a dendron *) D of type (x) by:

() €D o (L (B o e,

Show that (¥). is compatible with the equivalence =; from this de-

duce an operation (f;)™!- defined between multi-dendroids.

(iii) Let D be a dendron of type (zx)rek, and let K/ C K; D is said to be

K’-homogeneous iff given any families (yx)rer, (fx)rer, (9k)rex
such that fx, gx € I(yg, xy) for all k € K, and zy = y, fr = g = Eg
for all k € K’, then
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D =@ p

Assume that D is K’-homogeneous and that hy € I(z, xy) for all
k € K; show that D is K’-homogeneous.

Let D be a dendron of type (zx)rex, and let K’ C K; D is strongly
K'’-homogeneous iff for all £k € K', x; = w, and if for all (yx)rex
with y, > w for all k € K’ and vy, = x;, for all k € K — K’, one can
find a K’-homogeneous dendron D’ of type (yx) such that

D= (Exkyk)_lD, .

When considered as a strongly K’-homogeneous dendron (K’-sh.
dendron), the type of D is the family (xg)rex—x- If (2k)ker is
a family of ordinals, give the definition of a dendron denoted by
F °<(zk)), when D is an arbitrary K’-sh. dendron. From this show
that, if D is a K’-sh. dendron, one can associate to D a functor
LINK,(D) from ON®" to ON, preserving direct limits and pull-
backs. Show that if (fx)rex_rk is such that fr € I(xy,yx), and
D is a K’'-sh. dendron of type (yx), show the existence of a K’'-sh.
dendron “®) D of type (z), together with a natural transformation
LINY (1)) € I'(LIN®' (40 D), LIN¥' (D)),

(Remark. Here lies the interest of dendra; they enable us to get rid of
the category-theoretic framework. Precisely if D s strongly homoge-
neous w.r.t. K" C K, then the “homogeneous” colours € K' represent
a certain “K'-ary dilator”, whereas the “non homogeneous” ones €
K — K’ represent certain natural transformations... . It is possible to

give a non category-theoretic description of A and related operations;

see [5].)

8.G.6. Homogeneous trees (Jervell, [78], 1979).

Let a be an ordinal; a Jervell tree is a set S of finite sequences (&, ..., &,-1),

enjoying the following properties:

1. fori<mn, & e{-1}UaU{+o0}.
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2. S is nonempty.

3.seSAt ' >s—tgS;let S*={t;Is€ S s <* t}.

4. s« (u) € S* = {x; s x (z) € *} ={-1} UBU {400} for some § < a.
5. sx (1) e S* —>sx (—1) e S.

6. there is no sequence (&;)ien s.t., for all n, (&, ...,&,) € S*.

(i) Define a linear order <* on S, and prove that S is a well-order, with
a topmost element S. Let ||S| = order type of S — {S}. When f €
I(a, 3) and S is a jervell tree of type 3, define a Jervell tree f~1(.9)....
Define the concepts of homogeneous, strongly homogeneous Jervell
trees ... in a way similar to dendroids; of course the definition of

dendroids is a reformulation of Jervell trees... .

(ii) If = is a denumerable ordinal > w, build a family of Jervell trees

(Su)ar<o with the properties that:

o fel(d,a"), s <a"<z— f1(Sxn)=Sp.

e there is no way of defining S, s.t. f~1(S,) = Sy for all f € I(2/, )
and 2’ < z, in such a way that x is a Jervell treel more precisely
Condition 6 fails. (Hint. Let f : IN — x be an enumeration of x;
if y is any ordinal, define S, as follows: (ag,...,an-1) € S;, < n #
0A(an—1 = —1Va,_1 = +ooAVi,j <n—1(f(7) < f(j) < a; < a;).
Then modify S, to ensure Condition 4; observe that the resulting S,
enjoys 1-5, and enjoys 6 iff y < x....)

(Many operations, including a variant of A, and a proof of the hier-
archy theorem, can be performed by means of strongly homogeneous

Jervell trees....)

8.G.7. Homogeneous trees and ladders (Masseron, [81], 1980).

(i) Assume that S is a Jervell tree of type «; we define a structure of rung
R of type a and height ||S]|: define, when s € S*, Zg(s) = s*(—1) if
s €S, Z(s) = s,x (—1) otherwise; if s € S, write s = Zg(so) with sg
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not ending by {—1}; if so = (), then T'(s) = 0; if so # (), let so =
s1 * (a) and let 8 be such that {x; s1 % (x) € S*} = {-1}UBU{+00};
we define T'(s) = inf (8, a), and for £ < T'(s): [s]€ = Zs(s * (£)).
Show that this defines a structure of rung of the form 1 + R’, or of

the form 0, (see 9.A for all these notions...).

(ii) Assume conversely that R is a rung of type «, and of the form 1+ R';
if x <||R||, we define [z] (+00 = 1) by: [z] (+o00 + 1) = inf {[y] (n +
s yln < x < [y](n+ 1) for some y, n} (if this set is void, let
[z] (+00) = z+1). We define [z] (+-00) = the greatest y s.t. [y] T'(z) =
2. Show that any two intervals [[a:l] iy [z &+ 1 {, with 7 = 1,2, and
& € aU {400} are either disjoint or comparable for inclusion. We
define [z] (—1) = inf{[y] (n); wln <z <yl (n+1) for some y and
neauy {—l—oo}} (if this set is void, let [z] (—1) = 0). Prove that
[z] (=1) = ([x]0) — 1 when & # 0. Given = < ||R|| consider all
intervals of the form I = [[y] n, [y] (n+1) [ s.t. x € I; show that these

intervals form a finite linearly ordered set. Write

vEL # ALy, with I = [[y]m, [yi] (0 +1)] -

To x we associate =* = (1o, ..., ). Show that {z*; z € |R|| + 1} is

a Jervell tree....

(iii) Show that the operations defined in (i) and (ii) are inverse isomor-
phisms identifying Jervell trees # {()} with rungs of the form 1+ R’.

(iv) Extend (iii) into an isomorphisms between homogeneous Jervell trees
and ladders; from this we can for instance transfer A on homogeneous

Jervell trees....

8.G.8. The category SET,,
We define a category SET,, as follows:

— objects: sets x which are transitive (i.e. t € ' At €z — t € x).

— morphisms from x to y: functions from x to y s.t.:
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(1)

it (t et o f(t) € f(t)) .

Prove that, in SET,,, every set is a direct limit of finite sets.
(Hint. The result is non trivial, because of the extensionality axiom
that must be fulfilled by the finite substructures of x that we construct
. if X C x we say that X 1s extensional if VaVb € X(a #b—dce
X —(cea—ce b)) Then show that, if X C x and x is finite, there
1s an extensional Y s.t. X CY C x, and which s finite. We work by
induction on maxrk(X) = sup{rk(t); t € X}, and we consider the
closure X' of X under boolean operations (xUy, x Ny, x —y); them
maxrk(X') = maxrk(X). Write X' = X;UY, whereY consists of all
points of X' of maximal rank. Let ay, ..., a, be elements of Y minimal
for inclusion, and choose cy, ...,c, in ay, ..., ap... . Apply the induction
hypothesis to X' U{cy,...,cp}....)

Assume that (x;, fi;) is a direct system in SET,,, and that its direct
limit, as a system of orders, is well-founded; conclude that the system
has a direct limit in SET,,.
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8.G.9. Exercise.
Find two finite dimensional dilators D and D’ such that D(z) = D'(x) for
all x € On, but D # D".

8.G.10. Abstract description of predilators (see 8.4.25).

(i)

Show that the following concept is equivalent to the concept of

predilator:

1. A linear oder X.

2. For any two z,y € X s.t. x <y, an integer n,,, together with a

linear order on g,, on Ny, = |04y

3. If v <y < z, then n,, = inf(ngy,n,,) and o,, = 0yyln,, =

0y2] Ny (denoted by 0., = 04y A 0y2).

Show how finite dimensional predilators can be generated by induc-

tion on their dimension, as in (i).

Find the analogue of the concepts of two variable predilators, prebi-

lators.

(Hint. ngy is equipped with two linear orders, oy, o%,, with: |}, | N
2| _ 1 2 _ . - -

oz, =0, log,| UloZ,| = ney; in the case of prebilators, we require

that 0 is the topmost element in |o2,|.)

Express separation and unification of variables (Chapter 9), by means
of operations on the representations (i) and (iii).... This is the most
elegant description of SEP and ON.

8.G.11. Decreasing permutations.
Let F' be a predilator such that:

1. all permutations relative to F' are of the form

c0)=n—-1,..,0n—1)=0.

2. F(w?) is well-founded.
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Show that F' is a dilator.
(Hint. Use BCH,(F)....)

8.G.12. Differential equations for dilators (Boquin).
Let H be a dilator; show that the “differential equation”

Flz+1)=F(x)+ H(F(x),z)
F(f+Ey) =F(f)+ H(F(f), f)
F flower

F0)=a

admits a unique solution.

8.G.13. Amalgamation in DIL
Assume that Ty € I'(A, By, Ty € I'(A, By); show the existence of B,
U, € IY(By, B), Uy € I*(Bs, B) such that the diagram

B,
T Uy

T Us
By
is commutative and cartesian (i.e. Uy A Uy = UyTy = UyTy).
(Hint. One can directly work on an abstract description of dilators
(8.G.10), and obtain a solution B which is a predilator ... then show that

the B constructed must be a dilator.... Another possibility is to imitate
what is done in Chapter 12.)

8.G.14. About traces.

If Y is a finite set, what can be ascertained as to the cardinality of the set:
{D; De |DILIATr(D)=Y}.

In particular, if X is a finite set of finite dimensional dilators, define
X' by:
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D e X' ElDl,DQ,Dg, E'Tl,TQ,Tg s.t. E S ]1(DZ,D)
(i =1,2,3) ATe(D) = rg(Tr(T1)) Urg(Tr(T2)) Urg(Tr(T3)) .

Prove that X’ is a finite set.

8.G.15. Preservations of pull-backs.

Let F' be a functor from ON to ON preserving direct limits.

(i) Prove a “normal form theorem”: z = F(f)(29) with rg(f) minimal;
notation: z = (20; X, ..., Tn_1; T)p, with rg(f) = {zxo,...,xn_1}
Prove that 8.2.20 still holds for F.

(ii) Define Tr(F) = {(20,n); 20 = (20; 0,....,n — 1; np}; define a; (i =
0,...,n — 1) when (29,n) € Tr(F) as in 8.4.10; consider I,,,, = {i <
n;a; # (203 0,2,...,2n — 2; 2n)p}; prove that

(ZO; XLy ooy Tp—1 ;5 :L‘)F - (ZOa LEE); "'7$;1—1; x)F

iff o; =2, Viel,, .
Show that, if (z0; o, ..., Tn_1; )F = (21; Yoy -, Ym—1; T)F, then

{xz’; 1€ [zo,n} - {yj; J € Ith} .

(iii) Prove that Fj (g(l + Id)> is a dilator.
Conclude that there is a natural transformation from F' into a
dilator.
(This result expresses, in a more satisfactory way than 8.G.1, the
fact that “preservation of pull-backs costs nothing”; this is precisely
a reason to restrict to functors with this preservation property: we
are essentially at the same level of generality, but the theory is really

simpler... .)



Classification of dilators 117

CHAPTER 9
DILATORS AS WELL-ORDERED CLASSES

Here again the basic reference is [5], especially Chapters 3 and 5.

9.1. Classification of dilators

The purpose of this section is to extend the familiar classification of

ordinals in zero, successors, limits to dilators:

9.1.1. Proposition.

(i) Let x be an ordinal, and let (F},).<, be a family of dilators; then one
can define a new dilator G = Z F. by

z<x

Gla) = Fi(a),

z<x

and when f € I(a,b):

G(F)(D Fula) +u) =3 F(b)+ Fo(f)(u) .

z<z! z<z!

(ii) Let y be another ordinal, let (H,).<, be another family of dilators,
let f € I(x,y) and (T,) be a family of natural transformation from

F. to Hy(,), (¢ < x); then one can define a natural transformation
T = ZTZ from ZFZ to ZHz by:

z<f z<w z<y

T(a)(Y Fia)+u)= > G.(a)+Tu(a)(u) .

z<z' 2<f(2")
Proof. (i) It is immediate that G is a functor from ON to ON. The fact

that G preserves direct limits and pull-backs is easy to establish; let us
see how the denotations w.r.t. G look like: if t = > F.(x) + u with u <

z<z’
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F.(x) write u = (uo; %o, ..., Tn—1; T)F,; then one has: ¢t = (Z F.(n) +
z<z
Uo 5 0y oy Tno1 5 T) G-

(ii) is immediate as well; observe that Tr(T)((Z F.(n) + uo,n>) =

z<z!
(32 Ga(n) + Tr(T2) (ug), ). .
z<z!
9.1.2. Remark.

An important case is © = 2 (or f = E,), which enables us to define the

sum of two dilators, or of two natural transformations:

(F + F')(a) = F(a) + F'(a)
(F'+ F)(f) = F(f) + F'(f)
(T'+T")(a) =T()) +T'(f) -

9.1.3. Proposition.

The following conditions are equivalent:
(i) IFF G=F+ F'".

(ii) For all @ € On F(a) < G(a) and the family (Ep()c(a))acon defines a

natural transformation from F to G.

Proof. Immediate, left to the reader. O

9.1.4. Definition.

If the equivalent properties of 9.1.3 hold, one will denote this situation by
F C G; and the natural transformation T'(a): Ep(q)c) will be denoted by
EL.. EL is abbreviated into EL: EL is the identity of F'.

9.1.5. Definition.

(i) If F' is a nonzero dilator with the property that F = F' + F" — F' =
0V F” =0, then F' is said to be connected.

(ii) If T € I'(F,G) where F and G are connected dilators, then T is said

to be connected.
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9.1.6. Theorem.

(i) If F is a dilator, then F can be written as a sum: F' = »_F,, with

z<x
all dilators F, connected. (The F,’s are the connected components

of F'). The ordinal = and the dilators F, are unique.

(ii) If F, G are dilators, and T € I'(F,G), then T can be written as a

sum: T = Z T., with all natural transformations 7, (the connected
z<f
components of 7)) connected. The function f, and the T.,’s are

unique.

Proof. We first establish a lemma.

9.1.7. Lemma.
A non zero dilator F' is connected if ¥(a,n) € Tr(F) ¥(b,m) € Tr(F)
1§ (a,n; b,m)| > 0.

Proof. Tf F = F' + F", with F', F" # 0, let T = B, T' = Bl + Eb,
and let (a,n) € rg(Tr(T)), (b,m) € rg(Tr(T’)); it is immediate that
(a; Ty ooy Tp_1; )p < (b; Yoy e, Ym—1; «)p for all strictly increasing se-
quences g < ... < Tp_1 < T, Yo < ... < Ym_1 < x, and this implies that
§7(a,n; b,m) = 0. (The converse of the lemma holds, but is of no need
here.) O

We define an equivalence relation ~ on the set Tr(F') by:
(@n) ~E (bm) o [§7(a,n; bm)| > OV (a,n) = (b,m)

(This is an equivalence because |8 (a,n; ¢, 1)| > inf (|§F(a,n; b,m), §5 (b,
m; ¢, l)]); this is proved by 8.4.31 (i).) This equivalence is compati-
ble with the order <, in other terms the equivalence classes C' mod-
ulo < are such that z,y € C and * <F 2 <I' y — 2 € C (if
r ~F yand z <P 2 <Py, we know that inf (|87 (z,2)], 18" (2,9)]) =
8% (z,y)| > 0...). Hence it is possible to define a linear order <" / ~F.
We claim that this is a well-order: if (a;,n;) is a strictly decreasing se-
quence in Tr(F) for <*, such that |87 (a;,n;; a;,n;)| = 0 for @ # j, it
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is immediate that z; = (a;;0,...,n; — 1; w)r is a s.d.s. in F(w). Let
x=| <F /)~ |, and let z ~ C, be the order-preserving isomorphism

from z to < / ~[. Define a dilator F,, together with a natural trans-

formation U, € I'(F,, F) by the condition rg(Tr(Uz)) = C,. We claim
that F., is connected: this is immediate from 9.1.7, since all elements of
its trace are equivalent modulo ~f. Given u € F,(z), we prove, by in-

duction on z, that U,(z)(u) = Y F.(z) + u; this is immediate from the
2'<z

following remark: v < U,(x)(u) < (v = U,(z)(u') for some v < wu or
v = Uy(x)(u') for some v and some 2’ < z). From that it easily fol-
lows that F = Z F,. Now assume that F' = Z G, with the G.’s con-

2<x z<a’

nected. Then the sets D, = {(Z Gy (n) + u; n) ; (u,n) € Tr(GZ)} must
Z'<z
be equivalence classes modulo ~f', hence C, = D,, z = 2/, G, = F,. In

order to prove (ii), observe that Tr(T") is a strictly increasing function from
(Tr(F), <F) to (Tr(G), <), compatible with the equivalences ~} and ~§;

hence Tr(7T) induces a strictly increasing function f from || <F / ~I" ||
to || </ ~§ ||. If (D,).<, are the equivalence classes modulo ~§, it

is clear that Tr(T') maps C, into Dy(.y, for all z < x. Define G, and
V., € I'(G,,G) by rg(Tr(Vz)) = D,; then one can define T, € I'(F,, Gy(,))
by: Vi)T. = TU, (this definition is possible because of Remark 8.3.11
(i), since rg (Tr(TUZ)> C rg(Tr(Vf(Z)))). Then T, is obviously connected,
and clearly T = Z T,. The unicity of the decomposition is immediate. O
o<t

9.1.8. Corollary (“splitting lemma”).

Assume that T € I'(F,G’' + G"); then one can define F’ and F”, T' €
INF',G"), T" € I'(F",G"), such that FF = F' + F", T = T' 4+ T". This
decomposition is unique.

Proof. Write F = ZFZ, G = Z G.; G" = Z Gy 4.; then there

z<x Z<y/ z<y”

exists f € I(z,y + y") and a family (T%), T. € I'(F.,Gy)) such that
T = Y _T.. Define o/, 2", f' € I(z',y), f" € I(z",y"), by the con-

z<f
dition f = f' 4 f” (for instance z’ is the smallest ordinal z such that

z=zxor (z<zand f(z) >y)..). Define F' = Y F,, F' = Y Fu,.,

z<x! z<z!
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T = Z T, T'= Z Tyy.: then F=F' +F" T =T +T". The unicity
z<f’ z<f"
of the solution is immediate. O

9.1.9. Remarks.

(i) One would easily verify that F' C F, where F = Y F,iff ' = ) F,

z2<x z<x!

for some ' < z.

(ii) Ome can define a functor LH (length) from DIL to ON by:

LH(} F.)=x

z<x

LH(} T.) = f .
2<f
It is easy to verify that LH preserves direct limits. Bug LH does
not preserve pull-backs (a remark by Daniel Boquin): if G is a two-
dimensional connected dilator, with r¢(G) = {a, b}, define T, and T},
by rg(Tr(T.)) = {a}, rg(Tr(Ty)) = {b}; LH(T.) = LH(T}) = Ey;
but T, AT, = Egg; LH(T, ATy) = Eg1 # Ey AEy.

9.1.10. Definition.
(i) The dilator F'is of kind

- 0iff F=0.
~ 1iff F = F'+1 for some F'.
- wiffF:ZFZ, with x limit and F, # 0 for all z < z.

z<x

- Qiff F=F + F” for some F', F”, with F” connected and # 1.

(ii) The natural transformation 7' € I'(F, G) is deficient if ' = T"+E{/
for some G’ # 0; otherwise F' and G are of the same kind and 7" is of
kind O (resp. 1, w, Q) iff F' and G are of kind 0 (resp. 1, w, €2).
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9.1.11. Theorem.

(i) If F is a dilator, then F'is of one (and only one) of the kinds 0, 1, w,
Q.

(ii) If 7" is a non deficient natural transformation, then 7" is of one of the

kinds 0, 1, w, Q).

Proof. (i) Write F' =) F.; then

z<x

—if x =0, F =0 hence F is of kind O.

— if x is limit, then F' is of kind w.
—ifrx=2a"+1,and F,y =1, F is of kind 1.
—ifx=2"41,and F,, # 1, F is of kind €.

(i) Write G = > G, T = > T.; if f(x) <y, then f = f'+ Eyq, for

z<y z<f
some y #0,and T = > T, + Eéc/ with G’ # 0, hence T is deficient.
z<f’
If f(x) =y, then T is not deficient; if = 0, then y = f(z) = 0, hence
F and G are both of kind 0. If x = 2’ + 1, then y = f(2') + 1: if

T, € ]1(Fx/7 Gf(:y)), then:
—if F,, =1, then G, = 1: F and G are both of kind 1.
— if s # 1, then G # 1: F and G are both of kind €2.

(If (2,0) ~& (2',n), then (2,0) = (2’,n); hence a connected dilator H
such that (z,0) € Tr(H) is necessarily 1; so if I'(F,G) # () and F =1 or
G =1, then F = G.) If x is limit, then y is limit as well: F' and G are
both of kind w.

9.1.12. Remark.
If x is an ordinal, then x is of kind

(i) 0ifz=0.

(ii) 1 if = is a successor.
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(iii) w if x is limit.

The kind €2 is something new, with no analogue in the case of ordinals.
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9.2. Flowers

9.2.1. Definition. A flower is a dilator which enjoys the property (FL) for
all z, y in On with z <y, F(Ey)) = Epurgy)-

9.2.2. Proposition.
A dilator F' is a flower iff for all denotation (zo; g, ...,2n_1; ©)r and all

Yy > T
(205 @0, s Tn15 T)F = (20 T0, -, Tu1} Y)F -
Proof. This equality exactly expresses that
F(Exy)((zo; TOy eeey Ty ; ;z:)F) =(20; X0y ey, Tn1; T)F

ie. F(E;y)(2) =z for all z < F(z). O

9.2.3. Theorem.
If F is a flower, then the function z ~» F(x) is topologically continuous.

Proof. If z is a limit ordinal, then z = lim (', Egrpr), hence F(z) =
—
' <z
lim (F(2"), Ep@yr@ny) = sup F(2). O
— z'<w
' <z

9.2.4. Remarks.
Assume that F' is a flower; we shall use the notation (2¢; g, ..., Tp_1)F to0
mean (2o; o, ..., Tn_1; Y)p for any y > x,_;. We assume that F' is non

constant; then

(i) 2z = (20; oy oo, Tp1)r < F(x) & x0,...,0y_1 < x (because z <
F(z) < z¢€ rg(F(Ez)))

(ii) Since F'is non constant, there is a point (z,m) € Tr(F), with m # 0;
let z be the smallest point of the form (zg; o, ..., x,_1)F for some
pair (zg,n), with n # 0; then g = 0,...,2,_1 = n — 1, and by (i)
above z = F(0) = ... = F(n—1) # F(n). If x > n — 1, then
F(z) < F(xz + 1), because (2g; 0,....,n —2,z) € F(xz + 1), but does
not belong to F'(x).
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(iii) Another consequence of (i) is that if f € I(x,y), 2 < z, and f(2') = 2/
for all 2’ < z, then F(f)(t) =t for all t < F(2).

(iv) Yet another consequence of (i) is that F'(x) is the smallest z of the
form (z1; xo,...,xp—1)F such that p # 0 and x,_; > z;if x > n—1
(n is the integer defined in (ii)), then it suffices to look for z =
(215 To, ..., Tp—1)p With 2,1 = 2. It is immediate that F(z) is of the
form: F(z) = (zl; 0,...,p— 2,sup(z,p — 1)>F (But z; and p may

depend on x.)

9.2.5. Theorem.
Let F be a connected dilator # 1; then F is a flower iff for all (z9,n) €
Tr(F), of (0)=n—1.

Zom
Proof. If F is a connected dilator # 1 and (z9,n) € Tr(F'), then n # 0.
Assume that F' is a flower; then consider a; = (20;0,...,2i — 2,2 +
1,2t + 2,....,2n — 2)p, by 9.24 (i), ag,...,an_o < F(2n — 1), whereas
an-1 > F(2n—1), hence ol (0) = n—1. Conversely assume that o7 (0) =
n — 1 for all (z9,n) € Tr(F); since F' is connected, |§(z9,m; 21,m)| > 0
for all (z9,m),(z1,m) € Tr(F). Let t = (z0; %oy ..., Tn-1; )r, and let
t' = (20; %o,y Tno1; yY)r with y > z, le. ' = F(E,,)(t); assume that
W = (213 Yo, -y Ym—1; Y)F is such that v’ < ¢'; then y,,—1 > ,,—1 (together
with [§(zo,n; z1,m)| > 0, of (0) = n—1, 62 (0) = m — 1) would imply
t" < o, hence y,,_1 < x,_1. This proves that yo,...,ym_1 < x, hence
v = F(E;)(u), with v = (215 Y0, ..., Ym—1; *)p. We have proved that
t e rg(F(Exy)) AN <t —u e rg(F(Exy)): hence rg(F(Exy)> is an
ordinal (necessarily F(x)), i.e. F(E,y) = Ep@)rq)- 0

9.2.6. Remarks.

(i) One would easily check that, if F'is a flower, F' can be uniquely written
as F' = x+ F', with z = F(0), and F” is either 0 or a connected flower

# 1.

(ii) One would easily prove that F'is a flower iff F(E,,) = Ep@)r@m) for
all integers n < m. (This is a simple direct limit argument: see [5],
2.4.2.)



126 9. Dilators as well-ordered classes

9.2.7. Examples.
(i) The functors Id, z, are flowers.

(ii) If F' is one of the binary functors sum, product, exponential, then the

functors F, defined by:

- F(y) = F(x,y)

are flowers; on the other hand the functors F¥ defined by:

- FY(z) = Fz,y)
- FY(f) = F(f,Ey)

are not (in general) flowers.

In other terms these functors are flowers “in y”, but not “in z”;
this can be directly seen from the definition: for instance the Cantor
Normal Form of an element z < (1 4+ )Y mentions = explicitly, but
not y: this means that the Cantor Normal Form is independent of
y. This surely indicates (see 9.2.2) that the functor exponential is a

flower “in y”.

9.2.8. Definition.

(i) Assume that F'is a dilator, and define G = /F(y)dy by:

G(z)=) Fly),

y<x

and when f € I(z,2'), y <z and z < F(y):

GH( Y Fu)+2)= Y FE)+F)(),

y'<f(y) y'<f(y)

where g € [(y, f(y)) is defined by g(t) = f(¢) for all t < y.
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(ii) Assume that F” is another dilator, with G’ = /F’(y)dy, and that T €

I'(F, F"); then one defines a natural transformation U = /T(y)dy
by:

(Y F)+2) =Y Fy)+Ty)(2) .

y'<y y'<y

9.2.9. Proposition.
/F(y)dy is a flower.

Proof. We leave the precise proof to the reader; we only indicate how deno-

tations w.r.t. G = /F(y)dy are computed: if z = Y F(y')+2/, with 2/ =
y'<y

(205 Y0y -+os Yn15 Y)p then 2 = (sumpon F(0') + 205 Yo, -, Yn1,9) 3 Ob-

serve theat the sequence yq, ..., ¥,_1; y has been replaced by yo, ..., Yn_1, y... .

O

9.2.10. Proposition.

(i) Assume that G is a flower; then one can define a dilator F' = M

dy

Flx)=Gz+1)—-G(z) , ie Glx+1)=G(z)+ F(x)

F(f)=G(f+E) —-G(f) ., ie G(f+E)=G(f)+F(f).
4G (y) and that U €

dU(y)
dy

(ii) Assume that G’ is another flower with F’ =

I'(G, @"); then one can define a natural transformation 7' = €

I'(F, F') by:
Tx)=Uxz+1)—U(x) , ieU(x+1)=Ux)+T(z).
Proof. (i) G(z) < G(x+1), hence F(z) can be defined. If f € I(z,y), then

G(f+E1)(2) = G(f + E1)G(Euei1)(2) = G(f)(2) hence G(f +Ey) can be
put in the form G(f)+ F(f). F is easily shown to be a dilator: if z € F(z),
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write G(z) + 2z = (205 Yo, .-, Yn)q; then z = (215 Yo, -+s Yn—1; Yn)r, With
21 =29 — G(n).
(i) is left to the reader. O

9.2.11. Definition.
FL is the category of flowers, i.e. the full subcategory of DIL whose ob-

jects are flowers.

9.2.12. Theorem.
The following functors establish an isomorphism between the categories
FL and ON x DIL:

(i) ®(F) :F(0)®6Ujl;y)
&(T) = T(0) @ dz;y)

(i) W F) =+ [ Fydy
U(feT) :i+/ T(y)dy .
Proof. Immediate. O
9.2.13. Definition.
A bilator is a functor from ON x ON to ON, such that:
(i) F preserves direct limits and pull-backs.
(ii) For all x € On, the partial functor F, (= F(x,-)) is a flower.

(iii) F actually depends on the second variable (i.e. there is no dilator G
such that F(z,y) = G(z), F(f,g9) = G(f) for all z, y, f, g).

9.2.13. Remark.

With bilators, we are considering two-variable analogues of dilators. Most
of the results concerning dilators can be adapted, mutatis mutandis, to
their two-variable analogues; we shall adapt results without further justi-

fication, when needed.
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9.2.14. Definition.
The following data define a category BIL:

objects: bilators.
morphisms from F to G: the set I°(F,b) of all natural transformations
from F' to G.

9.2.15. Remark.

In BIL, pull-backs do not necessarily exist; the reader will easily find an
example. This is due to the fact that functors which do not depend on y
are not considered as elements of BIL. The same thing will be true for the

isomorphic category €2 DIL.

9.2.16. Examples.

The functors sum, product, and exponential are typical examples of bila-
tors. In general any non-constant flower can be considered as a bilator (if
F is a flower, associate to F' the functor G(z,y) = F(y), G(f,9) = F(g)...).

9.2.17. Notation.

A Normal Form theorem holds for bilators, and it is therefore possible to
use denotations w.r.t. bilators; z = (203 Zo, o, Tn-1; T Y0y s Ym—1; Y)F
will mean that z = F(f, g)(z0) where zg < F(n,m) and f € I(n,x), g €
I(m,y) are such that f(0) = zo,..., f(n — 1) = 2,1, 9(0) = yo, ..., g(m —
1) = ym-1 and 2 is uniquely defined by the condition: if f' € I(n',n),
g € I(m/,m) are such that 2z, € rg(F(f’,g’)), then n’ = n and m’ = m.
In fact, since F' is a flower in y, the datum vy is redundant, and we use the

notation z = (20 Zo, .oy Tn_1; T3 Yo, -y Ym—1) F-

9.2.18. Definition.
The following data define a category €2 DIL:

objects: dilators of kind €2.
morphisms from F to G: the set Q I'(F,G) of all natural transformations
from F' to G of kind €.
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9.2.19. Remark.

The essential achievement of the next section (and of this chapter) is to
establish an isomorphism between BIL and €2 DIL. Hence in 2 DIL pull-
backs do not necessarily exist: if one takes the Example 9.1.9 (ii): 7, and
T, are morphisms in €2 DIL, but they have no pull-back in this category,
since 0 is not an object of £ DIL.
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9.3. The functor SEP and UN

The results of this section are crucial: they establish the isomorphism
between the categories BIL and €2 DIL, and this will be used in the next
section to define a predecessor relation between dilators. Many equivalent
definitions of the isomorphisms are possible; I have chosen the one which

is the closest to practice, i.e. the one using denotations.

9.3.1. Definition.
Assume that F'is a connected dilator # 1; if x and y are ordinals, we define

a subset F(x,y) of F(y + x) as follows: z = (20; Zo, .0y Tpn_1; Yy + T)p €
F(z,y) iff (with ¢ = of (0), remark that n # 0!).

z0,m
(i) z,<uy.

(i) if ¢ <n —1, then y < x,41.

9.3.2. Theorem.

(i) If F is a connected dilator # 1, then there exists a binary functor
SEP(F) from ON? to ON, together with a natural transformation
O from SEP(F) to the binary functor F.: Fy(z,y) = F(y + 2),
Fy(f,9) = F(g + f) such that rg(©p(z,)) = F(z,y).

(ii) If G is another connected dilator # 1, if T € I'(F,G), then there is
a unique natural transformation SEP(T') from SEP(F') to SEP(G)

making the following diagram commutative:

e
SEP(F) " F.
SEP(T) T,
SEP(G G
(G) o, +

(with T (z,y) = T(y + x)...).

Proof. It suffices to prove that:

(i) F(g+ f) maps F(x,y) into F(z',y'), when f € I(x,2'), g € I(y,V).
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(ii) T(y + =) maps F(x,y) into G(z,y)
because it will be possible to define:

SEP(F)(z,y) = [[F(z,y)ll,  SEP(F)(f,9) = |F(f,9)ll

where F(f, g) is the function from F(z,y) to F(z',y’) obtained by restric-
tion of F(g + f), SEP(T)(z,y) = ||T(z,y)|| where T'(x,y) is the function
from F(z,y) to G(z,y) obtained by restriction of T'(x,y), and Op(z,y)

y) = [F (@ y)] to

is the order-preserving isomorphism from SEP(F)(z,
F(z,y).
Now, Property (i) is immediate: if z, < y < x,41, then g(z,) <

/

v < vy + f(rger —y). For (i), if z, < y < 441, then observe that
Ufo,n(o) =q= O—%(T)(zo,n)(o)' O

9.3.3. Theorem.
If F'is a connected dilator # 1, then SEP(F) is a bilator; if € On, then
SEP(F)(z,0) = 0.

Proof. (i) SEP(F') preserves direct limits and pull-backs: if 2 < SEP(F)(z,
y), we show the existence of a unique normal form for z; consider the de-
notation of @p(x,y)(2) = (20; Zo, ..., Tn-1: ¥ + =)p, and let ¢ = o ,(0);

then zop € F(n—q—2,q+2), and if 29 = Op(n — ¢ — 2,q + 2)(21), then

one can write

Z = (21; Tg+1 — Y, o5 Tpn—1 — Y5 T; To, .-y Ly 5 y)SEP(F) .

From that preservation of lim and A easily follows.

—

(ii) We prove that SEP(F')(z,-) is a flower on the model of 9.2.5: as-
sume that z, 2/ € F(z,y'), 2 < 2 and 2/ € rg (F(Eyy/ +Ex)>; we show that
z € rg(F(Eyy/ + Ex)), and this will establish that SEP(F)(E,,E,,) =
ESEP (F)(0,)SEP(F)(w,y): Write 2 = (205 To, ..o, Tm—1; ¥ + 2)F, 2" = (21 20,

/

o5y + )R, let ¢ = of | (0), r = of  (0); we haver, < 3/, and

zo,m z1,m

since z € rg( (Eyy + E )) one gets x4 < y. Now, since F' is connected
187 (20, m; z1,m)| > 0, and the hypothesis 2’ < z entails 2. < z,; hence

x, <y;if r <n—1, then 2/, > y| hence 2’ € rg(F(Eyy/ + Ex))
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(iii) F(z,y) is void when y = 0 (because =, £ 0),hence SEP(F)(x,0) =
0; but if F(n) # 0, one clearly gets F(n,n) # (), hence SEP(F)(n,n) # 0,
i.e. SEP(F) actually depends on y.

(i), (ii) and (iii)prove that F' is a bilator. O

9.3.4. Remark.
In order to state the next theorem, it is necessary to extend the basic
concepts of Chapter 8 to a binary functor F; we do it below, without

proof:

(i) If F is a binary functor from ON? to ON preserving direct limits
and pull-backs, then Tr(F') is the set of all 3-uples (2,7, m) such
that 29 < F(n,m) and for all n’ < n, f € I(n/,n), all m" < m,
g € I(m',m), 2o & rg(F(f, g)) In the obvious normal form the-
orem w.r.t. F, one will number the coefficients as follows: 2z =
(205 Ty ooy Tingne1; T5 Ty eeey Tip—1; Y)p (With zp, < 0 < Zpyn <

T, o < oo < Typeq < Y).

F

(ii) To (20,m,m) € Tr(F), it is possible to associate a permutation o, ,

of n+m as follows: consider a; = (20; @, ..., @}, 13 2(m+m); i,

xt 1 2m)p, with x; = 2j when j # i, ¢ = 2i + 1. Then

ey b1

ai < G]’ A O-Z),n,m(i) > UZ),n,m(j) ‘

One can prove in this context the exact analogue of 8.4.11.

(iii) To (z9,n,m) and (z(,n',m’), distinct points in Tr(F), it is possible
to associate §7'(29,n,m; 25, n',m') = (p,e), with p < n + m and

e = £1, in such a way that the exact analogue of 8.4.20 holds.

9.3.5. Theorem.
Assume that F' is a connected dilator # 1; then there exists a function
sepp from Tr(F') to Tr(SEP(F)), with the following properties:

(i) sepr is a bijection.

(ii) sepr((20,m)) = (26,n — q—1,q + 1) with ¢ = o _(0).
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SEP(F) _F
sep(z0.n) — Tzon’

(iii) o
(iv) §SEPW) (sepF(zo,n),sepF(zl,m)> = §(20,n; 21, m).

(v) If T € I'(F,QG), then the following diagram is commutative:

Te(F) *Pr Tr(SEP(F))
Te(T) Tr(SEP(T))
Tr(G) " Tr(SEP(G))

Proof. sepr is defined as follows: given (zg,n) € Tr(F), let ¢ = O'Zm(());
then let z{ be such that zyp = Op(n — g —1,q¢+ 1)(z(), then sepp(zp,n) =
(z0,m—q—1,9g+1).

Properties (ii) and (v) are immediate. If a; is defined by: a; = (2§ ; «

Tyt 2(m +p); xh, ..., x5, 15 2m)sgp(r) With o) = 2j for j # i, x} =
2i + 1, and (2, p,m) = sepp(20,n). Consider the points b; = (zo; Tl .
Thy i1 2(m —i—p))F; then a; < a; < b; < b;: from that (iii) easily follows.

(iv) is proved in the same way. Finally sepr is a bijection; this is clear

from the way of passing from a F-denotation to a SEP(F')-denotation. O

9.3.6. Definition.
One defines the functor + from DIL x BIL to BIL by:

(F'+G)(z,y) = F(z) + G(x,y)
(F+G)(f,9)=F(f)+G(f, 9)
(T+U)(z,y) =T(x)+U(x,y) .

9.3.7. Definition.
One defines the functor SEP (separation) from 2 DIL to BIL as follows:

(i) If F=F'+ F" with F” connected, then SEP(F) = F' + SEP(F").

(il) f T'=T"+T" with T" connected, then SEP(T) = T" + SEP(T").
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9.3.8. Remark.
The results and constructions which were made for connected dilators # 1

easily extend to the case of dilators of kind €2; let us mention:

(i) The subset F(z,y) of F(y+ z) is defined to be rg(F’(Egy + E_,,;)) U
{F'(r+y)+2z; z€ F"(z,y)}. One defines a natural transformation
O from SEP(F) to F; by rg(@'F(x,y)) = F(x,y).

(ii) The bijection sepp is defined as follows: write Tr(F') = S; U Sy, where
Sy is the “topmost” equivalence class modulo ~} (w.r.t. <" / ~I),
(and if ' = F' + F", F" connected, S; = Tr(F")). Then sepr(zo,n)
is defined exactly as in 9.3.5 when (zo,n) € Sy, whereas sepp(zp,n) =
(20,1,0) when (z9,n) € S;. The exact analogue of 9.3.5 holds.

9.3.9. Examples.

(i) Assume that F' is a non constant flower; then F' is of kind €; let

us look at the case F(0) = 0, i.e. F' connected; now recall that
of ,(0) = n —1 by 9.2.5, hence F(z,y) = rg(F(EyyH;)), hence

Op(z,y) = F(Eyy1,); the commutativity of the diagram

F(g) F(g+ f)
F(y') FEyyen) F(y + )

implies that SEP(F)(x,y) = F(y), SEP(F)(f,g9) = F(g). The
case F'(0) # 0 is immediate: if F' = z 4+ F”, with a = F(0) then
SEP(F)(z,y) = a + F"(y) = F(y), SEP(F)(f,9) = Ea + F"(9).
Hence separation of variables on non-constant flowers is just a re-

naming of variables.
(ii) Suppose that ' = Id - Id = Id*, then G = SEP(F) satisfies the
following equations: (if f € I(z,2’), g € I(y,7))

(1) G(z,0) =0 G(f, Eo) = Eq
(2) G(z,y+1)=G(z,y)+y+1+x G(f,g+E) =
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G(f,9) +9+Ei+ f
(3) G(f,9+Eon) =
G(f,9) + Eoyti4ar
(4) G(,sup(ys)) = sup (G, 1)) G(f,Ug) = UG(f.g:) -

We only prove (1) and (2) since (3) and (4) are general properties
of bilators: (3) follows from (FL) and (4) from preservation of direct
limits and (FL).

It is immediate that F(x,0) = 0: this proves (1). Let us now
compute the permutations associated with the elements of Tr(F') =
{(1,2),(0,1),(2,2)}: 0f,(0) =0, and

(1;0,3; ) p=4-0+3=3<(1;1,2;4)p=4-14+2=6:
052(0) =0, 052(0) =1
(2:1,2:4)p=4-2+1=9<(2;0,3;4)p =4 -3+0=12:
052(0) =1, 052(1) =0
F(z,y) = {(0;u; y+2)p; u<y}U

{1 uvsy+a)rpsu<y<v<ytapu

{25 uviy+a);v<u<y}.

If 2 € F(z,y), then F(E,,11 + E,)(2) € F(z,y+1); if z €
F(z,y+1), but z ¢ rg(F(EyyH + Egg)), one easily sees that z =
(y+1+x)y + v for some v < y+ 1+ x); conversely all points
z=(y+1+2z)+vwitho <y+1+azarein F(z,y + 1), but not in
rg(F(EyyH + Ex)) this is immediate from (1; u,v; y+ 14+ 2)p =
(y+1+2z)—u+vand 2;uv;y+1+z)r = (y+1+2)v+u,
and (0;u;y+1+2)p = (y+ 1+ 2)u+u. Hence G(z,y+1) =
Gz, y) +y+ 1+

Let f € I(z,2'), g € I(y,y); if 2 € F(x,y + 1) and
z € rg(F(EwH + Em)), then

Flg+ B+ f)(z) = Flg+Ei+ [)F(Eyy +E)(t) =
F(Eyy+E)F(g+ f)(t) -
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Ifz=(w+14x)+v,then F(g+E;+ f)(z) =W +1+2)y + (g+
E; + f)(v): hence G(f,g + E1) =G(f,9) + g+ Ei1 + f.

(iii) There exists a dilator F' such that G = SEP(F) is the bilator
product: F'is the prime dilator corresponding to the permutation
0(0) = 0, (1) = 1 of 2: the bilator - has a trace consisting of
the only point (0,1,1) ((0; a;x;b;y). = x - b+ a); clearly a; =
(0;3;4;0;2). <(0;2;4;1;2). =g, hence the associated permu-

tation is the identity permutation, and the result follows from 9.3.5.

9.3.10. Definition.
If F'is a bilator, define F(x) C F(z,z) by:

(205 @0y ooy 13 T5 You ooy Yn1) 7 € Fx)

(nm:O\/(nm;«EO/\yn_1<x0)).

9.3.11. Theorem.

(i) If F'is a bilator, then there is a functor UN(F") from ON to ON (uni-
fication), together with a natural transformation 2 from UN(F) to
the dilator Fy: Fs(x) = F(x,x), Fs(f) = F(f, f) such that rg(EF(x)>
= F(x).

(i) If G is another bilator, if T € I°(F,G), then there is a unique natu-
ral transformation UN(7') from UN(F') to UN(G) which makes the

following diagram commutative:

UN(F) Fs
UN(T) T
UN(G) Fs

(with Ts(z) = T(z,x)).

Proof. It suffices to prove that

(i) F(f,f) maps F(z) into F(y) when f € I(x,y).
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(ii) T(x,x) maps F(z) into G(x).

Because if F(f) denotes the function from F(x) to F(y) obtained

by restriction of F(f,f), and if T'(z) denotes the function from F'(x)

to G(x) obtained by restriction of T'(x,x), then UN(F)(z) = ||F(z)],
UN(E)(f) = ||[F(f)||, UN(T)(x) = ||T(x)|| are the solutions of the the-

orem, provided Ep(z) is chosen to be the order-preserving isomorphism

from UN(F)(x) to F(z).

Property (i) is immediate: if nm = 0 or y,,_; < ¢, then clearly nm = 0

or f(yn—1) < f(xg). For (ii) if nm = 0 or y,_1 < =z, observe that
T(z,2)(20; oy oo, Tm—13 T35 Yo, -y Yn—1)r = (T'(m,n)(20); oy ..o, Trm—1; T;

y()v"‘ayn—l)G' O

9.3.12. Theorem.
UN is a functor from BIL to © DIL.

Proof. We show that UN(F) is a dilator, and as usual we need to express
denotations w.r.t. UN(F); if 2 < UN(F)(z), let 2’ = Ep(z), and write
2 = (205 X0y ory Tn-1; T3 Yo, -, Ym—1) F; then the point z{ = (29 ; m, ..., m+
n+1;m+n;0,..,m— 1)g belongs to F(m +n), hence 2, = Ep(m +
n)(z1) for some z; € UN(F)(m + n), and clearly one can write z =
(215 Y05 -» Ym—1, T0, -, Tn—1; T)UN(F), and unicity of such a notation is eas-
ily established. From that it follows that UN is a functor from BIL to
DIL. It is necessary to show that UN(F) and UN(T) are of kind €. This

is a consequence of the following theorem:

9.3.13. Theorem.
Assume that F is a bilator; then there exists a function ung from Tr(F)
to Tr(UN(F)), such that:

(i) ung is a bijection.

(ii) unF((zo,n, m)) = (z5,n+m).

UN(F) F

(iii) O unp(aomm) = O zomm:

(IV) §UN(F) (UnF(Zm n, m)7 unF(Zév nlv m,)) = §F(ZOa n,m; Z(/)> n, m)
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(v) If T € I°(F,G) the diagram

Tr(F) i Tr(UN(F))
Tr(T) Tr (UN(T))
Tr(G) Tr(UN(G))

1s commutative.

Proof. If (z9,n,m) € Tr(F), then (zo; m,...m+n—1;m+n;0,..,m—
1)p € F(m +n), and define z}, by 2y = Ep(m+n)(2)): then unp(zg,n, m) =
(25, m +n). Properties (ii) and (v) are immediate; (i) is immediate if one
looks at the way UN(F')-denotations are obtained. (iii) and (iv) are left
as exercise for the reader.... O

End of the proof of 9.3.12. — If F(x,0) = 0 for all x, then [§" (20, n,m; 2,

n',m’)| # 0 for all (zy,n,m), (z(,n,m) in Tr(F) (since the comparison

. . . /. / / . . /
between (2o; oy .o, Tno13 T Yoy oo, Ym—1)F a0 (205 Thy ooy Th 15 T35 Yoy ooy

yl.._1)r depends on the relative orders of the points y,,_1 and 3/, ;). By
9.3.13 (iv) |85 (z1,p; 21, p")| # 0 for all (z1,p) and (2},p') in Tr(UN(F)).
— In the general case one can observe that there is a maximum equiva-
lence class for ~& in Tr(F), and that this class is transferred into a maxi-
mum equivalence class for ~{" in Tr (UN(F )) O

But one can also use the following proposition:

9.3.14. Proposition.
(i) If F”is adilator, if F” is a bilator, then UN(F'+F") = F'+UN(F").

(i) If T € I'(F',G"), if T" € I*(F",G"), then UN(T' + T") = T’ +
UN(T").

Proof. Clearly (F'+ F”)(z) consists of all points z < F'(z) (because

2 = (205 Ty -eey Tn_1; T)prypr, i.e. m = 0) and all points F'(x) + z, with

z € F'"(x).... O
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9.3.15. Theorem.
SEP and UN are inverse functor.

Proof. (i) We show that SEP UN(F) = F, and UNSEP(F) = F, when
F is an object. The function sepyn(munp = g is a bijection from Tr(F)
to Tr(SEP UN(F)) which has the following properties: g((zo,n,m)) =
(z0,m,m), S(E:fg)(m =0l s §SEPUN(E) (20 mom; 20, m,m) = §7 (20, m,
m; 2y, n,m). This means that F' and SEP bfUN(F') have the same in-
variants. By 8.4.23 (or rather its analogue for two-variable functors) F
and SEP UN(F) are isomorphic functors, hence equal. Exactly the same
argument yields UN SEP(F) = F.

(ii) In order to show that SEP UN(T') = T', observe that the diagram

gr (= identity)

Tr(F) Tr(F)
Tv(T) Tr(SEP UN(T))
Tr(G) Tr(G)

gc (= identity)

is commutative by 9.3.5 (v) and 9.3.12 (v), hence T and SEP UN(T') have
the same trace, and this implies 7' = SEP UN(T'). One gets UN SEP(T)

= T by a similar argument. O

9.3.16. Corollary.
UN and SEP preserve direct limits and pull-backs.

Proof. Because they are isomorphisms. O

The exceptional importance of SEP and UN in the theory of dilators
makes it necessary to give an alternative approach; most of the proofs will

be omitted; one can find some of these in [5], 3.6.

9.3.17. Definition.

(i) Assume that F'is a bilator; then OF is the following functor from
ON? to ON:
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(i.e. OF = dr(, 2)

2
and pull-backs).

; one easily checks that OF preserves direct limits

(ii) If G is another bilator and T' € I°(F, ), then one defines a natural
transformation 47" from OF to OG by:

ol (x,y) =T(x,y+1) —T(x,y) .

9.3.18. Theorem.

(i) If F is a bilator then G = UN(F) can be defined by:

G(z) = F(z,0)+ ) 0F(z— (y+1),y) ,

y<x

and if f € I(z,2')

G(f) = F(f,Eo) + >_ OF(f — (9 + E1),9)

g<f

(this means that

G(f) (F(.T, 0) + Zy’<y 8F<5U - (y’ + 1),y,) + z) =
F(@',0)+ Y OF(@ — (@ +1),y)+0F(fY, f,)(2)

y'<f(y)

where f = f, + E1 + fY and f, € I(y,f(y)))
(i) If T € I°(F, F'), then UN(T) is the natural transformation U defined
by:

U@)=T(z,0)+ > dT(x—(y+1),y) .

y<x

Proof. See [5], 3.6.2. O

9.3.19. Proposition.
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(i) If F'is a dilator of kind €2 and y is an ordinal, then F' o (y + Id) is
of kind €.

(ii) If F is a dilator of kind €, if g € I(y,y’), then the natural transfor-
mation E} o (g + Ejy) from F' o (y +1d) to ' o (y + Id) is of kind
Q.

(iii) If U € QI'(F,G), then the natural transformation U o (E; + Ej)
from F' o (y+1d) to G o (y + Id) is of kind €.

(o denotes composition; composition is defined by (F' o F')(z) =
F(F'(z)), (F o F')(f) = F(F'(f)), (T o T')(z) = T(T"(x))).

Proof. This result can be established by computing the equivalence re-
Fo(y+Id)

lation ~ . But a more direct proof can be obtained by means of
the characterization: F' is of kind © iff F'(On) is of cardinality On (9.4.6),
because y + On = On, hence F(0n) = (F o (y+ |d)>(0n)... . O

9.3.20. Definition.

(i) If F'is a dilator of kind €2, if y is an ordinal, define a dilator ; F' by:
Fo(y+Id)=,;F+F for some F' connected .

(i) If F is a dilator of kind €, if g € I(y,y'), define }F € I'(}F,%, F) by:
Ep o (g +Ejy) =;F+T for some T" connected .

(iii) If T € QIY(F,G), define ;T € I'(} F,% G) by:

T o (E,+Ey) =3T+T for some T" connected .
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9.3.21. Definition.

(i) If F is a dilator of kind €2, define a two- variable functor from ON?
to ON, 0 SEP(F), by
v F(z) =, F(1+ )+ dSEP(F)(x,y)
simr(f) = GF(EL+ f) + OSEP(F)(f,g) -

g+EF
(i) If T € QI'Y(F,G), define a natural transformation 9 SEP(T') from
OSEP(F) to 0 SEP(G) by:

s T(x) = *T(1+2) + OSEP(T)(,y) .

(Such a definition is made possible because, for instance, if F' o (y +
1+1d) =, F+F and F o (y+1Id) = ;F + F" for some F’ and F”
connected, then F' o (y+1+1d) = ;F o (L+1d+ F" o (1 + Id), hence
vl =3F o (L+1d) + F" for some F" (= ISEP(F)(-,y)).)

9.3.22. Theorem.

(i) Assume that F' is a dilator of kind €2; then

SEP(F)(z,y) = §F(z) + Y OSEP(F)(z,y)

y'<y

SEP(F)(f,g9) = ;F(f)+ Y. OSEP(F)(f.gy) ,

y'<y

/

where g, € [(y’,g(y’)) is defined by g,/ (2) = g(z) for all z < /.

(ii) Assume that '€ QI'(F,G); then

SEP(T)(z,y) =T (x) + > OSEP(T)(z,y') .

y'<y

Proof. See [5], 3.6.6. O
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9.3.23. Remarks.

(i)

(i)

(iii)

sF(x), tF(f) defines a binary functor from ON? to ON; in fact
one can write: Fy = *F(-) + F’ for some “connected” F’. Similar

properties hold for *T°(-).

It is possible to write:

SEP(F :*F+/ 8SEP %)

SEP(T :*T+/ 8SEP 2)

The idea of the proof of 9.3.22 is as follows: one restricts to the case
when F' is connected; then ; F'(7) is exactly the set of all elements
z = (205 Lo, -y Tn_1; Y + )p such that z, < y, with ¢ = of (0).

Then the set of points which are in },, F'(z), but not in ; F'(1+x), is

exactly the set of all elementsz = (zg; g, ..., Tn_1; ¥y + 1+ ), with

Tg=1....
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9.4. Induction on dilators

9.4.1. Ordinal classes.

The class On of ordinals is well-ordered by the membership relation; the

Burali-Forti paradox states that On is not an ordinal, i.e. not a set (if On
were a set, then On € On, and x, = On would be a s.d.s. for € in On).
However, there is no reason against a reasonable use of On. In practice On
can be considered as an ordinal. A typical example is when F' is a dilator:
then F(On) can be defined by the usual direct limit process: On is the

direct limit of (x, E,, ), when x varies through On: the index “set” here

is a proper class.... Concretely F'(0n) consists of all formal denotations
(20; 0y sy Tn_1; On)p, with (z9,n) € Tr(F) and x¢ < ... < x,_1, the or-
dering between ¢ = (zo; Zg, ..., Tp—1; On)p and t = (215 0, ..., )15 ON) R

is determined as usual from the relative orders of the z;’s and z;’s, see 77
p. 37. F(On) is a class (in general proper) and is a well-order: this is the
reason why we shall speak of an ordinal class. In practice On can often

be “relativized”, i.e. replaced by some ordinal:

— very often On can be replaced by N;: this measn that the only objects

that we acknowledge as ordinals are denumerable.

— In some cases On can even be replaced by admissible ordinals (w$*, or

the first stable o).

— In some situations On can even be replaced by any limit ordinal of the

form w?®.

Dilators yield a new approach to the question of proper classes (in the
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context of ordinals): F' enables us to compute the ordinal class F'(0n) “in

function of On”: this is a dynamic theory of ordinal classes.

9.4.2. Definition.

The predecessor relation < between dilators is defined as follows:
(i) F < F+ G when G #0.

(i) If F is of kind Q, let G = SEP(F); then GY < F for all y € On
(recall that GY = G(-,y)).
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(i) F < G and G <« H imply FF < H.

9.4.3. Theorem.
Let A be the following functor (diagonal functor) from BIL to DIL:
(AF)(z,x) = F(z,z), (AF)(f, f) = F(f, [), (AT)(z,z) = T(x, z); then

(i) (A SEP(F)) o (W) = F o (wlt)
(i) (ASEP(T)) o (ELins) = F o (ELi.u)

when F' and T are of kind €.

Proof. (i) means that, when F' is a bilator, then F(z,z) = UN(F)(z) for
all z = W F(f, f) = UN(F)(f, f) for all f = w®1*/". Define a func-
tion ¢, from F(z,z) to itself by: <px((z0; Oy ooy L1} L5 Y0y ooy ym,l))F =
(20, + oy oo Y + Tpe15 T35 Yoy ooy Ym—1)p With y = 0 if m = 0, y =
Ym—1 + 1 otherwise. This definition is made possible because y < z and

y +x = x. Now observe that ¢, is a strictly increasing function: if t =

. . . . / / . . / / _
(207 Loy ey Tn—15 T Yo, "'>ym71)F < (zla Loy ees Tpy15 L5 Ypgy oos Y, —1)F -
p q

u, then consider y = 0 if m = 0, y = y,—1 + 1 otherwise, ¢y = 0 if
q =0,y =y, +1otherwise. If y < 3/, then (20;y + zo,...,y +
Tn—15 T35 Yos s Ym—1)F < (215 Y+ 24, o, Y +Tp_1 5 T3 Y0y, -0, Ygr ) F Dy gen-
eral properties of flowers; if y = %/, then

0(t) = F(Eoy + E;, E,)(t) < pu(u) = F(Eo, + E;, Ey)(u) .

Obviously rg(¢,) = F(z), hence F(x,z) = UN(F)(x). In order to prove
that F/(f, f) = UN(F)(f), it will be sufficient to prove the commutativity
of the diagram:

P

F(z,x) F(z, )
E(f. 1) F(f, f)
F(a',2") F(',2")
P’

war ([ f)((Zo; Loy -y Tp-15 T3 Yo, ---7ym—1)F) =
(203 4/ + f(20) oy + F(@n1) s @5 F(®0)s s f(Um1))
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with ¢y’ =0ifn =0, ¥ = f(ym_1) + 1 otherwise. On the other hand we

have:
F(f, f)%%((zo; L5 -+ Tn—15 T35 Yo, ~-~7ym71)F) =
(Zo§ fy+z0)s s fly+2n-1); @5 f(y0), -y f(ym—1>)F ;
with y = 0if m =0, y = y,_1 + 1 otherwise. If n = 0, then the two

expressions coincide. If m # 0, then we must show that f(y,—1+1+x;) =
F(yno1) + 1+ f(2;); but f(1) =1 (because f = w®*/"), hence it suffices to
prove that f is “linear”, i.e. that f(a+0) = f(a)+ f(b): this is immediate
if one looks at the Cantor Normal Forms of a and b.

(i) means that, if F' and G are bilators and T € I'(F,G), then
T(x,z) = UN(T)(x). In order to prove this property, it will suffice to
show that ST (x,z) = T(x, 2)¢k: this is left to the reader. O

9.4.4. Remark.
9.4.3 expresses that UN and A are very close to one another: they coin-

cide on ordinals of the form w!*t* and function of the form wE /",

9.4.5. Theorem.
Let F' be a dilator; then the predecessors of F' for < form a well-ordered
class of order type F'(0n).

Proof. First observe that F'(On) is a well-order: if u,, = (25 ygs - Yp, 15 On)F
is a s.d.s. in F(0n), let y be an ordinal > all ordinals y; _;; then u;, =
(203 Y8, - Yp 15 Y)r is asds. in F(y).... We prove the theorem by in-
duction on F(0n):

— If F is of kind O (i.e. F(On) = 0), then F' has no predecessor.

— If Fis of kind 1, write F' = F' + 1, and F(On) = F'(0n) + 1; the prede-
cessors of F for < are F’ and its predecessors; the induction hypothesis
yields that the class of all predecessors of F” is a well-order of order type
F'(0n), hence the class of all predecessors of F' is a well-order of order
type F(0n).

— If Fis of kind w, write F = ZFZ with x limit; let G; = ZE; then

1<z i<
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F' < Fiff F! < G, for some i (observe that G; < G, when i < j);
the induction hypothesis yields that the class of predecessors of G; is a
well-order of order type G;(0n) for all i, hence the class of predecessors
of F'is a well-order of order type sup G;(0n) = F(0n).

— If Fis of kind €2, then F' <« F iff I/ < SEP(F)Y for some y € On;
observe that SEP(F)? < SEP(F)” when y < ¢/. The function y ~»

SEP(F)(0n,y) is strictly increasing for y > n, hence SEP(F')(0n,y) <
SEP(F)(0n,0n); but SEP(F)(0n,0n) = F(0n) by 9.4.3 (because On =
w!0 the theorem still holds when z is not a set). Hence we can apply
the induction hypothesis which yields that the class of predecessors of
SEP(F)? is a well-order of order type SEP(F)(0n,y). Hence the union
of all these mutually compatible well-orders is a well-order of order type
F(0On) = SEP(F)(0n,0n) = sup SEP(F)(0n,y). O

yeln

9.4.6. Remark.
We have obtained the following characterization of the kind of a dilator:

(i) Fis of kind 0 iff F(On) = 0.
(ii) Fis of kind 1 iff F'(On) is a successor.

(iii) F is of kind w iff F(On) is limit and of cofinality < On, i.e. the

supremum of a sequence of length < On (i.e. indexed by a set).

(iv) F'isofkind €2 iff F(On) is limit and of cofinality On, i.e. the supremum

of a sequence of length On.

In fact, in this characterization, On can be replaced by any regular
cardinal > F(w). In practice, F(w) is often denumerable, hence one can
replace On by X;: F will be of kind 0, 1, w or Q when F'(X;) is 0, successor,
of cofinality w, of cofinality N;. This is the origin of our terminology, since

(2 is the obsolete way of denoting Nj.

9.4.7. Theorem Induction on dilators (Girard, [5]).
Let P be a property defined on dilators, and assume that:
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(ii) P(F)— P(F+1).
(iii) If 2 is limit, and if F; # 0 for all i < z, and if for all y < =, P(Z E),

then P(} Fy).

<z

(iv) If F' is of kind €2 and if for all y € On, P(SEP(F')¥), then P(F).

i<y

Then P(F) holds for all F'.

Proof. If =P(F'), then one constructs, using (i)—(iv), a sequence F;, such
that = P(F,), and the values F},(0n) are strictly decreasing... . O

9.4.8. Remark.

The well-foundedness of the predecessor relation can be obtained from a
more general result: when F'; G are functions from On to On, let F' <, G
mean that for some a € On, F(x) < G(a + x). Then

9.4.9. Theorem.

< 18 a well-founded order relation.

Proof. First observe that <, is an order relation: if F'(z) < G(a + z) for
all z € On and G(z) < H(b+x) for all z € On, then F(z) < H(b+a+z) for
all z € On. Assume that F), is a s.d.s. for <; then F,1(z) < F,,(a, + x).
Let b be a limit ordinal of the form w®, and strictly greater than all a,,’s;
then F,1,(b) < F,(a, +b) = F,(b), hence F,(b) is a s.d.s. in On.... O
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End of the remark.

Observe that, when F' < G, we have F' <, G (here I’ and G are considered
as functions from On to On): if G = F+F’, with F” # 0, then F'(x) > 0 for
all x > n for a certain n. Then F(z) < F(n+z) < G(n+x) for all z € On.
If G is of kind © and F' = SEP(G)Y, then F(z) = ||G(z,y)| < G(y + x);

in fact, if (29,m) € Tr(G) is an element of the topmost equivalence class

modulo ~§ (for the order <¢ / ~§), then the image of G(z,y) under
G(Eyy+wi1 + Eq) is bounded above by (205 0,...,g —l,w,w+1,...,w+n—
¢—1; y+w+1+42)g, hence F(r) < G(y+w+1+z). The well-foundedness

of <, implies therefore the well-foundedness of <.

9.4.10. Remark.

The task achieved in these sections is the following:

(i) The idea is to express an induction principle on the well-ordered
class F'(On). Of course such a principle could be directly formulated
by considering denotations (zg; g, ..., Tn_1; On)r. The disadvantage
of this formulation is that (2o ; o, ..., Zn—1; On)p denotes a point in
F(0n), whereas in practice, we would rather need “a functor”. The
problem is therefore to “fill” the space F'(0n) with dilators, that we
shall style as the predecessors of F'.

(ii) Some of the predecessors of F' are already known, namely the dilators
F’ such that F' C F (9.1.4). Essentially, the relation C is sufficient
to determine the immediate predecessors of dilators of kinds 0, 1 or

w.

(iii) The essential difficulty is to find the predecessors of a connected dila-
tor of kind €2: the idea is to proceed as follows: if z < F(0n), i.e.
2= 1(20; g,y Tn_1; ON)p, let a = x,,_1 + 1; then F, = F o (a+ Id)
has the following property: if f € I(0On,0n), then F,(f)(z) = z,
hence F, maps z into z. Then the idea is to take as predeces-
sor of F, corresponding to z, the dilator G defined by: G(x) =
(205 oy -ery Tn—1; a+x)p, and, when z < G(z), G(f)(2) = Fu(f)(2) =
F(E, + f)(2). Unfortunately, this definition does not give a linear
order, and we are led to (slightly) modigy this picture, and this yields
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SEP: when F'(0n) is of cofinality On, one constructs a “fundamental
sequence” F(z), as follows: F'(x) is the smallest z < F(On) such that
the values F(E, + f)(z) are cofinal in F'(0n), when f € I(On,0n).
The sequence F(z) is strictly increasing for z > n (for some in-
teger n), and continuous at limit points; if one associates to each
F(x) a dilator G, by the process explained above (use the fact that
2 <z— F(E,+ f)(2') < 2); then G, is essentially a restriction (i.e.
a predecessor for ) of F' o (x4 1d). The final solution is the dilator
SEP(F)(-,y) which coincides with G between F(0) and F(1),...,

with G,11 between F(z) and F(x + 1).

F(z) F(z+1) F(y)

if 2 € [F(x), F(z + 1)[, then SEP(F)(-,y) coincides on z with F o
(y +1+1d).... (Of course F'(z) = SEP(F)(0n, x)....)

This construction was expressed in more abstract terms in The-
orem 9.3.22; F(y) =y F(0n), etc....

9.4.11. Examples.

(1)

If F is a flower then the predecessors of F' are constants; since SEP(F)
(x,y) = F(y), SEP(F)(f,g) = g itis clear that SEP(F)(-,y) = F(y).

Hence, if I’ and G are two distinct non constant flowers, then F' and

G are not comparable for the relation <.

For instance the predecessors of Id are the constants z, the predeces-
sors of Id + Id are the z’s and the Id + z’s, etc.... In some sense Id is
what is “after” having exhausted all ordinals (but Id is not the only
such point: any non constant flower would do as well). Once again,
the superiority of our approach to this question w.r.t. the traditional

conception of a proper class mainly rests upon the following facts:
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— the “actual” On is not needed.

— The “finitary” control.

But of course it cannot be expected that all proper classes are of
the form F(0n)....
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9.5. Generalized products

9.5.1. Definition.
A flower F is nice iff for all z,y,z € On, for all f € I(x,y):

z<x— F(z) < Fa) ANF(f)(F(2) = F(f(2)) .

9.5.2. Remark.
If F is nice, then T'(x)(z) = F(z) defines a natural transformation from Id
to F, denoted by &p.

9.5.3. Proposition.
F is nice iff ' enjoys 9.5.1 for all z,y, 2 < w.

Proof. Left to the reader. O
9.5.4. Remark.
One would easily show the equivalence:
F
F nice « dd(y) =14+ G for some GG .
Y

(The 1 in 1 + G corresponds to the points F'(x)....)

9.5.5. Definition.
The following data define a category FL,:

objects: nice flowers.
morhpisms from F to G: the set I'(F,G) of all nice morphisms from F'
to G, ie. all T € I'(F,G) such that

T(x) (F(z)) =G(z) forallz<zeOn.

9.5.6. Theorem.
Assume that (F;, T};) is a direct system in FL,,, with the following property:
it i < 7, then Fj = F; o F}; for some Fj; in FL,, and T}; = E}V@ o {f,;; o is the
functor composition; (F o G)(z) = F(G(:U)), (F o G)(f) = F(G(f)),
(T o U)(x) =T(U(x)).

Then:
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(i) (F;,T;;) has a direct limit in FL,,, (F,T;).

(i) if C; ={Fi(x); x € On}, if C ={F(z); z € On} then C = N C;.

el
Proof. (i) can be replaced by (i)’ and (i)":
(i) (E(x), T (:E)) has a direct limit in ON for all z € On.

(i)” if z < x € On, then ﬂ(x)(Fl(z)) = F(z).

We define by induction strictly increasing functions f; from On to On,

as follows:

fi(0) = sup F;(0)

Jjei

filx +1) = sup Fy(f(z)+1)

Jzi

fi(x) = sup fi(y) if yis limit .
y<x

We prove by induction on z that i < j — F; (fj(x)) = fi(z):

+ fi(0) = sup (Ej (Fj (0)))7 but Fj; is topologically continuous, (9.2.3),
k-
hence f;(0) = Fl-j( sup (Fj (O))) = F; (fj(())).

k=j

+ The cases x successor and z limit are similar... .

We now define functions g;, from F;(z) to On by: g, ((a DL, s .Tn_l)pi)
= (a; filzo), .oy fi(x"’l))Fi' gir 18 strictly increasing; moreover assume
that z; = (a; zo, ..., xn—1)p, and let z; = T;;(z)(2); hence z; = (b; o, ...,
Tn_1)r, for some b and also z; = (a; Ej(w0)7""Fij(xn_1)>Fi (since by

hypothesis Tj; = EL. o &g,); then we get:
9i(23) = (b5 fi(w0), fi{@nn) . =
= (a3 By (fi(w0))s s By (filnmn))), =
= (a5 filwo), o filwnr)) = gial2)
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We have shown that ¢, = ¢;,7;;(z), and from that it follows that
(E(w), Tl-j(a:)) has a direct limit in ON (8.1.21). This establishes (i)'

(i)” is an immediate consequence of the following lemma:

9.5.7. Lemma.
If (F;,T;;) is a direct system in FL,, such that, considered as a system in
DIL, we have: (F,T;) = lim (F;,T;;), then (F,T;) is the direct limit of

(F;,Ti;) in FL,, (i.e. FL,, is “closed” in DIL).

Proof. The first thing (left to the reader) is to verify that F is a flower and
that * <y — F(z) < F(y)! Then, given z < x € On, choose i such that
F(z) € rg(ﬂ(:c)) hence F(z) = Tl-(a;)(ai(z)); F(z) is the smallest object
of the form (a; o, ..., Z;y_1)F with m # 0 and z,, 1 > z, and necessarily
a;(z) is the smallest object (b; o, ..., Zm—1)F,, With m # 0 and z,,,_1 > z,
ie. ai(z,z) = Fi(z,z) (see 9.2.4 (iv)). This shows that E(z)(FZ(z)) =
F(z). Hence F(f)(F(2)) = F()Ti(x)(Fi(2)) = Tiw)Fi(f)(Fi(2)) =
T,(y)(FZ (f(z))) = F(f(z)) F and the T}’s are nice. O

Let C(z) be the z™ element of N Cj; we establish (ii) by providing

(2

that C'(z) < F(z) and F(z) < C(z):

+ F(2) = lim (F:),T@) = lim " (F(Fu®), B Fu(6r,(2)))) =

— —_—
K
Fi( lim * (Fi(2), Fii(€r,(2)))) with K = {isi € I Ai = k}. We have
—
K

established that F(z) € rg(Fy); hence F(z) € N C;, and so: F(z) >

C(2).

+ Conversely, we show that C(z) = E( fl(z)> for all i € I, by induction on

z: first remark that:

i 2= E(fi() = B(F(£(2)) = B ()

this establishes that the value E( fz(z)> is independent of i; hence it
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will be sufficient to show that C(z) = E(fl(z)) for some ¢ € I'! The
cases z = 0 and z limit are left to the reader, and we only prove the
property for z + 1: if for all i € I, C(z,2) = Fl(fl(z)), observe that
i 2 j — fi(z) > fj(2) (because fi(z) = F,-j(fj(z)) and z ~ Fj;(z) is
strictly increasing) hence, for some k € I, f;(z) takes a constant value ¢
for all ¢ = k and we have, if £ < i < j:

t=filz) = Fy(fi(2) = Fy(t) -

Let Ci= N Tg(ij(-)); obviously

Jjrk
acC« Ju (uEC’,ﬁ/\a:Fk(u)).

From this it follows that C'(2+1) = Fj(u), where u is the smallest element

of O} strictly greater than ¢; the expression of u is easy to obtain:

u= sup F(t+1)= sup Fp;(fi(z) +1)=fr(z+1).

Jrk jzk

Hence C(z + 1) = Fy(fi(z + 1)).

Now observe that T;(x) (E(z)) < Gix (fz(z)), but the definition of g,
yields g, (E(z)) = E(ﬁ(z))7 and this gives us: F(z) = T;(x) (E(z)) <
gi(Fi(2)) = Fi(fi(2)) = C(2). 0

9.5.8. Remark.

A traditional ordinal technique is the use of so-called normal functions: a
normal function is a function from On to On which is strictly increasing and
topologically continuous. If F' is a nice flower, then the function z ~ F(x)
is normal, but the converse is false, i.e. a normal function is not necessarily
induced by a nice flower (for instance  ~ X,). One traditionally considers

the following operations on normal functions:

(i) composition: if F' and G are normal, so is F' o G.
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(ii) intersection: if (F})is a family of normal functions such that: i <

j — rg(F;) C rg(F;), then the set (N rg(F;) is the range of a normal

function.ss

(In the literature (i) is often replaced by (i)": (i)’ fixed point: if F' is
normal, so is the function F’ whose range is the class {z; F(2) = z}.

In fact (i)’ can be obtained from (i) and (ii): let F" = F o ... o F' (n
times); then rg(F™) C rg(F") when n < m, and if rg(F') = N rg(F™),

it is plain that rg(F’) = {z; 2 = F(2)}; so the composition is more general
than the fixed point... .)

Constructions (i) and (ii) can be carried out in the more delicate context
of nice flowers: (i) is just composition of functors, whereas (ii) requires,
in order that one can apply 9.5.6, that F; = F; o F}; for some F};, when
© = j. A practical consequence is that all constructions involving normal
functions can be adapted, mutatis mutandis, to nice flowers; of course such
an adaptation has the advantage that we have a “finitary” control on the

construction, whereas this is not the case for normal function... .

9.5.9. Definition.
Assume that (F})i<, is a family of nice flowers; then one defines a new
nice flower [[ F;, the generalized product of the family (£}); if (Gy)u<y

t<z

is another such family, if f € I(z,y) and T} € I}(F}, Gyu)) for all t < z,
then one defines H T, € I}L(H F;, H Gu> as follows: (the definition is

t<f t<x u<y
by induction on y)

(i) Ifz=y =0, then

[I E=]] G.=1d, ][] T; = Eq

t<z u<y t<f
(i) I Gu=(II Gu) G,
u<y+1 u<y
[I n=(I7%)oT
t<f+E; t<f

11 TtZ(HTt)Ofcy

t<f+Eo1 t<f
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(i) J] Gu= lim "([[ G.. I E&,)

u<y — u<y’ u<Ey/y//
y'<y
[I 7.=1m (I[7)
_ t<f'
t< U £ ’

)

when y is a limit ordinal.

9.5.10. Example.
Assume that x = 3, y = 7, and that f(0) =2, f(1) =3, f(2) = 5; then

HFt = Id o Id o Fy o Fy o Id o F, o 1Id
t<3

| | | | | | |
H T; = fGo o &g o Ty o Ty o & o Ty o fGG
t<f

! ! | | ! ! |
HGu = Gy o Gy o Gy o Gz o Gy o Gs o Gg
u<7

9.5.11. Theorem.
Definition 9.5.9 is sound.
Proof. We show by induction on y that H G, and H T} exist, and that

u<y t<f
the following associativity property holds: if y = ¢/ +v”, f = f'+ f”, then

(if f" e I(«",y"))
H Gy = H Gy o H Gy tu
u<y u<y’ u<y

and

Mn-T17%0 II Tow

t<f t<f! u< f!'
(i) If y =0, everything is trivial.
(ii) If the properties hold for y, they hold for y + 1.

(iii) If y is limit, then the system (H Gu. ]I EGu) .~ enjoys
u<y’ u<Ey/y// y<y'<y
the hypotheses of 9.5.6: this is an immediate consequence of the
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associativity property applied to y” < y. From this, the existence of

the H G, and H T; is ensured. It remains to prove associativity;
u<y t<f
assume that y = ¢’ + y” and one can suppose that y” # 0; one can

write
*
G- tm (] Go I EL)-
u<y — u<y'+z u<BE +E,

11

z2<y

hm * (H Gu © H Gy/""u’ H EIGu © H Eéy/ﬁLu) -

2<y u<y’ u<z u<E,/ u<BE_

(this equality uses the fact that o preserves direct limits,

see 9.5.12)
I[ Guo lim *(H Gyvw |1 Eg, ) =
u<y’ —_— u<z u<BE, v
z<y”
— H Gu o H Gyl+u .
u<y’ u<y"

Associativity for natural transformations is proved in the same way.
O

9.5.12. Theorem.,
H is a functor from the category of sequences FLS N'to FL,; H preserves
direct limits and pull-backs.

Proof. The verification is tedious and straightforward. In particular, this
means that the functor o from FLZ? to FL, preserves direct limits and

pull-backs. This is a particular case of

9.5.13. Proposition.
The functor o from DIL? to DIL preserves direct limits and pull-backs.

Proof. Preservation of direct limits is proved as follows: given (a,n) €
Tr(F o G), we show the existence of T, F', U, G', such that T € I}(F', F),
U e IYG',G), with I’ and G’ finite dimensional, and (a,n) € rg(Tr(T o
U)); a=(a;0,...n—1;n)pc = (b; TQy ey Tp1 G(n))F; assume that
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z; = (ci; 10, ..., pf s n)g; if one defines T' by Tg(Tr(T)) = {(b; m)} and
U by rg(Tr(U)) = {(ci; ki); i < m}, then (a,n) € rg(Tr(T o U))
We establish preservation of pull-backs: with the notations just intro-
duced, one sees that (a,n) € rg(Tr(Ti o Ul)> iff (b,m) € rg(Tr(TJ)
and (c;,kj) € rg(Tr(Ui)) for all j < m; from that rg(Tr(Tg o Ug)) =
rg(Tr(T1 o Ul)) ﬂrg(Tr(T2 o U2)> when T35 =T) ATy and Uz = U; A Us,.O

We sketch a proof of 9.5.12: preservation of direct limits essentially means
that, given (a,n) € Tr(H Ft>, it is possible to find a family (G;);<, of fi-

t<z
nite dimensional nice flowers, a function f € I(n,z), and T; € I}(G;, Fy@))

such that (a,n) € rg(Tr(H Ti>); we argue by induction on x:
i<f
+ The case x = 0 is perfectly trivial.

+ Assume that the property holds for x, and let (a,n) be a point in
Tr( 11 Ft); then one can associate to (a,n) a point (b, m) in Tr(H Ft>

t<x+1 t<x

and apsoints (¢;, k;) in Tr(F,) (i = 0,...,m — 1), by the construction of
9.5.13. We apply the induction hypothesis: (b, m) € rg(Tr(H ﬂ)) for
i<f

some f € I(p,z), with rg(Tr(T»)) finite for all # < p; define 7,, and G,
by T, € I'(G,, F,) and rg(Tr( )) = {(co, ko), -, (¢m—1,km—1)}. Then
(a,n) € Tg(Tr( 11 T))

’L<f+E1

+ If x is limit, (H F, H E%t) — lim (H F;, H E};t) and this im-
t<z t<E,r, — t<a’ t<E_ /.1
' <z
plies that (a,n) ( 11 EF> ( )) for some 2’ < z and (b; m) €
<E Iy
Tr( H Ft> Assume now that (induction hypothesis) the function f €

t<a’

I(n,2’), the finite dimensional G;’s and T; € I'(G;, Fy;)) are such that
(b,m) € rg(Tr(H TZ>), if g = E,, f, then clearly (a,n) € rg(Tr(H E))
i<f i<g

In fact the function f, the family T; which have been constructed above

have the following property (analogue of the normal form theorem): if
(a,n) € rg(H Ut>, then:

t<g
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+ rg(f) Crglg).

+ If f(t) = g(t'), thenrg (Tr(Tt)) Crg (Tr(Ut/)) and from this, preservation
of pull-backs easily follows. O

9.5.14. Example.

The traditional example from the theory of normal functions is the Veblen

hierarchy:
Vo=1d (the identity function from On to On)
Voy1 =V, 00 (where 9 is a fixed normal function)

Vi, for A limit, enumerates the intersection of the ranges of

the function Vy/, for N < A.

This hierarchy was introduced in [84]; the traditional presentation is Vi =
¥, V., enumerates the fixed points of V;, and for A limit V enumerates
the intersection of the range of the Vi,, X' < A\; V and V' are connected
as follows: V! = Vja; if a = w? + ... + WP with 8, > ... > 3,, then
Vo = Vs o ... o Vj ; hence the two definitions are trivial variants one of
another. However, the formal properties of V,, are more satisfactory, and
it is the reason why we modify the traditional definition on a minor point.)

In practice, ¥ will be (defined by) a nice flower; hence it makes sense

to write

Va=][? (henceV,= ][] 9).

t<a t<w®

This means that V, is the product of “a copies” of ¥J. But also, by
9.5.12. a~ V,, f~ H E), defines a functor from ON to FL,,, preserving

t<f
direct limits and pull-backs, and of course such a functor can be identified

with a functor V from ON? to ON:

Vi, B) =Va(B) 5 V(f.9)=Vil9)=]] By .

t<f

The functor V' is a bilator, and is such that V(f, g) (V(x, z)) = V(x’,
g(z)) when f € I(z,2'), g € I(y,y) and z < y.
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More details on this construction can be found in [85]. Observe that the
Veblen hierarchy appears, in this framework, as a finitistic construction. In

fact, we shall extend this construction, and the result will be the functor A.

9.5.15. Remark.
Our task is now to transfer all our concepts to bilators, using the fact that

a bilator can be viewed as a functor from ON to FL:

(i) The category BIL,, is defined by:
objects: nice bilators, i.e. bilators such that y < v — F(z,y) <
F(z,y')
and F(f,g)(F(x, z)) = F(x’,g(z)), when f € I(z,2), g € I(y,V),
z < y;
morphisms from F to G: the set I°(F,G) of all T € I°(F,G) such
that T(x,y)(F(a:, z)) = G(x, z) for all z, y, z with z < y.

(ii) The semi-product is a functor from BILZ to BIL,

(F o, G)(x,y) = F(z,G(x,y))
(F o, G)(f.9) = F(f.G(f.9))
(T oy U)(x,y) = T(a:, U(x,y)) )

One easily checks that o, preserves direct limits and pull-backs

(remark that, in BIL,, pull-backs always exist).

(iii) Generalized semi-products of nice bilators are defined in a way akin
t0 9.5.9; we use IT instead of H to indicate that we are working with

semi-products.

All results concerning nice flowers, products and generalized products,
can be adapted, mutatis mutandis, to nice bilators, semi-products, and
generalized semi-products; the idea is to use the identification between
BIL, and the category of functors from ON to BIL, preserving direct
limits and pull-backs. The reader will find in [5], Section 5.3, a detailed

definition of these concepts for bilators.
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9.6. The functor A

A is a kind of exponential, which transforms sums into (semi-) products;
A is a functor from DIL to BIL,,, preserving direct limits and pull-backs.
In fact, since BIL,, can be identified with a subcategory of DIL (by means
of the unifying functor UN), then A can also be viewed as a functor from
DIL to itself; then A is a ptyx of type (O — O) — (O — O) (see Chapter
12). When we say that A is a kind of exponential, this suggests that A is
akin to the familiar ordinal exponential (e.g. the dilator 2'¢): in fact we shall
see that the formula which expresses that A is a ptyx of the appropriate
type, i.e. that A maps dilators on dilators, is formally equivalent to the
[1}-comprehension axion; (see Sec. 1.1.6) and recall that the fact that 2'4
is a dilator (i.e. that 2% is a well-order when X is a well-order) is formally
equivalent to (X9 — CA)* (see Sec. 5.4). Hence, the analogy with oridinal
exponentiation will be enhanced by this result.

Technically speaking, the main feature in the definition of A is the use
of induction on dilators; to be more precise, induction on dilators is not
necessary in the definition of A, but only in the proof of the soundness of
the definition, namely that A maps dilators on nice bilators ... this is a
very familiar situation.

In the sequel, we shall encounter many A-like objects, for instance:

(i) Variants of A based upon iteration (9.B.3).

(ii) Variants of A based upon neighbouring concepts such as rungs and

ladders (annex 9.A).

(iii) The functor that performs cut-elimination in Chapter 11, which is

also very close to A.

In fact A is a “civilized” version of Bar-recursion of type 2, just as

induction on dilators is a “civilized” version of Bar-induction of type 2.

9.6.1. Definition.
One defines a functor A from DIL to BIL,,, as follows:

(i) IfG=>_ G with G; connected for all ¢, then

t<y



164 9. Dilators as well-ordered classes

AG = II AG,.

<y

If T € I'(F,G) and F = ) _F,, with F, connected for all ¢, if f €

t<z

I(z,y) and the family T; € I'(F;, Gy)) is such that T = > T}, then
t<f
AT = 1II AT, .
t<f

(ii) Al =1d+Id (hence AE; = E},,); strictly speaking, Id + Id is a
dilator; what we denote by Id + Id is the bilator SEP(Id + Id), i.e.

the bilator sum; this kind of abuse of notations will be frequent... .

(iii) If G is connected and # 1, if f € I(z,2'), g € I(y,y'), then write

SEP(G)(-,y) => G SEP(G => 4G

t<y t<g

with G = I(:G,4) G): with the notations of 9.3.22, ,G' is OSEP(G)
(-,t) and ;G is OSEP(G)(-, g;); then

AG) .y = (T (1+AE))(x.0)

t<y

(AG)(f,9) = ( T1 (B} + AuG))(f Eo) -

t<g

If F is connected and T € I'(F,@G), then write SEP(T)(-,y) =
> T (hence ,T = 9SEP(T)(-,t)); then

t<E,

(AT)(,y) = ( T (E}+ AT))(x,0) .

t<E,

9.6.2. Theorem.

Definition 9.6.1 is sound; more precisely there exists one and only one
functor A from DIL to BIL, which enjoys 9.6.1 (i)-(iii): furthermore,
this functor has the following features (equivalent to 9.6.1 (i)—(iii)):
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(i) A is a functor from DIL to BIL: more precisely if G is a dilator,
AG is a bilator; if T € I'(F,G), AT € I"(AF,AG); A = EYy ;
A(TU) = (AT)(AU).

(i) A0=Id AE} = E},.
(iv) If T € QI'(F,G), with F and G connected, then

n (1+ AG))(,0)

(AG)(f,9)

= (.
( H (B} + ApG)) (f, Eo)
=( I

(E} + AJT)) (x,0).

t<E,

(v)  A(F + F") = (AF') o, (AF")
A(T' +T") = (AT) o, (AT").

(Vi) (AEge)(z,y)(2) = (AF)(z,2).
(vii) A preserves direct limits.

(viii) A preserves pull-backs.

Proof. Assume that we have found a solution A of (i)—(viii); then this A
is a solution of 9.6.1:

9.6.1 (i): by induction on y (in fact, using the fact that ¥ preserves direct
limits, one can prove the result without using induction on y: the idea is
to prove the result for y finite, and then to extend it by direct limits...); if
y =0 apply 9.6.2 (ii); if y = ¢/ + 1, then G = G’ + Gy, with G' = Y Gy;

t<y’

the induction hypothesis yields AG' = II AG,, hence, by 9.6.2 (v) we
t<y’
obtain:

AG=( TI AG,) o, AG, = TI AG,

t<y’ t<y
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the case of morphisms is similar (one uses 9.6.2 (vi) which can be read as:

AEj; = SKF); if y is limit, then using 9.6.2 (vii), one gets

AG= lm (A Y GuAES: G5 a)

I t<y’

y'<y
using the induction hypothesis, the limit is equal to

lim (I AG, TI Ep,)= II AG,.
— t<y’ t<Ey s, t<y
y'<y

The case of morphisms is similar.

9.6.1 (ii) is exactly 9.6.2 (iii).

9.6.1 (iii) is exactly 9.6.2 (iv).

Finally, observe that 9.6.2 (vi) ensures that A is a functor from DIL into
BIL,, (and not only BIL): AE;, = f_l/’&F, hence A is nice; if T € I'(F, G),
then TEj, and this means that (9.6.2 (i)) ATERF = fKG: so AT is nice.

On the other hand, observe that, if there is a functor satisfying 9.6.1
(i)—(iii), then it is clearly unique. Hence, it remains to construct a functor
A enjoying (i)—(viii); we shall proceed as follows: given a dilator H, define
a subcategory DIL <« H as follows: F' is an object of DIL <« H iff
JH'(H' < H and I'(F, H') # (), the morphisms in DIL < H being given
by I'(F,G) as in DIL (i.e. DIL < H is a full subcategory of DIL). We
also introduce DIL < H = DIL <« H + 1.

We show, by induction on H, the existence of a unique functor A,
(abbreviated as A) from DIL < H to BIL enjoying the relativization of
(1)—(viii) to DIL <« H. When F' is in DIL < H, let us denote by h(F)
the smallest H' (modulo <) such that I'(F, H') # (), H' varying through
the class of all predecessors of H + 1 (do not forget that this class is a
well-roder!). Then, when T' € I'(F, G), we shall use the notation h(T") for
h(G). The proof splits into five cases:

9.6.3. H is of kind 0.

If H =0, then DIL < H contains exactly one object: 0, and one mor-
phism: Eé. The A0 = Id, AEé = E!, defines a functor enjoying (i)—(viii)
relativised to DIL < 0.



The functor A 167

9.64. H=1.
DIL < H consists of two objects: 0 and 1, and three morphisms, namely
Ej, E|, Ej;. We define Al, AEy,, AE] by means of (iii) and (vi). We
establish that the relativizations of (i)—(viii) hold:

(i) (AT)(AU) = A(TU): assume that h(T) = 1; then either T' = E;
and TU = U (hence (AT)(AU) = Ejy, o(AU) = AU = A(TU)), or
U = Ej, and TU = T, hence

(AT)(AU) = (AT)AE}, = AT = A(TU) .

(i), (iii) and (iv) are trivially fulfilled.

(v) If F = F'+ F” is an object of DIL < 1, then one of F’ and F” is
0, so one of AF" and AF" is equal to Id: so AF = AF' o, AF", since 1d
is neutral for o,. The case of natural transformations is similar.

(vi) By definition, when A(F) = 1, (AEy )(z,y)(z) =z + 2....

(vii) is trivial (no non-trivial direct systems in a finite category!).

(viil) If Ty Aty = T, with h(T;) = 1, then:

— If Tl = E%, then T2 = T3 and

— If T, = E}: symmetric.

— If T1 = T2 = Ei, then T1 = T2 = Tg, SO AT1 A AT2 = AT3

9.6.5. H=H'+ H".
Assume that (i)—(viii) hold for DIL <« H’ and DIL < H”; then they hold
for DIL < H' + H"”. 9.6.5, used together with 9.6.4, yields the case where
H is of kind 1.

Write H = H' + H”; we first extend A to DIL <« H:

— If Hy < H, then either Hy < H' or H; = H' + H{, where H{ < H; in
both cases Hy = H| + H{, with Hl < H', Hl < H".
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— If F is an object of DIL < H, then 3H, < H I'(F,Hy) # 0; if T €
I'(F, Hy), then the decomposition H; = H|+h/ induces a decomposition
F=F+F"T =T+T"(9.1.8) “splitting lemma”) with 7" € I'(F’, H}),
T" € I'(F" HY); hence F = F' + F”, for some F' € DIL < H' and
F'"e DILK H". If U € I'(G, F) and F is in DIL < H, then by 9.1.8,
a decomposition F' = F' + F" induces a decomposition G = G' + G”,
U =U'+U",...; hence if U is a morphism in DIL< H U can be expressed
as a sum U’ 4+ U”, where U’ and U” are morphisms in DIL < H’ and
DIL <« H” respectively.

If = F'+ F" is an object of DIL < H, we define AF = AF' o, AF";
this is possible, since F’ and F” are objects of DIL <« H' and DIL <« H”
respectively. If F' = G’ + G” is another decomposition of F' as a sum
of an object of DIL <« H" and an object of DIL < H”, then we have for
instance LH(G") < LH(F"), hence one can find G} such that F' = G'+ G/,
G" = G} + F"; then

AF = AF oy, AF" = AG' o, AG oy AF" = AG' o, AG”

(we use: the associativity of oy, property (v) for DIL< H' and DIL < H”,
together with the fact that AG] is the same when computed in DIL < H'
and in DIL <« H”). We have therefore shown our definition of AF to be
independent of the decomposition F' = F' + F”....

T =T +T", define AT = AT’ o, AT"”: one shows as above that this
definition is independent of the decomposition T'=T" + T".

(i) We show that A(TU) = (AT)(AU): assume that U € I'(F,G),
T € I'(G,K), and K € DIL < H; then if one writes K = K’ + K", one
can write T =T+ 71", T' € I(G',K"), T" = I(G",K"), and applying
9.1.8 once more U = U’ + U", U’ € I'Y(F',G"), U" € I'(F",G"); then
TU =T'U"+T"U". Hence:

A(TU) = A(T'U) o, A(T"U") =
(AT')(AU") o, (AT")(AU") =
(AT’ o, AU")(AT" o, AU") = (AT)(AU) .

(ii) and (iii) are immediate.
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(iv). If G is connected, # 1 belongs to DIL <« H, write G = G' + G”,
with G in DIL < H', G"” in DIL < H”; then G = G' or G = G”, hence
the property follows from the hypotheses... .

(v) If G is a sum G’ + G”, then decompose G as F' + F” with F’ in
DIL < H’, F” in DIL <« H”; then two subcases

— if LH(G') < LH(F"), write F' = G’ + G}, s0o G" = G} + F""
AG = AF' oy AF" = AG' o, AG, o, AF" = AG' o, AG" .
~ if LH(G") > LH(F"), write G’ = F' + G/, so F" = G} + G"":
AG = AF' oy AF" = AF' o, AG, o, AG" = AG' o, AG" .

The property A(T" +T") = AT’ o, AT” is obtained in a similar way.
(vi) If F is in DIL < H, write F' = F' + F", with F’, F" in DIL < H'
and DIL < H" respectively. Then Egr = Egp + Egpr, hence

(AEqr)(z,y)(2) = (AEgw) (Eq, (AEgen)(z,y) ) (2) =
(AF")(z, (AEgen)(2,9)(2)) = (AF") (2, (AF") (2, 2)) =
(AF)(z,2) .

(vii) If (F,T;) = lim (F;,Ty), write F = F' + F", with F', F" re-

—

spectively in DIL < H' and DIL < H”; by 9.1.8, we obtain decompo-
sitions T; = T, + T, F; = F, + F/', Ti; = T}, + T}}, and obviously:
(F',T)) = lim (F,T.), (F",T") = lim (F!,T!). Then

REE Y]
—_— —

(AF,AT,) = (AF' o, AF", AT/ o, AT/') =

lim (AF] o, AF, AT, oy AT}}) = lim (AF;, ATj;)

—_— —_—

since o, preserves direct limits, and by (vii) for (F},T};) and (F}",T7})...).

(viii) If T; € I(F;,G) (i = 1,2,3) and T} A Ty = T3, then write G =
G'+ G”, with G, G in DIL <« H' and DIL <« H” respectively; then by
9.1.8, one may write T; = 1741}, and obviously 15 = T ATy, T3 = T’ T3 .
Then
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ATy = AT} oy ATy = (AT, ANATy) oy (AT{ AATY) =
AT, A AT,

(since oy preserves pull-backs, and (viii) holds for the 7;’s and the 7}"’s...).

9.6.6. H of kind w.

Assume that (i)—(viii) hold for all H' <« H; then it is immediate that
(i)—(viii) relativized to DIL < H hold! Hence it will suffice to define
AG and AT when h(G) = h(T) = H. Assume that G = »_ G, with

1<y
all G;’s connected; if U € I(G,H), one can write U = ZUi, for some
i<f

fe [(y, LH(H)); we claim that f(y) = LH(H).
(Proof. Let H = Z H; be the decomposition of H as a sum of connected

1<z
dilators; then if H' = Z H;, one easily constructs U’ € I(G, H'); the
i<f(y)
hypothesis that h(G) = H forces H' = H, hence f(y) =2 =LH(H). 0O)

hence y is limit. So G is of kind w. If for i <y G; = Z G’"j, then clearly

J<t
(G, EGin) = lim (GiaEGiGj)- We define AG = lim (AGiaAEGiGj)-

The existence of such a limit in BIL, is a consequence of the general

results of Section 9.3: in fact we have

AG= TI AG! ...

1<y

*

By the way observe that AG = lim (AG;, AEg,,) still holds when

h(G) < H (this is (vii) restricted to DIL < H). Similarly, if T € I(F,G),

with A(T) = H (= h(G)), write T = > T/, and then (with obvious no-
i<f

tations) AF = lim *(AFZ»,AEFZ.FJ.); if T; € I(F;,Gyq)) is defined by

—

Ti = Y T) (fi € 1(i, (i), fi(2) = f(2)...) then simply define AT =
J<fi
lim (AT;). (In other terms AT = II AT!.) We check (i)—(viii):

— i<f
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(i) A(TU) = (AT)(AU); as above write T = lim (7;), U = lim (U;),

TU = lim (V}); it is immediate that V; = Ty;U with g = LH(U). Hence
we obtain

A(TU) = lim (AT,,U;) = lim (AT}) lim (AU;) =

(AT)(AU) .
(ii), (iii) and (iv) are trivial.
(v) Assume that 77 € I(F',G"), T" € I(F",G"), and let T =T"+T",

G = G' + G”; then two subcases (we restrict ourselves to the non-trivial

case h(G+G') = H)

- IfG" =0, AG = AG o, Id = AG" oy, AG" and AT = AT o, Ey =
AT o, AT".

-G £0,letx, 2, 2", y, v, v, [, f', f”, be the respective lengths of F,
F'F' G G,G", T, T, 6 T", and observe that x =2’ + 2", y = v/ + ¢/,
f=f+f" define F, F' I G, G, G", T, T, T" as above, and observe
that: Foy, = F' + F/, Gyyi =G + G, T,y =T"+T/; then

*

G = lim (AGiaAEGiGj) =

lim ~(A/(G'+ GY), A + Egrer)) =

*

hm (AG/ Og AG;/,A.EG/ Og AEG;/GQ_/) =

*

AG' o, lim (AGY, AEgicr) = AG' o, AG" |

and
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lim (A(T"+1T7)) = lim (AT o, AT}) =
— —

f// f//

AT o, lim (ATY) = AT’ o, AT"
—

f//

(using the induction hypothesis (v) for G, T" (h(G') < H) and for GY,
T!, together with the preservation of direct limits by os....)

(vi) When h(G) = H, then the expression of AEy; as a semi-product
ITAE(c shows that AEqq is of the form 5% o

(vii) By obvious considerations (see for instance Sec. 12.3) it suffices to
show that each T' € I(F,G), with dim(F) < +oc0. But, if h(G) = H, one
may write AG = lim " (AG;, AEg,q,) hence (2; n) = Tr(A(T))(zl N,

—

for some T € I(G;, G;) and some i € I (take T = Eg,); then the induction
hypothesis applied to AG yields: (z1;n) = Tr(A(U )) (z2; n) for some
U € I(F,G;), with dim(F) < 400. Hence TU € I(F,G), and (z9; n) €
rg(Tr(TU)), dim(F) < +o0.

(viii) Still using obvious considerations we must show that, if one can
express (zo;n) as: (zo;n) = Tr(ATy)(z1; n) = Tr(ATy)(29; n), with
Ty € I(F1,G), Ty € I(F,G), dim(F}),dim(Fy) < 400, then there exist Fj
and Tyy € I(F3, F1), Tsg € I(F3, Fy) such that T1T3; = TyT30, and (z3; n) €
Tr(AF;) s.t. (z1;n) = Tr(ATs1) (255 n), (225 n) = Tr(ATs)(z3; n). One
can restrict to the case where G is finite dimensional.

(Proof. Define G and U € I(G', G) by rg(Tr(U)) =rg (Tr(T1)>Urg (TF(T2)>
and define T} € I(F1,G"), Ty € I(F5,G") by UT] =Ty, UTy = Ty ... then

G’ is finite dimensional... . 0)

L.e. the question can be reduced to a problem in the category DIL; N
DIL < H, which is obviously equal to DIL;; N DIL < H; but, in that
last category, the property is true by the induction hypothesis... .

9.6.7. H is connected and # 1.
(This case, together with 9.6.5, is sufficient to handle the general case
“H is of kind €” of the induction step: assume that (i)—(viii) hold for
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DIL < H'+ H”, with H"” connected and # 1; then it is immediate that
(i)—(viii) hold for DIL <« H' and DIL < H"”; by 9.6.7, (i)—(viii) will still
hold for DIL <« H”, and by 9.6.5 they will hold for DIL < H' + H".)

We assume to have already obtained a functor A defined of DIL <« H,
and enjoying (i)—(viii); then consider G s.t. h(G) = H; this means that
I'Y(G,H) # 0, and since G # 0, QI'(G, H) # 0, hence G is of kind Q
(more precisely LH(G) < LH(H) = 1, and G # 0 — LH(G) = 1; so
G is connected; G(0) < H(0) = 0, hence G # 1). Then it is possible
to define AG by means of (iv); if T € I'(F,G), then either F' = 0, and
AT = 53 o (thisis (vi)) (in fact, we need to verify (vi) before making such
a verification; the verification of (vi) made below could have been written
here), or F is connected and # 1, and T € QI'(F,G): in that case, one
can define AT by means of (iv).

(i) It is immediate that AG defined by means of (iv) is a functor
from ON? to ON; furthermore, AG preserves lim and A: (AG)(-,y) =

—

IT (14 AG)(+,0), it is immediate that (AG)(-,y) preserves lim and

t<y —

A; hence, it will suffice to show that (AG)(x,-) preserves lim and A: if

—

(y,9:) = lim (yiagij)

—

(O 1+AG), T (B} +AEq)) =

I<y I<gi

lim (T (1+AG), T (B} +AE))

— I<y; l<gij

(this is a consequence of 9.5.12), and applying both sides to the pair (z,0),

we obtain:

((AG)(2,y), (AG)(Ey, g1)) = lim ((AG)(z,3:), (AG)(Eq, gij)) -

—

Similarly, when g; € I(y;,y) (i = 1,2,3), and g3 = g1 A g2, then by
9.5.12 we obtain

I (B} +AEg)=( I E}+AEG)A( T (E}+AE,))

t<g3 t<g1 t<g2
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and, applying both sides to (E,, Eg) we get
(AG)(Eq, g3) = (AG)(Eq, g1) A (AG)(Eq, g2) -
Then, we show that the functor (AG)(z,-) enjoys (FL): if y <4/, then

(AG)(E, E,) = II (EY+AE()(E, Ey) =

t<Eyy/

(O E{+AEg)o. M (El+AEg)(E, E) =

t<Ey t<EOy/
E} o5 &k (Eq, Eo)
with
F= T (1+AG), K= T (1+AQG).

t<y y<t<y’

But:
(Er oy &)(,0) = F(Ey, &k(2,0)) = F(Ey, Boxro) =

E =E .
p(x,O)p(x,K(x,o)) (AG)(z.)(AG)(x.y)

It is immediate that T' € I'(F,G) — AT € I'(AF, AG); then we show
that A(TU) = (AT)(AU), when h(T) = h(G) = H, T € I'(F, G):
- If F#0, and U # Eyp, then
(ATU)(z,y) = T (E}+ A(TU))(,0) =
t<B,

I (E°+ ATU)(2,0) =

t<E,

(0 (B +AD)( T (B +AD)))0) =

t<Ey t<Ey

(( T (BY+AD))(,0)( T (B +AD))(2,0) =

t<By t<By

(AT)(z, y)(AU)(2,y) -

— In general, observe that, from the obvious equalities:
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I (1+1d)(2,2) =y + 2z, IT (1+I1d)(f,h)=g+h

t<y t<g

the definition (iv) holds too when G = 0 (with :G = 0, 4G = Ey).
From this, one can show that (ATU) = (AT)(AU) holds when F =0 or

U = Eyp: the proof is similar to the case just treated.

(i), (iii), (iv) are trivial.

(v) If h(F' 4+ F") = h(H), then I’ + F” must be connected, hence one
of F" and F" is 0 ... we conclude as in 9.6.4 (v).

(vi) If h(F') = H, then the property is trivial by construction; however,
we have not verified the nicety of AF: first (AF)(z,y+ 1) = K(x, 1+
L(x,y)), with K = II (1+ AF), L = AyF, whereas (AF)(z,y) =

t<
K(x,y), hence K(z,y) ?J< K(z,y+1). It f e I(x,2), g € I(2,2), we
show that (AF)(f,g + E1)((AF)(z,2)) = (AF)(a',2) (from this, it will
be immediate that AF' is nice). Let
T= 1I (Ei—i—AgtF) and U = A(9+E1)ZF;

t<g

obviously

(AF)(f,g+E1) = (T o5 (E1+0))(f,0) =

T(f7E1+U(f7E0)) )
and if
G= I 1+ANF), G= 1I (1+AF)

t<z t<z'

(so T € I’(G,@G")), we obtain:
(AF)(f.9+E)(G(2,0)) = T(f,Ei+U(f,E)) (G(z,0)) =
G(2',0) .

Now observe that (AF)(z,z) = G(x,0), (AF)(z,2') = G'(x,0).
(vii) If (F,T;) = lim (F;,T;;), and h(F) = H, then it is possible to

—

assume (by restricting I to a cofinal subset), that F; # 0 for all i: hence
we start with a direct system in QDIL, with its limit in QDIL. By 9.5.12

we get
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(O Q+AF), T (B +AT)) =

t<y t<Ey

lim (I (1+AF), I (B +AT,))

— t<y t<Ey

(using: (/' T;) = lm (., Ti;) together with (vii) for DIL <« H). If

—

one applies (x,0) to both sides, one gets

((AP)(z,y), (AT)(z,y)) = lim ((AF)(z,y),(AT;)(z,y))

—

which implies (8.3.7) that (AF,AT;) = lim (AF;, AT};).

(viii) Assume that h(G) = H, and that T; € I(F;,G) (i = 1,2,3)
and that T3 = T} A Ty; we have already observed, inthe proof of (i), that
Ti(z,y) = II (Ey+ AT;)(x,0), holds when F; is of kind €, but also

t<E,

when F; = 0. (In that case one defines ;T' = Ey,g.) Clearly ;T3 = ;11 AT,
hence, by 9.5.12, we obtain

0 (B, +ATy))= II (B} +AT)A I (B} +AT)

t<By t<By t<By

(using (viii) for DIL < H). If one applies (z,0) to both sides, one gets
and by 8.3.10

ATs = ATy ANAT, .
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End of the proof of 9.6.2. We have shown that, for all H in DIL, as soon
as (i)—(viii) hold for DIL < H, then they also hold for DIL <« H. From
this we conclude that (i)—(viii) hold for all dilators. O

9.6.8. Remark.

In fact, there are many variant os A, i.e. definitions of the same kind, but
with small differences. A typical example is the function A defined on
ladders considered in Annex A. But many other possibilities can be used.
The reader will find the most important ones in the exercises of Annex B.
The variant chosen here is in my opinion the most elegant, but also the

most complicated, because of the use of the semi- products... .
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Annex 9.A. The hierarchy theorem

In 1975, I proved a theorem relating the pointwise hierarchy -« to the
Grzegorczyk hierarchy A (see 5.B). Roughly speaking the result is:

’7’!70 - AEO

where € and 7y are elements of O of respective heights £y and 7y (the
“Howard ordinal”). Hence, since one needs “gq steps” to exhaust all prov-
ably total recursive functions of PA when measured w.r.t. v, one will need
“no steps” if one does the same thing w.r.t. A. This result destroyed the
belief in the monist assignment of ordinals (here £y) to theories (here PA)
... but this was already discussed in 7.C.

The proof essentially involves the functor A; but in fact, there are as
many formulations of the hierarchy theorems as there are technical ways
(Kleene’s O, trees...) of defining the indexing sets of hierarchies. If one
considers A, one gets a theorem of comparison of hierarchies, when the
hierarchies are indexed by dendroids (see [5], Ch. 7). However, such a
formulation is too far from the familiar use of Kleene’s O: if we want to
formulate the theorem for Kleene’s O, we must adapt the construction
of A to a slightly different context; this is exactly what we shall do be-
low. Before giving the proof, it could be interesting (as a kind of cultural
background) to say a few generalities on the — now obsolete — question of
Bachmann collections, Bachmann hierarchies. The precise technical de-
tails of these questions will be omitted.... In 1950, Bachmann introduced

his main concepts [86]:

(i) Bachmann collection: a Bachmann collection of type a and height
[ consists in assigning, for all limit 3’ < 3, a fundamental sequence

([8'] €)e<r (s enjoying the following properties:

e The sequence [F']& is strictly increasing and continuous at limit
points.
e = sup ([f&) and T(F) < «.
£<T(8")
e A certain numer of technical conditions relating the various funda-

mental sequences, and that we omit... .
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(Example: if e € O, then 5.A.7 (iii) defines a Bachmann collection
of height ||e|| and type w.)

(ii) Bachmann hierarchy: assume that B is a Bachmann collection of type
V', where V' is a regular cardinal; then we define a function Ag from
V' to V; the definition is by induction on the height ||B]| of B:

o If |B|| =0, let Ap(z) =(1+2)" forallz < V.
o If |B|| = a+ 1, let B’ be the restriction of B to a; then

Ap(x) =Ap(z)+14+Ap(z+1)+1.

e If | B is limit, and T'(||B||) < V, define, for all £ < T'(||B]), a
Bachmann collection B, by restricting B to [|B||]&; consider the

ordinals

A = Ap(z) + 1+ Ap (v +1) + 1
then
A(z) = sup (A7)
£<T(|1BI))
o If ||B] is limit, and T'(||B||) = V, then we define for z,{ < V,
ordinals Af, exactly as above; then
An(z) = sup (42).
E<x
(Example: if B is the Bachmann collection associated to the point

e € O by means of 5.A.7 (iii), then it is immediate that the number-

theoretic functions Ag and A, coincide... .)

The Bachmann hierarchy is traditionally used to construct large recur-
sive ordinals, for instance, assume that V' is X; (in fact V' = wEK) suf-

fices!), and consider the ordinal e, = sup (Q(QQ)) (n times) (with

n

Q2 =V =N;). Then it is immediate to define a structure of Bachmann
collection of type €2 and height g1, say eq1. Then one easily shows that

the ordinal

Mo = >‘€Q+1(w)
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is recursive. This ordinal is called the Howard ordinal. The name comes
from the fact that Howard is the first to have explicitly proposed this
ordinal as “the” ordinal of ID; [87]. In fact, a closer look at the definition
of A shows that, when x is < V, the ordinal Ag(z) is naturally equipped
with a structure of Bachmann collection of type x; in particular, 7, is
equipped with a structure of Bachmann collection of type w, 1y, and which
may be identified with an element of Kleene’s O.

If, instead of starting with the Bachman collection g1, one starts with
£q,+1 (With Q, = N, n # 0) then one can construct n"~! = A (1),
together with a Bachmann collection of type €2,,_; and height n”~!, denoted
n"~1; we construct progressively ordinals 72 and Bachmann collections —n?
of height 72 and type €2, such that

772 - Ang+1 (Qp)

(the formula is valid for p =n—1if ' = eq, 11, and for p = 0, if Qy = w).
This enables us to construct recursive ordinals 7, and elements of

Kleene’s O, n,,, by

Do =10, To=1 .

These ordinals 7,, are traditionally associated with the theories of n+1-
times iterated inductive definitions ID,, ;1 (see 11.5). It is consistent with
this notations to use n_1 = €9, n_1 = €p.

(We have said enough on Bachmann collections to understand the proof
that follows; however, the reader may be curious to know something about

the further developments of these constructions:

(i) Following Bachmann, people made constructions of more and more
complicated Bachmann collections, typically Pfeiffer [99] and Isles
[89], [90]. Isles’s constructions involved the use of “large” cardinals (in
fact their recursive analogues), inaccessibles and Mahlos. The awful
complexity of the construction has clearly shown that the conceptual

framework of Bachmann collections,... was terribly insufficient.

(ii) A great progress has been achieved by the introduction [91] (due to

Aczel, after a suggestion of Feferman) of the so-called “0- functins”.
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The principal advantage of this method is that the tedious construc-
tion of fundamental sequences is avoided. Bridge [92] has shown the
equivalence of this approach with Isles’s. Later on, Buchholz [93] has
shown that (an inessential variant of) ¢ can be used to define rather
large recursive ordinals: this is the so-called Buchholz’s system, which
is widely used in TI} proof-theory. (See for instance the encyclopedic

text [3] for definitions and applications....)

Now, let us give an idea of the proof of our theorem; the ingredients

are

(i)

(i)

A functorialization of the concept of Bachmann collection; it is of
course necessary to slightly modify the original notions: this leads
to rungs; and ladders are functors from ordinals to rungs preserving

lim and A.

—

It is possible, if L is a ladder to define AL — A is related to A, but is
not defined on the same objects — which is a function from On to On
(in fact a dilator) by:

(AL) (.I‘) = )\L(x+) (J})

where x is the smallest cardinal > x; (L(z™) is a rung of type z™,
hence something close to a Bachmann collection of type x*, hence
AL+ can be defined...). In fact the ordinals (AL)(z) are naturally
equipped with structures of rungs of type z, that we shall also denote
by (AL)(z). In particular AL is a ladder.

The value (AL)(n) is equal to:

— ALw)(n), because w = n*.

~ Y(aL)(w)(n), hence
ALw) = Y(AL) (W)

This is precisely the hierarchy theorem; as a corollary

)\so =Yy
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and more generally

Ay

P = ’anJrl

for all p.... From this it follows that the traditional assignment

PA 1ID; 1D, ID; .. 1ID,
€o Mo Ui T2 ceo Mp—1

can be replaced by the new one

PA 1D, ID, ID; .. ID,
"o m N2 N v M
But now, I think that the result has been sufficiently well explained

and introduced, and let us give the detailed proof:

9.A.1. Definition.
Let r and a be ordinals; a rung R of height r and type a is a 4-uple

(a,r,T,[-]-) such that:

(RG1) T is a function from r + 1 to a + 1.
(RG2) For all y < r, [y]- is a strictly increasing and continuous function

from T'(y) + 1 toy + 1:
¢ {<T(y) = ylE<y
o {'<E<T(y) = & <lyl&

o ¢ limit — [y]& = sup [y]¢
§'<¢

(RG3) For all y, b such that y <r and b < T'(y):
(i) T([y]b) =b.

(i) ¢ <b— W16 c=[y]c

(RG4) If y <r, then

(i) W(Tw) =y
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(ii) If y is limit, then T'(y) is limit.

(RG5) Assume that y, z < r, and b < T(y), and that [y] b < z < [y] (b+1);
then [y]b < [2]0.

9.A.2. Definition.
The function [y] - from T'(y) + 1 to y + 1 is the fundamental sequence
of y (in R).

9.A.3. Notations.

(i) ||R|| will denote the height of R, whereas t(R) will denote its type.

(ii) We shall try to follow the following notational pattern: we denote
a rung by capital letters, and its height by the corresponding small

letter: for instance R] and 7.

9.A.4. Remark.
Compared to the traditional concept of Bachmann collection, the main
improvement is that we allow non-trivial fundamental sequences for non

limit points... .

9.A.5. Examples.

(i) For all ordinals @ and b such that b < a, one defines a rung b,, of
height b and type a, as follows: if y < b, then T'(y) = y, and if z < y,

then [y] z = z; we use the abbreviation a instead of a,.

(i) If R=(a,r,T,[-]-)and S = (a,s,U,|[]| -) are rungs of the same type
a, one defines a new rung R+1+5 = (a,7+1+s,V,{-} -) as follows:

(1) If z<r+1,then V(2) =T(2);if c < T(2) {2z} c =[] c.
(2) If z < s, then V(r+1+2) = U(2); if c < U(z), then {r+1+z}c =
r+14|[2]]c

R+1+s, the sum of R and S, is easily shown to be a rungof type a.
A particular case is when S = 0,: R+ 1+ S is, in that case, denoted
by R+ 1.
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(iii) If R = (a,r,T,[]-) is a rung, and if s < r, one defines Rls =
(a,s,U,|[]|-), simply by restricting 7" and [-] - to s....

(iv) If R = (a,r,T,[-]-) and S = (a, s,U, |[-]| -) are rungs of the same type
a; then we define the rung R x S = (a,r x s,V,{-}-), as follows:

(1) If s =0, then R x § =
(2) If s #0, thenr x s = sup (rxz+1+r+1), V(rxs)="U(s),

z<s
and if c < U(s) {rxstc=rx|[s]|c. If z < s, let Z = 5] z; then
(Rx S (rxz+1+r)=RxZ+1+4+R. (RxS is the product
of R and S; this is easily shown to be a rung of type a; r X s is

close to the product r - s.)

(v) If R = (a,r,T,[]-), and S = (a,s,U,|[]|-) are rungs of the same
type a, then we define a rung (1 + R)® = (a,r%,V,{-}-), as follows:

(1) If s =0, then (1+ R)® =
(2) If s #0, then 7* = sup (r*+1+4+7r*xr+1) V(r®)=U(s),

z<s
and for ¢ < U(s), {r*}c=rllle if 2 < 5 let Z = S2. Then
(RO (r*+1+r*xr)=R?+1+R? xR.

9.A.6. Proposition.
(i) If y and z are such that [y]b < [z] ¢ < [y] (b+ 1), then z < [y] (b+ 1).
(ii) If [y]b=[z]cand y < z, then b = c and y = [2] T'(y).

Proof. (i) z = [y] (b + 1) is impossible by (RG3) (ii); suppose that z >
[y] (b+1); then [y] (b+1) is not of the form [z] d (again by (RG3) (ii)). Hence
for some d, we have: [z]d < [y] (b+1) < [z] (d+1) (and d > ¢). By (RG5),
we obtain [z] d < [y] 0, hence [y]b < [z] ¢ < [z] d < [y] 0, contradiction with
(RG1).

(ii) (RG3) (i) yields b =T([y]b) = T([z] ¢) = ¢, 0 b = ¢; if y = [2] d for
some d, then T'(y) = d, y = [7] (T(y)); otherwise, for some d, [z]d < y <
[z] (d+1) and ¢ < d;s0 [y]0 < [y]b = [z] ¢ < [z]d < [y] 0, contradiction. O
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9.A.7. Proposition.
For all z < r, there is a greatest y < r such that z = [y| T'(2).

Proof. Assume the contrary, and let y = sup{t; [t]T(z) = z}. By hy-
pothesis, [y] T(z) # z, or T(y) > T(z). As a first consequence, y is limit
(since y is of the form sup (A), and y € A), so there is a b < T'(y) such
that z < [y]b and ¢ > [y]b such that [t]T(z) = z. If t = [y] c for some c,
then [y] T(z) = [[y] c} T(z) = z, contradiction; if [y]c <t < [y] (¢ + 1) for
some ¢, with b < ¢ < T'(y), then z < [y]c < [t] 0, a contradiction. O

9.A.8. Proposition.

(i) Assume that the intervals I; (i = 0,1) defined by I; = {[yl] bi, [yi] (bi +
1)[ are such that Iy N I; # 0; then Iy C I or I; C I.

(ii) Suppose that the interval I of r is obtained as the union as a non
void family (I;);ca, with I; of the form {[y,] b, y; [; then there exists
y <1and b < T(y) such that I = [[y] b,y{; furthermore, the interval
[b, T(y)[ is included in the union of the intervals [b;, T (y;)].

Proof. (i) Assume for instance that [yo] by < [y1] b1 < [yo] (bo + 1), then
by (RG5) and 9.A.6 (ii), we get [yo] by < [y1] 0 < y1 < [yo] (bp + 1): hence
Iy C I, and the extremities of I; are distinct from the extremities of Ij.
(ii) Nothing is changed if one assumes that for all i, T'(y;) = b; + 1.
We first treat a particular case: assume that the intervals I; are pairwise
comparable for inclusion. In that case observe that (as a consequence of
the fact that the extremities are distinct), if I; ; I;, then [y;] b; < [y;]b; <

y; < y;: if the family (/;) would contain infinitely many distinct elements,
then one of the sequences [y;] b; or y; would contain a s.d.s. of r. Hence
the family contains only finitely many distinct intervals, and the property
is immediate in that case. It remains now to consider the case where the
intervals are pairwise incomparable w.r.t. inclusion; by (i) above, they are
necessarily pairwise disjoint. Choose iy € A, and let  be maximum with
the property that [z] T(y;,) = yi,- Let B be a subset of A, maximal among

those enjoying:

(1) If i € B, then y; = [z] T'(y;).
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(2) H= U I is an interval.

1€EB

Since J is obviously of the form {[:c] b, [z] c[, it will suffice to prove that
I = J, ie. that A = B; suppose that [z]c = [y;]b; for some j, then by
considering JU{j} one gets a contradiction; similarly, if [z] b = y; for some
.. 0

9.A.9. Definition.
Let S = (b,s,U,|[]|-) be a rung; if f € I(a,b) we define:

(i) A subset S} of S:

2¢ S} < Jx<bIu <

Ule) (u g rg(f) Allallu < = < la]] (u+ 1))

(Hence C'S} appears as a union of intervals of the form “ [vi]] b, | [wi]|
(bi + 1]

(ii) An ordinal r = order type of S}, together with a function mj (in short
my), my € I(r,s), defined by rg(b3) = S}. By abuse of notations,

we shall also write: m%(r) = s (mutilation function).
(iii) A 4-uple f~1(S) = (a,r,T,[]"):
(1) F(T(=)) = U(1ms(2)) (= <7)

(2) my([z]e) = |lmy(2)]] f () (
3) [6]T(z) = = (2

IN A
2
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9.A.10. Lemma.

ing([2]¢) = [fmy ()] f(x) -

Proof. Let Z = my([2]¢), Z' = ms([z] ¢); then [Z, Z'[ is either void (easy:
left to the reader) or non void, and maximal in C'S%}; so by 9.A.8 (ii), this
interval is of the form [|[Z’]\ u, Z’[, and [u, U(Z")[ is included in C'rg(f);
by maximality, it follows that u € rg(f), and this is only possible when
u= f(x); so

~

g (|[e]l ) = Z = |[Z']] f(e) = llmy (2] )]] f(e) = |Ims()]] f(c) -

(The last equality is obtained by considering separately the trivial case
z = [z] ¢, and the case ¢ < T'(z): in that case one uses Definition 9.A.9 (iii)
2) above.... O

9.A.11. Theorem.
(i) The 4-uple (a,r,T,[-]-) of 9.A.9 (iii) is a rung.

(i) £ (g71(S)) = (9/)71(S).

Proof. (RG1), (RG2), (RG3) (ii) and (RG4) (i) are immediate; we verify

the remaining properties:

~ (RG3) (i): By9A10mf([] ¢) =my(2)|f F(0)]], hence we get: f(7'([2]c))
= U(my([z]0)) = U(|ms(2)]] f(c)) = f(c), hence T([z] ) = c.

— (RG4) (ii): If z < r is limit, then ms(2) is limit, hence we get: m(z) =
zup ) (|[ms(2)]] ¢); since U(mf(z)> = f(T(z)), one gets my(z) =
c<U | g (z)

sup [y (2)]| f(d) = sup |[ms(2)]| f(d) = sup (my([z]d)). Hence

d<T(z) d<T(z) d<T(z)

z= sup [z]d.
d<T(z)

= (RGH): If [z] e < t < [2] (c+1), then my([2] €) < my(t) < ving([2] (c+1));
let v =my(z); then [[v]| f(c) < my(t) <|[v][ (f(c)+1); hence m([z]c) =
|[W]| f(e) < [[mys(8)]] f(0) = my([t] 0): hence [2]c < [t] 0.
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(ii) is left to the reader. O

9.A.12. Remark.

The proofs 9.A.11 and 9.A.10 are slightly incorrect: we have not verified
the possibility of defining f~1(A) as in 9.A.9 (iii); for instance [z] ¢ can be
defined, as a consequence of the remark that, if Z € S%, then [[Z]|c € S}
iff ¢ € rg(f) (for all ¢ < U(z)).

9.A.13. Proposition.

The mutilation “commutes” with sum, products and exponentials.

Proof. This means that:

YR+ 1+ S) = fYR)+1+ f7YS)
fTHRxS)=f(R)x f71(9)
I 9.

1

NR®) = fH(R)T
These properties are immediate. O

9.A.14. Remark.

The behaviour of the rungs b, w.r.t. mutilation is more complicated: if
f € I(a,d), then f~'(a) = d; but f~1(b,) = b, where V' is defined by:
Vz(z <V e f(z) <b),ie f(I) <b< f(I'), when b < a.

9.A.15. Definition.
Let K be a finite set; we define the category K — ON as follows:

objects: pairs (x,d), where x € On and d is a function from K to x.
morphisms: the set I(z,d; y,e) of those f € I(z,y) s.t. ef =d.

9.A.16. Definition.
Let V' be a regular cardinal (in practice V' will be an admissible ordinal...),
and assume that (V,d) is an object of K — ON; then we define:

(i) The category K — ON < (V. d):
objects: pairs (x,e) s.t. I(z,e; V,d) # 0.
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(ii) The category K — ON < (V,d):
objects: pairs (x,e) s.t. I(z,e; V,d) # 0 and 2 < V.
In both cases the morphisms are given by I(z,e; 2/,¢'), i.e. these are

full subcategories.

9.A.17. Definition.
The following data define a category RG:

objects: rungs (a,r,T,[]-).
morphisms: the set I(R, S) of all f € I(¢(R),#(S)) such that f~(S) = R.
9.A.18. Definition.
(i) A ladder is a functor from ON to RG such that:
(1) t(L(x)) ==
(2) L(f) = f.

(ii) Ome defines K-ladders, K < (V,d)-ladders, K < (V,d)-ladders, by
replacing ON by K — ON, K — ON < (V,d), K — ON < (V,d); they

enjoy the conditions:
(1) t(L(w, e)) =z
(2) L(f) = f.
9.A.19. Examples.
(i) L(z) = z defines a ladder.
(i) Ifk € K, then L(z,d) = d(k) defines (using 9.A.14) a K-ladder.

(iii) Sum, products, and exponentials can be used to construct new lad-
ders and K-ladders:

L(x) = z+ 14z defines a ladder
L(z,d) = z xd(k)  defines a K-ladder.



190 9. Dilators as well-ordered classes

9.A.20. Definition.

Assume that S = (a,s,U,|[]|-) and R = (s,7,T,|[-]| -) are rungs (the type
of R is equal to the height of S); then one defines a new rung RS =
(a,rm,V,{-}-) (the composition of R and S) by:

(i) V(z)= U(T($)) for all x < r.
(i) {z}d = [z] (|[T(2)]| d) for all d <V (z).

(The verification that RS is a rung is left to the reader.)

9.A.21. Definition.
Assume that L and L’ are ladders; then one defines a new ladder L” =
Lo(ld + 1+ L"), as follows:

L'(z) = Lz + 1+ | L'(@)|) (2 + 1+ L'(x)) -
The composition is also defined on K-ladders by:
L'(w,d) = Lz + 1+ | L'(z,d)||,e)(z + 1 + L'(z,d)) ,

where e is defined by e(k) = d(k) for all k € K.
(The definition can still be used for K < (V, d)-ladders, using the fact that
r+ 1+ |L(z,d)|| <V for all (z,d) s.t. d<V.)

9.A.22. Theorem.
The composition maps ladders (resp. K-ladders, K < (V,d)-ladders into

themselves.

Proof. We prove the theorem for K-ladders; the result depends on a lemma.

9.A.23. Lemma.

Let L be a K-ladder, and let z < |[L(x,d)||; assume that T'(z) < z, and
that, for some u < T'(z) we have [u, T(z)] N rg(d) = 0; then one can find
2z < 2 < L(z) such that: [2']u <z <[Z](T(z)+1).

Proof. Define (2/,d’) and f,g € I(2',d"; z,d) by: rg(f) = v — [u,T(2)],
rg(g) = x—]u, T(z)]; then f and g differ only on the argument z; hence,
if we define (2”,d") and h € I(2",d"; o’,d’) by rg(h) = ' — {u}, it is
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clear that fh = gh = f A g. Observe that rg(gh) = = — [u,T(z)]; as-
sume now that the conclusion of the lemma is false; then obviously z €
L(z,d)s, = L(z,d)},. Let f*= mEeD g = mbted) pr = mE@ ). then
f*h* = g*h*, and z € rg(f*h*), i.e. z = f*h*(Z") for some 2" € ||L(z",d")]].
Let z{ = h*(2"); then z = f*(2)) = g*(2)). We compute the value 7"(z)
(in L(2',d’)) by means of 9.A.9 (iii) (1) applied to f and g¢:

Q(T,(Zé)) = T@*(Z(,))) implies 7"(2') = u + 1.

We have obtained a contradiction. O

Proof of 9.A.22. Let L” = L o (ld+ 1+ L'), let 8" = L"(x,d), S =
(z+1+L (2. d)), S = L(y.e), with y = ||S']| and e(k) = d(k) for all k € K.
Assume that S” = (z,s", 7", {-}-), 8" = (z,v, 7", |[']| ), S = (v, 8", T, [-] -);
by definition S” = SS’. We prove that S7* = Sy, with g = m?ﬂ:

S7* is obtained by removing all intervals {[z] (I[Z'111), [2) (|[z’]\ (t+ 1))[
where t ¢ rg(f), whereas S} is obtained by removing all intervals [[z] u, [2] (u+
1){, with u & rg(g): the interval [[z] (12’11 1), [2] <|[z/]| (t + 1)) {, when
t € rg(f), is obvious by a union of intervals of the form [[z] wi, [2] (u; + 1)[
for a family (u;), u; € rg(g): this proves that S; C S}*. Assume that the
opposite inclusion is false: this means that some interval {[z] t,[z] (t+1) {,
with t € rg(g), is not included in any interval {[b] (|[6']] ), [0] (|[b’]| (u+1)) {,
for any u & rg(f). Choose z and ¢ such that:

— [z] t is minimum with this property.
— zis not of the form [2/] T'(2) for any 2’ > z (9.A.7).
Now observe that:

(i) T(z) > z (otherwise, take b = z, I/ =T(2), u =1t).

(ii) T(z) < y (otherwise, take b = z, and let ¥ and u be such that
(]| w <t <[] (u+1)).

(ili) [u,T(z)]Nrg(z) = 0: because rg(e) C x: apply (i).
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By (ii) and (iii), and 9.A.23, we conclude that there is some 2’ such that:
']t < z < [Z/](T(2) + 1). Hence we can write [Z/|t' < z < [2/] (' + 1)
for some t' < T'(z) (the equality z = [¢/]t would entail z = [2/]T(2)...).
The interval {[z’] t',[2] (' + 1){ is not included in C'S¥* (since it contains
{[ 1t [2] (t + 1){), but is included in C'S;: observe that: [t,T(z) + 1[C
Cry(g).-

(Proof. Let b = z, and choose ' and u with T(0') = u + 1, u & rg(f)
and [[b]]u < t < b; such a choice is possible because t ¢ rg(g). It
suffices to show that T'(z) < O': but, if &’ < T'(z), then [[z] t,[z] (t+ 1){ C
(b1 (117 w), (] (1] (w+ 1) [ 0)
Finally, [2/]t < [2]t, and this contradicts the minimality of [z]¢. We have
therefore proved that Si* = S7.

The end of the proof offers no special difficulty: asssume that f €
I(«',d"; z,d) andlet R = (y/, 7", U, []:-) = f71(S), R = («/, ¢, U, |[]l:") =
FUS), R = (2, r", {-}1-) = f71(9"). Tt suffices to show that R” = RR/
(since L(y',€') = R, with €/(k) = d'(k) forallk € K, R’ = 2'+1+L'(2',d")).
We get:

(1) f(U"(2) = T (" (2)) = T"(T (0

P(E(U) = 10 (0) = F( ()
(2

Hence U"(z) = ( ))

@>”%vwn—wwunﬂw=[?@ﬂﬂﬂﬁ?@ﬂfmvz
i ) ([T (s ()] | fw) = @) ([[8(U@)] | fw) =
5 )] ([ (V)| Fw) = 1§ @) ([0F (U()]],u) =

(L (O )W)

m§<[z]1 ()]l “)) ;‘q o
Hence {z}u = [z (|[U(2)]1u). -

9.A.24. Theorem.
It is possible to define a function A which maps K < (V,d)-ladders on
K < (V,d)-ladders, and such that:

(1) If (W,d') is an object of K < (V,d) (W regular cardinal) and if L' is



The hierarchy theorem 193

the restriction of L to K — ON < (W, d'), then AL’ is the restriction
of AL to Kon < (W,d').

(2) If (with obvious notations) L = L'+ 1+ L”, then AL =AL'+1+ M
for some K < (V,d)-ladder M.

The precise definition of A is given during the proof.
Proof. By induction on A = ||L(V,d)]|.
Case 1. A = 0; define (AL)(x,e) = z; properties (1) and (2) are trivial.

Case 2. A # 0, but T(A) = 0; then it is easily checked that L = L'+ 1 (i.e.
L(z,e) = L'(x,e)+1) for a certain K < (V,d)-ladder L'. If A" = || L/(V,d)||,
then clearly A = A’ + 1. We use the abbreviation ¥(M) (when M is
a K < (V,d)-ladder) to denote M + 1 + (M o (Id + 1)) One defines:
(AL)(z,e) = I (AL)(z,e) + 1. (1) and (2) are trivially fulfilled.

Case 3. A # 0; we shall use the following abisses of notations:

— T and [-]- are used for all rungs that may occur; we assume that it is

clear from the context which rung these notions are part from.

— When we use (x,c), then ¢ is considered as a finite sequence (z;);cx of
ordinals < z (and for instance it is possible to replace (z,¢) by (y,c)

when y > x....

We define K’ = K U{k}, where k is a new point. If z < T'(A), then we
define (V,d.), an object of K’ — ON, as follows:

— d (k') =d(kK') when k' € K.
— d (k) = z.
(More generally, if (z, e) is an element of K — ON, we define, for all z < z,

an element (z,e,) of K" — ON, by e, (k') = e(k’) when k' € K, e, (k) = z.)

9.A.25. Lemma.
If T(A) # 0, and z < T(A), then there is a (unique) K" < (V,d,)-ladder
L, such that: L,(V,d,) = L(V,d)([A] (z+1) —1).

Proof. Assume that (x,¢’) is an element of K/ — ON < (V.d,); then €
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can be uniquely written as e,/, for some e and some 2. We claim, that (if

Ape = ||L(z,e)]]) 2/ <T(Aze).

(Proof. In fact we have the following possibilities for the ordinal T'(A, .):

(i) ko € K Vo Ve T(A,.) = e(ko)

(i) Jko € K Vo Vy T(A.) = (k:o) +1
(iii) Vx Ve T(Aze) =

(iv) Vz Ve T(Aze) =

(see Exercise 9.B.5 for instance); then z < T(A) = T(Ayy) and h €
I(z,e.; V,d,) implies 2 < T'(A,.):

(i) If T(A) = d(ko), then z < d(ko) = hi(ko); but z = h(z') hence
2 < e(ko) =T (Aze)

(ii) If T(A) = d(ko) + 1, then h(2") < he(ko)+ 1, hence 2’ < e(ko)+1 =
T(A,.)

(iv) f T(Z) =V, then 2 < x =T (A,.). 0)

Then it is possible to define R, .. = L(x,e)] ([Aze] (¥ +1) —1). We claim
that, when h € I(x, e, ; V,d,), then h™! (LZ(V, dz)) = R, ... This is com-
pletely immediate.... From that it follows that L, (e, 2’) = R, .. defines a
K'— ON < (V,d,)-ladder. O

Observe that L,(V,d,) = [A] (2 4+ 1) — 1 < A, hence we may use the
induction hypothesis on L,: then we must distinguish two subcases
1. 0 <T(A) < V: if (x,e) is an object of K — ON < (V,d), define
(AL)(z,e) as follows:
ALY (el = sup ([[(O(ALe.)) (@, e
el

2<T(||L(V,

+1)

where L, is the unique K’ < (V, ez)—ladder such that
Les(Viex) = LVl (IL(V.e)]]] (= +1) = 1)

= (9(ALe.))(z, e.)

T(|(AL) (. e))) = T(|L (. )]) = T(ILV:e)])

IADG et = sup (|(FAL) ()] +1)

(A )@, el [9(ALe)) (2, )
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The fact that this defines a K < (V, d)-ladder, and that (1) and (2) hold,
is immediate.

2. T(A) =V: we define

ALY, e) = sup ([[(9(ALe.))(x.e2)

z<x

+1)

T(IAL) (@, e)])) = =

the rest of the definition being exactly as in subcase 1 above. 1 and 2 are

immediate... . O

9.A.26. Definition.
Let R = (V,r,T,[]-) be a rung of type V', where V' is a regular cardinal;

then we define the following hierarchies of functions from V' to V:

(i) If r =0, then

(ii) If r # 0, and r is a successor; then define R' = R[r — 1; then
V(@) =vp@) +1  Ag(z) = (9(An)) (@) + 1.

(Here 9(f)(x) = f(x) + 1+ f(z+1).)

(iii) If » # 0, and T'(r) is limit and < V; then define, for all z < T'(r):
R, =Rl[r]z

Yr(®) = sup g (¥)  Ar(r)= sup Ag.(2).
2<T(r) 2<T(r)

(iv) If r #4 0 and T'(r) =V, then, with R, as in (iii):

Yr(®) =Yg, (®)  Ar(z) = Ag,(2) .

9.A.27. Remarks.
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(i) The important case is of course when V' = w; when R is a rung of
type w and R is recursive enough, then the structure obtained from R
by considering only the fundamental sequences of length w, is likely
to belong to O! Then we see that our definitions of A and ~ in the

context of O and in the context of rungs of type w coincide... .

(ii) The case V # w is of course less interesting; the hierarchy Ag is of
course (one of) the (many variants of) Bachmann hierarchy, adapted

to rungs....

9.A.28. Proposition.
Let L be a K < (V,d)-ladder, let z > sup (rg(d)); then:

©) Yrwa(e) = Lz, d).
(i) Apvay(x) = [[(AL)(z, d)].

Proof. (i) and (ii) are proved by induction on A = |[(L(V,d)].

(i): 1. If A= 0, then L(V,d) = Oy,and L(x,d) = 0,; hence v .4 (7) =
0= [[L(z,d)]-

2. f A= B+ 1, and T(A) = 0, then define a K < (V,d)-ladder L’ by:
L = L' + 1; the induction hypothesis yields v, y.q (7) = [[L/(x, d)]|, hence

Yewa (@) =Ypwa(e) +1=|L(z,d[ +1=|L(z,d)] .

3. If A= B+ 1, and T(A) = t + 1; then define (with K’ = K U {k},
k¢ K) d from K’ to V, which extends d, by d'(k) = t. We have already
remarked (see the proof in the proof of 9.A.25) that T'(A) < x, hence it
follows that (x,d') is an object of K’ — ON < (V,d'); define a K’ < (V,d')-
ladder L’ by:

L'(V,d')= L(V,d) B
and apply the induction hypothesis: we get
Yewa)(®) = Yo (@) + 1 =L (", d)| +1=|L(z,d)] .

4. If A is limit, and T(A) < V; then, given t < T'(A), define d; from
K’ to V, extending d, by d;(k) = t; define a K’ < (V,d,)-ladder L, by:
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Ly(V,dy) = L(V,d) [A]t
and apply the induction hypothesis: we get

Yeva)() = sup Y vay(x) = sup  ||Li(z, d)|| = || Lz, d)||
t<T(A) t<T(A)

(using the fact that T'(||L(x,d)||) = T(||L(V,d)]])).
5. If Ais limit, and T'(A) = V, then define K’ and d; exactly as above,
when t < z; we define the K’ < (V,d;)-ladders L, by:

Ly(V,dy) = LV, d)I ([A] (£ +1) = 1) .
Then, using the induction hypothesis, we obtain:

Yo (T) = sup (Yp,man(®) +1) =
t<z

sup || Ly(x, dy)|| +1 = || L(z, )| -

t<x

(i) is left to the reader. O

9.A.29. Corollary (theorem of comparison of hierarchies; Girard [5]).
Let L be a ladder; then

ALv) = Yanw) -

Proof. First, we must explain the meaning of “AL”: if one restricts L
to the category ON < W (= ) — ON < (W,())), then AL is defined as a
0 < (W, 0)-ladder, i.e. a < W-ladder. Using Property 1 of the Construction
9.A.24, it follows that the values (AL)(z) are independent of the choice of
W > x.... The proof is a trivial consequence of 9.A.28:

Arwy (@) = [[(AL) (@) = Yy (@) -
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9.A.30. Discussion.
The result 9.A.29 must be slightly modified in order to obtain results of

the form:

77];7 = )\7710—1

for p=0,1,2,... (recall that n_; = ¢9).
Let us look more closely at the case p = 0; in fact, we are more inter-

ested in the equality

(1) A9 = Ve
w®@ " ptimes
where 7y is an element of O, defined as in 5.A.7 (ii).
The reason for preferring this formulation is clear: the provably total

recursive functions of PA are exactly those bounded by some A, (with

w)
Wy, = w® R times), hence they are exactly the functions bounded by

some 7[770] n*

Let us now detail how one can use 9.A.29 to obtain 1:

1. Consider Lo(x) =z, Lys1(7) = Ly(x) + 2@, Then L, ;(w) is a rung
of height w,,; also, it is plain that, if one considers only the fundamental
sequences of length w, L, i(w) can be viewed as an element w, of
O, with |lw,|| = w,. (All one has to do is to select indices for the

fundamental sequences; this is perfectly straightforward....)

2. In the same way (AL,)(w) is a rung of type w; it is not difficult to get

from this an element [1y] n of O, in a way similar to 1.

3. Observe that:

In the general case of 7),, see Exercise 9.B.9.
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Annex 9.B. Exercises

9.B.1. The categories K — ON.

(i)

(i

(iii)

Define the sum of categories in the obvious way. Show that the
category K — ON (9.A.15) is the sum of full subcategories of the
form n — ON. (n — ON is defined by:

objects: pairs (x,d) with d € I(n, z).
morphisms: I(x,d; 2',d’) as in 9.A.15.)

Show that the categories n — ON are isomorphic to the categories
ONn+1.

Let D be a strongly homogeneous quasi-dendroid, and let s = (z, ...,
Tn-1) € D*; let ag,...,ap,—; be the underlined elements of s, listed
in strictly increasing order; if (xz,d) € p — ON, define F(z,d) =
{s'; s’ € D°(z) A s’ extends (z}, ...,z _;)}, where z’ = x; when z; is

not underlined, and z} = d(j) when z; = a;. Extend F' into a functor

from p — ON to QDN preserving direct limits and pull-backs.

If D=BCH,(A) (A € DIL), construct, given s € D*, F' as in (iii),
and let B = LIN,(F'). Show that B preserves direct limits and pull-
backs. Using (ii) transform B into a functor B’ from ON**! to ON

preserving lim and A (“dilator in p + 1 variables”). In particular

—

consider the cases:

1. s = (z9) (hence p = 0): relation of B’ to the decomposition of A

n sum.

2. s = (xg,2;) when A is of kind Q, and xy = max{z; (z) € D*}:
relation of B’ to the functor SEP(A).

(Remark. The construction of B' from A is an alternative concept of prede-

cessor, which can be used to replace the one that we have defined here; there

are two inconveniences in using this concept: 1. we must use p+ 1-variable

dilators; 2. these predecessors do not define a well-founded relation as it

stands... .)
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9.B.2. Ladders and dilators.

(i) If L is a ladder, define a functor ||L|| from ON to ON by:

LI (z) = |L@)[| LI (f) = [lmF?)] if £ e I(z,y) .

Show that ||L] is a dilator. Can all dilators be put under the form
||L|| for some ladder L7

(ii) Construct a functor ||A]| from DIL to DIL preserving direct limits
and pull-backs, and such that ||A|| ||Z|| = ||AL]|.

(Remark. ||A|| is the typical example of a variant of A.)

9.B.3. Variants of A.
(i) If Fis a dilator, define a functor G from ON? to ON by:

G(z,0) = F(x) G(f, Eo) = F(f)
Glz,y+1) = Glz,y) + F(Gx,y))  G(f.g+E1) =
G(f.g +F( )

It f e I(x,2), g € I(y,y), then G(f,g + Ep) =
OF(G(m,ﬂ,)), G(anUp(yz’D = Sup(G(I Yi) ) (f U gz)

g:). Show that G preserves direct limits and pull—backs, and that G
is a bilator when F' # 0. We set IT(F)(z) = G(z,z), IT(F)(f) =
G(f, f). Define, when T' € I(F,F"), IT(T), in such a way that IT
becomes a functor from DIL to DIL preserving lim and A. (IT

—

(f g)
E

stands for “iteration*.)

(ii) Show the existence of a functor A' from DIL to DIL preserving
direct limits and pull-backs and s.t.:
A0=1
A'(F+1) =IT(A'F)
SEP(A'F)(-,y) = A'(SEP(F)(-,y)) .
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(iii) Show the existence of a functor A® from DIL to DIL preserving
direct limits and pull-backs, and s.t.:

A®) = 1d
AR(F+1) =A®F 41+ ®(F)
SEP(A®F)(-,y) = AP (SEP(F))(-y)

where @ is a given functor from DIL to DIL preserving lim and

—

A (ptyx of type (O — O) — (O — O)).

(Remark. (i1i) is a typical example of primitive recursion on dilators; one

can for instance consider the particular cases:
®(F)=Gyo F Gy fixed dilator
&(F)=A%(F), ete...

9.B.4. Variant of A.
(i) Assume that L is a ladder; define for all z and y rungs M (z,y) by:
M (z,0) = L(0)+1;

M (@, y)ll = sup (IM(z,2)]| + 1+ ILOIM (@, 2)])]| + 1)

M, ) (|M (2, 2)| + 1+ | LM (2, 2)D]]) =

M(z,z) + 1+ L(|M(z, 2)|)

T(|M(z,y)ll) =y, [[IM(z,y)ll]z=l(z,2)] -
Prove that IT(L)(z) = M(z, z) defines a ladder.

(ii) Prove the analogue of the hierarchy tehorem for the original Grze-
gorczyk hierarchy:

Ap(x) =27
Ao (z) = A (@) + 1+ it(A)) + 1

)\;(l’) = /[a] x('r)
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where it(f) stands for a function obtained by iterating f:

t(f)(0) = f(0) +1;
it(f) (@ +1) = it(f)(@) + 1+ f(it(f) (@) + 1.

9.B.5. More about rungs.

(i)

(iii)

Using 9.A.23, show that, when L is a K-ladder, and z = || L(z,d)||,

then we have only the following possibilities:

1. T(z) =0 and T(m?(y’e)(z)) =0forall fe€I(zx,d;y,e) and all y,

e.

2. T(z) =z and T(m?(y’e)(z)) =y....

3. T(z) = d(i) for some ¢ € K, and T(m]Lc(y’e)(z)) = f(T(z))

4. T(z) = d(i) + 1 for some i € K, and T(m]Lc(y’e)(z)) = f(T(z))

If L is a ladder and z < ||L(z)|| show that one of the following holds:

L. [#|T(2) <z < [¢](T(2) + 1) for some 2’ > z; in that case show
that T(mf?(y)(z» = f(T(z)) for all y and f € I(x,y).

2. T(z) = x; in that case show that T(m?(y)(z» =qy....

3. If 1 and 2 fail, show that 7'(z) is either 0 or a successor, and that
in both cases T(mji(y)(z)) = f(T(z)) :

(Hint. Use 9.A.23.)

In general, if L is a K-ladder, show that all points z < || L(z, d)|| can
be said to be of type I or of type II; this means that, for all y, e and
fel(,d;ye):

o If 2 is of type I, then 2/ = m?(y’e)(z) is of type I and T'(2') =
(f +E1)(7(2)).
e If z is of type II, then 2’ = mJLc(y’e)(z) is of type II and T'(2') =

F(1(2)).
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(iv) Assume that L is a K-ladder; define a K-ladder L' as follows: in
L(z,d), if z is of type II, let T"(z) = 0, [2/]0 = 2z, T and | | being
unchanged for type I points. Check that L’ is a K-ladder.

(Hint. Use 9.A.23.)

9.B.6. Nice flowers.
Assume that F' is a flower; show the existence of an integer k such that
F o (k+1d) is a nice flower.

9.B.7. Products without nicety.

Consider F' =2 - Id, and T' = (Ef; + E))Ejy, ie. T € I'(Id, F), T'(x)(2) =
2z + 1. Define F,, = F o ... o F (n times), and T,,41 € I'(F,, F,41) by
Thni1 = Er, oT. Define from that T},,,, when n < m. Show that the direct
limit of (F,,, Ty,) in PIL is the predilator @ - Id (@ is the order opposite

to w).

9.B.8. Regularity (Boquin [94]).

We consider the category ON defined by:

objects: ordinals.

morphisms from x to y: the set I(x,y) of all f € I(x,y) s.t. f+Ejis a

continuous function from x + 1 to y + 1.

A regular dilator is a dilator which sends ON into ON. If D and
D’ are regular dilators, then I'(D, D’) is the set of all T € I'(D, D’) s.t.
T(z) € I(D(x), D'(x)) for all = € On.
(i)  Let F be a regular dilator, and let D = BCH,(1+ F +1); if s =
(o, ..oy Tan—1) € D* — D, we consider the sets T'(s) = {u; (o, ...,
Ton—1,u) € D*} and U(s) = {u; (xg, ..., xon—_1,u) € D}. Prove that
1. 0 € U(s); from that conclude that Vs’ € D* of the form (zg, ...,
xh, 1), T(s') is an ordinal.

2. T'(s) is not a limit ordinal; furthermore, its greatest element is
in Ul(s).

3. If u € T(s) — U(s), then u = «' 4+ 1, for some v’ € U(s) (3
implies 1).
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(iv)

9. Dilators as well-ordered classes

(Hint. The proof consists in exhibiting limit points in some F(z),
and looking at their images under F(f), for an appropriate f. The
replacement of F' by 1+ F +1 is needed to ensure 1, 2 for s = ()....
1 is proved by considering first the case xo,_1 limit, and the small-
est point in D°(x) of the form s * t...t must be (0).

2 is proved by considering (xg, ..., Ton—2,Tan—1 + 1,0) € D, and
showing that this point cannot be a limit...! The same thing must
hold for all points D°(f)(s)....

3. Replace s by D°(f)(s) = (x, ..., xh,,_1), and show that the small-

estt s.t. (x},...,xh, ) * t € D°(x) cannot be a limit... .)

Show conversely that, if D = BCH,(1 + F' + 1) enjoys 1-3, then

F' is a regular dilator.

Assume that T € I'(F, F’), and consider the function f = BCH,
(Ey+T+E,) from BCH,(1+ F+1) (= D) to BCHy(1+ F'+1)
(= D'). Show that T € I'(F, F") iff:

1. f({xo, e, T2n—1,0)) = f*({x0, ..., Tan_1)) * (0).
2. fu g U(s) (in D), u < T(s), then

fls x {u+1)) = f*(s) * v+ 1) (if f*(s x (w)) = [*(s) * (v)).
3. If u e T(s), u limit (in D), then

f(s * (u)) = sup fr(s) () (f f7(s % (u)) = f7(s) * (V).
If F' is a regular flower, show that F' is nice; same question when
T € I'(F,F') and F, F’ are regular flowers. When F is a regular

flower, what are the points in I*(Id, F') ? Show that a flower F is
regular iff it is of the form a + / (1+ G +1) for some regular G.

Show that the functor length LH, when restricted to regular bila-

tors and regular morphisms of dilators, preserves pull-backs.

Consider a sum F = Z F; of regular dilators; when is such a sum
1<x
regular? Similar question for a sum Z T; of regular morphisms.
i<f
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(vii) There is an obvious concept of regular bilator; regular bilators are
always nice; show that the functors SEP and UN can still be de-
fined on regular objects.

(Hint. Define a natural transformation T' from SEP(F') to F o A,
with A(x,y) = y+ 1+ z, and show that rg(T(m,y)) is a closed
subset of F o A(z,y)....)

Remark. Regular dilators are certainly a more effective, more regu-
lar (1) concept than dilators. For instance the disturbing features of
dilators such as non preservation of pull-backs disappear with reg-
ular dilators; from this, for instance, the kind of a dilator becomes
more easily computable (see (viii) below).... Moreover, since regu-
lar bilators are nice, it is likely that a simplified version of A can be
defined on regular dilators, taking its value among regular bilators:

the essential simplification would be:

(AF)(z.y) = (ASEP(F)(3))(x.0)

(AF)(f,9) = (ASEP(F)(,9)) (£, Eo)

(AT)(z,) = (ASEP(T)(-,))(z,0) .

However, the structure of reqular dilators is slightly less “alge-
braic” than the structure of dilators, and for this reason, I so not

think that dilators must be replaced by regular dilators everywhere... .

of course the replacement is made possible by the property:

(viii) If F is a dilator, construct a regular dilator F’ together with T" €
I'(F, F").

(ix) If F is a regular dilator; show that

e F(1)=0— F of kind 0.
e F(1) limit — F of kind w.

e F'(1) successor — F of kind 1 or €2; the distinction between these

two subcases is obtained by looking at F'(Eq ).

9.B.9. About the 7,’s.
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(i) From the definition of 7,, conclude that n, = A(...(A L)...) where L
———

p+1 times

is a ladder s.t. ||L(w)|| = €0, that the reader will explicitly define.

(ii) Conclude that v, = A

Tp—1°

(iii) Prove a similar result involving on one hand ordinals < 7,, and or-
dinals < 7,_; on the other hand, on the model of what we did for
p=01in 9.A.30.

CHAPTER 10
THE B-RULE

Mostowski introduced the concept of B-model, ([95]), a generaliza-
tion of the concept of w-model: an w-model of PRA? is a B-model (in
Mostowski’s sense) iff the following holds: as soon as m = WO(f), then
f is (the characteristic function of) a well-order. Mostowski raised the
question of finding a syntactic characterization of truth in all 8-models of
a given theory. What rendered the question delicate is the fact that truth
in all B-models is II} complete, hence Mostowski’s problem could not be
solved by means of w-logic, i.e. II} methods.

I solved this question in 1978; the syntactic characterization makes
use of a functorial concept of B-proof; our notion of B-model is slightly
different from Mostowski’s original formulation, but one can easily show
that our concept solves Mostowski’s problem in the original formulation.

We shall first prove the (3-completeness theorem for a rather simple
formulation of B-logic, and then we shall consider more general situations

and the corresponding completeness theorems... .

10.1. The B-completeness theorem

10.1.1. Definition.

(i) A B-language is a language L with a distinguished type o (the type
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of ordinals), together with a distinguished predicate <© (with two
places of type o) and such that the only terms of L of type o are
variables. When we speak of a formula of L, we always assume that

it has no free variables of type o.

(ii) Assume that L is a B-language; a (B-theory(in the language L) is
simply a theory whose underlying language is L.

(iii) If L is a B-language, then a B-model of L is a model of L in
the usual sense, such that m(o) is equal to some ordinal «, and
mE( <% (< Eforall (€ < a a=0is allowed; this is
in contradiction with the familiar definition of “model”, where one
assumes that m(7) # () for all 7. A B-model of T is a B-model of

L in which (the closures of) all axioms of T are true.

10.1.2. Definition.
Let T' be (B-theory; then a formula A of L is B-valid in T iff every closed

instantiation A’ of A in L [m] is true in m, where m is an arbitrary 3-

B
model of T. T + A means “A is B-valid in T”.

10.1.3. Example.

The example we are giving is not particularly elegant, but it has the ad-
vantage of bridging our concept of B-model with Mostowski’s original def-
inition. (The most interesting examples of B-theories will be found in the
next chapter: they are connected with the treatment of theories of induc-
IZW; we also
add the predicate letter <@, and a predicate letter R with three places of

tive definitions by means of B-logic.) Let us add the type o to L

respective types (2),

bi and o, and we consider the axioms:
VzOVzO(R(f,y,x) A R(f,y,2') — = 2a')
32© R(f,y, )
VeOYzO(WO(f) N fly,y) =0Ay #Y AR(fy,2) A

R(f,y,2) = =(a" <9 x).



208

10. The (-rule

(These axioms express the existence, when f is a well-order, of a strictly

increasing function from f to o.) Now remark that:

(i)

(i)

(i)

Every model of this theory yields, when restricted to the language

L?., a B-model in the sense of Mostowski: if m = WO(f), then
one can define a strictly increasing function h from f to m(o) by
h(y) = z < m |= R(f,¥,7); since m(o) is an ordinal, f is a well-
order. m is an w-model: if f is the characteristic function of the
usual ordering of the integers, then the fact that WO(f) is provable
in PRA? entails the existence of a strictly increasing function from

m(m) to m(o), and this forces m(¢) to be order isomorphic to w.

Conversely, given a B-model of PRA? in the sense of Mostowski,
consider the ordinal a = sup || R||, where R varies through the rela-
tions of the form m = f(z,y) = 0, for some f? € |m|( such that
m |= WO(f). Define R(f,7,Z) to be true iff:

— either =WO(f) and z is 0.

— or WO(f) and z is the order type of the set of predecessors of y,
w.r.t. f.

Remarks (i) and (ii) clearly show that A is true in all B-models of
PRAZ? in the sense of Mostowski iff A is B-valid in the theory we just
constructed.... Hence any syntactic characterization of B-validity

will induce a solution of Mostowski’s problem.

10.1.4. Remark.

There are many similarities between w-logic and B-logic. One can surely

mix these concepts, and obtain a notion of “Bw-logic”; the question is “Is
it good taste to do that?”

(i)

(i)

In most situations, the combination B-logic + w-logic is fairly good:
it enables us to concentrate on questions concerning 3-logic, without

bothering about integers.

However, w-logic can be eliminated by an adequate choce of the

formalism. For the most subtle applications, e.g. cut-elimination,
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the choice of a specific expression of the w-rule by means of the 3-
rule is a delicate subject; in fact the results of the next chapter, on
inductive definitions, will enable us to express the w-rule by means

of the B-rule in a completely satisfactory way.

(iii) Hence the combination 3-logic + w-logic can be used for rough work;

but something is gained by the elimination of w-logic... .

10.1.5. Theorem.

B
(i) Assume that T is a prim. rec. B-theory; then the set {[A]; T F A}
is TIL.

(ii) It is possible to choose a prim. rec. B-theory T in such a way that

B
the set {[A]; T F A} is [Ii-complete (see Remark 6.1.5).

B
Proof. (i) T F+ A can be written
Vm(m is a B-model of T — m = A) .

(As in 6.1.4, we assume for simplicity that A is closed, and that all axioms
of T are closed.)

It suffices to restrict our attention to denumerable B-models.

(Proof. If m is a B-model of T'+ —A, then by the Lowenheim-Skolem the-
orem, one can find a denumerable submodel n of m, which is still a model
of T+ —A. n(o), which is a subset of the ordinal m(o) is isomorphic to
an ordinal, hence n is isomorphic to a 8-model n’, hence we have found a
denumerable 3-model of T' + —A. 0)

On the model of 6.1.4, we introduce a formula C(f): VB(B is an ax-
iom of T — f(B) = 0) A VB(f(ﬂB) — f(B)) AVBYC(f(B A

C) = sup(f(B), f(C)) A f(BV C) = inf < ). F(C)) A F(B — C) =
inf(1 — f(B), f(C))) /\VBVT(f(VxTB( ))) = sup{f(B@l));n €
N} A
F(32TB(T)) =inf {f(B@])); n € N}AYgIn(f(z], ) <O 2T, ) =
1)ALO(<9). (The last conjunct is a formula expressing that <© is a linear

‘]h
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oder, whereas the last but one conjunct expresses that there is no s.d.s. for

B
<9 ie.that <9isawell-order.) Clearly T + Aiff Vf(C(f) — f(A) =0);

now, C'(f) (more precisely its precise formulation by means of Gédel num-

berings) is 1T}, and it follows that T E Ais TI.

(ii) Let T be the theory of Example 10.1.3 plus the axiom (%9 — C A*).
Assume that A = Vf B(f) is a closed II} formula; then by the results of
Chapter 5, one can find a term ¢(f) such that the equivalence WO (t( f )) -
=B(f) is provable in PRA? + (X! — C A*), hence B-valid in T.

Assume that A is true; if m is a B-model of T', and f is an element of
m of type (1), then m = WO (t(f)) — t(f) is the characteristic function
of a well-order, i.e. =B(f). Hence, if m = 3f =B(f), =A holds: hence
A—-mfE A

Conversely, if A is true in all B-models of T, then A is true in all 8-
models of T in Mostowski’s sense, hence A is true in the standard model,

i.e. A is true.

Hence we have shown that, when A is a closed II3 formula, A < T + A.
Now, if X is a IT} subset of IV, i.e. n € X « A(n) for a suitable IT} formula
A, then

B
neX T F An).

B
Hence the set Xg = {[A]; T F A} is II3-complete: Xy is II3 by (i), and

if X is any II} subset of IV, one can find a prim. rec. function f such that
neX < f(n)e X
(take f(n) = Sub([A], [zo], [1])). O

10.1.6. Definition.

(i) Assume that L is a B-language, and let a be an ordinal; one defines a
language L [a] by adding to L constants ( for all { < a. (Since L [a]
contains constants of type o, this language is not a 3-language. But

free variables of type o are not allowed in L [a].)
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(ii) The sequent calculus LK, is defined as follows: the sequents are made

of formulas of L [o]; LK, uses the following specific rules:
+ Axioms: F ( <2 € when (< ¢<a
£ <9 (F whené<(<a

+ Logical rules for Vo and Jo: these rules are akin to the rules for VL
and 4L in w-logic:

~THA),A ... (all ¢ > a) A F A
rVo Vo
[+ Va© A(29), A [,Va© A(z%) F A
' A(),A LA FA L (Al ¢ < a)
rJo [Jo
[F 329 A(29), A [, 329 A(z%) F A

10.1.7. Remark.
A trivial solution to the problem of characterizing (3-validity is the follow-
ing: A is B-valid in T iff for all o, at first sight: “for all denumerable o”, A
is provable in T' 4+ LK,. With this solution, a B-proof is a family 7, )acon
of proofs, such that 7, is a proof of H A in T 4+ LK,,.

This solution cannot be accepted, because such a family () is not a

syntactic object, even with a very liberal acceptation of “syntactic”:

(i) When « is an ordinal, 7, must be “a-recursive” or “recursive in
«”; the concepts available in the literature on a-recursion are not
precisely effective ... i.e. we have a problem as to the sense in which

T, is “syntactic”.

(ii) But the idea of a family of proofs indexed by the class of all ordinals
is, syntactically speaking, a monstrosity: the family of all B-models
of T is an acceptable syntactic object as well, if one is ready to accept

such families of proofs as syntactic objects!

(iii) However, this vulgar solution to the question of B-completeness can
be used as a starting point: we must generate the family (m,) in

an effective way; in fact observe that objection (i) does not hold for
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finite a’s, since for n < w 7, is a finite proof, and is therefore purely
syntactic. Furthermore the family (7,),<., is certainly enumerable
by a prim. rec. function. Hence all our task will be to “extend” the
family (7, )<, by an effective procedure to a family (74 )acon. The

construction uses direct limits... .

10.1.8. Definition.
Let us restate the concept of a proof in LK, in a way akin to 6.1.8:

A proof in LK, is a pair (D, ), where:
(i) D is a quasi-dendroid of type .
(ii) s*(n)eD*An<n—sx(n)eD*An<2.

(iii) ¢ is a function whose domain is D* and such that, for all ¢ € D*

one of the following holds:

(1) () = ([Az],[TFAY) and T Ais A A, or F € < ¢ for some
¢ and (¢ such that € < ¢ < aor £ < { F for some ¢ and ¢ such
that ¢ < £ < «; furthermore t € D.

(2) o(t) = ([rA], [T, AFAAB,A/Il]) and t * (0) € D* and ¢t % (1) €
D* and t % (2) ¢ D*, and (go(t * (0)))1 = [I' F A A] and
(tp(t * (1 ))1 = [A F B,II] (for some sequents I' - A, A and
A F B,1I of L [a]; we shall not mention this any longer...).

(3) @(t) = ([LIN],[T,ANBF Al]) and t % (0) € D* and t % (1) & D*
and go(t * (0)))1 =[IAFA]....

(4) o(t) = ([I2N], [T, AANBF Al) and ¢t * (0) € D* and t = (1) & D*
and gp(t * (0)))1 =[I'BF A]....

(5) p(t) =([r1V],[TF AVB,Al)and t * (0) € D* and t * (1) &€ D*
and (p(t % (0))), = [T A, A

(6) w(t) =([r2v],[I’'F AVB,Al])and t % (0) € D* and t % (1) & D*
and (o(¢ % (0))), = [T+ B, A]....

(7) p(t) = ([IV],[T,A,AV B+ A/TI]) and ¢t * (0) € D* and t
(1) € D* and ¢ * (2) & D* (o(t * (0))), = [T, A+ A] and

(p(t + (1)), =1\, BFIT)....



The (-completeness theorem 213

(8) w(t) = ([r—], [T F —A A]) and t * (0) € D* and ¢ * (1) & D*
and (go(t O))) [T, AR A

(9) ¢(t) = ([I=],[T-AF A]) and ¢ * (0) € D* and ¢ * (1) € D* and
(gp(t * (O))) [T,k A AT

(10) p(t) =([r —=],[TFA— B,A])and t * (0) € D* and t * (1) &
D*and (ot % (0))), = [T, A+ B,A]....

(11) p(t) = ([l —=],[TA,A — B + A/II]) and ¢t * (0) € D* and
t+ (1) ¢ D" and t % (2) & D* and (p(t * (0))) = [T'F A A]
and (p(t * (0))), = [A, BF1I]....

(12) ¢(t) = ([r¥o], [Tk V22 A(x®),A]) and t = (€) € D* and (p(t *
(), = [T F A(z), Al for all € < a...

(13) () = ([rVT] T+ vaT A(2T),Al) and t x (0) € D* and

x (1) & (gp(t * (0)))1 = [T'F A(y), A] for some y such
that Vo A( ) Vy A(y), and y not free in I' = A and T # o.

(14) ¢(t) = ([Iv7], [T,V2T A(zT) F A]) and ¢ * (0) € D* and ¢ *
(1) ¢ D* and (gp(t * (0)))1 = [T, A(u) - A] for some term u of
tupe T, substituable for 27 in A.... (If 7 = o, u must be equal
to &, for some & < a.)

(15) o(t) = ([r37], [T F F2T A(zT),A]) and t,%(0) € D* and t =
(1) ¢ D* and (ap(t * (O)))1 = [T' F A(u), A] for some term u
substitutable for z7 in A.... (If 7 = o, u must be equal to &, for
some £ < a.)

(16) ¢(t) = ([13o], [T, 322 A(c®) + A]) and t * (§) € D* and (gp(t *
€))), = [T, A©) F Al for all € < a..

(17) o(t) = ([137],[T,3zT A(zT) - A]) and t * (0) € D* and ¢ =
(1) € D* and (gp(t * (0)))1 = [, A(y) - Al for some y such that
Vo A(x) ~Vy A(y), and y not free in I' - A and 7 # o....

(18) w(t) = ([rW],[I' - A,A]) and t * (0) € D* and t * (1) & D*
and (np(t * (O)))1 =[I'FA]...

(19) p(t) = ([IW],[T,AF A]) and ¢t x (0) € D* and t * (1) & D*
and (p(t * (0))), = [T+ A]....
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(20) p(t) =([rE],[TFA"B,A;A"]) and t x (0) € D* and t % (1) &

@ (
D*and (p(t * (0))), = [TF A, A B,A"]....

o(t) = ([IE], [T",B,A,T"F A]) and t * (0) € D* and t * (1) &
D*and (ot * (1)), = [T, 4, B,T" F Al....

(t) =([rC],[TF A /A]) and ¢t * (0) € D* and t * (1) € D* and
0))), =T+ A AA]..
[

IC],[TAF Al) and t % (0) € D*and t * (1) ¢ D* and
0))), =T, A, AFA]..

(24) o(t) = ([Cut], [T,A F A/II]) and ¢t = (0) € D* and t % (1) €
D* and t * (2) ¢ D* and (gp(t * (0)))1 = [I' - A A] and

(o(t = (), = [AAFI]....

10.1.9. Remarks.

(i)  We use the symbols | | to denote some kind of Gédel numbering for
the rules ([ Az], ..., [Cut]) and for the formulas and sequents of L [a/;
this Godel numbering has not yet been defined; of course the diffi-
culty comes from the parameters ¢ < o, which make impossible any
attempt to Godel number formulas of L [o] by means of integers... .

1+«

We use ordinals < w'*® to Gédel number expressions of L [a]:

“+a

— Observe that finite sequences of ordinals < w!*® can be encoded

by means of ordinals < w!™: let yo,...,yn—1 be such a sequence
and write y; = w™ - al +...+w - al +b;, with a}, ..., a?, b; integers,
and z1 > ... > x, > 0; then we define (yo, ..., yo_1) to be w™ - Al +
ot w™ - AP+ B, with B = (b, ..., by_) = pbott - phitt. . phe
@ -pf{i:f -1

ak
and AF = P’ - D1

— The Godel numbers of the symbols of L are defined as usual: they
are integers; the Godel number of the constant £ < « is defined to

be wits.

— Godel numbers for expressions of L [a] are obtained by means of
the function (-, ..., ) defined above.
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(ii) It is certainly necessary to be more precise when naming our rules in
10.1.8; especially the rules (Vo) and (rdo) must be carefully Godel
numbered: for instance the Godel number assigned to an instance of
(IVo) acting on & could be (14, w'*)....

(iii) Our Gédel numbering and the function ( ) are “functorial”: this

will clearly appear later on ... (10.1.12).

10.1.11. Definition.
Let m = (D, ) be a a’-proof an assume that f € I(«,’); then we even-

tually define an a-proof /' = (D, ) as follows:
— /D is defined as in 8.D.6.

— J¢ is the function making the following diagram commutative,

D
D Ky D
T o
wlite wl—i—a/
witf

if such a function exists; /¢ is not defined otherwise.

10.1.12. Remark.

The Godel numbering is functorial in the following sense: assume that
f € I(a,a’) and that A € L [a]; let B be the formula obtained from A by
replacing all parameters & (with & < a by f(€); then

[B] =w™/([A]) .

Now, it is not hard to restate 10.1.11 in a more familiar language: we start

with an o’-proof and

(i) first we cut all premises of index & € rg(f) (and what is above those
premises) in all rules (Vo) and (/Jo): this is a process of mutilation,
familiar from dendroids (in fact dendroids, quasi-dendroids, homoge-

neous trees ... were built up on the model of a-proofs...).
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(i) in the mutilated proof, if there remains parameters &, with & € rg(f),
then /7 cannot be defined; otherwise, replace systematicaly all pa-

rameters f(&) by &: the resulting proof is /. See examples below.
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10.1.13. Examples.

(i) Consider the w-proof (there is an ambiguity between “w-proof” in the

sense of Chapter 6 and in the sense of “a-proof” with o = w...):

Consider the function f € I(w,w) defined by f(n) = 2n; then what

remains after mutilation w.r.t. f is:

2<0F 4<2F 6<4+tk
T r r—
|——|(Q§(_)) I—ﬁ(Zlgi) l——|(6§1)
rdo rdo rdo
= 3y?-(y < 0) F 3% -(y <2) F 32—y <4)

All parameters that remain in the mutilated proof are in rg(f); hence

it is possible to define /7 by replacing everywhere 2n by 7n:

1<0F 2<1F 3<2+
T T T

- (1<) - o2 <) - -3 <2)
rdo rdo rdo
= 3% —-(y < 0) 3% -(y <1) 30y <2) ..

rVo
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Consider now the function g € I(w,w) defined by f(n) = 3n; then

what remains after mutilation w.r.t. g is:

2<0F 5<3 k-
r— re
|——\(2§6) |——|(5§§))
rdo rdo
= 3y%-(y <0) = 3y°-(y < 3)

V22 3y ~(y < z)

In this mutilated proof, parameters 2, 5, ... which are not in rg(g) still
occur, hence 97t does not exist.

If h € I(n,w), then the parameter h(n — 1) + 2 occurs in 7 after
mutilation w.r.t. h, and so "7 is immediate from a semantic viewpoint:
there is no n-proof, when n # 0, of V293y° —(y < ) since this

formula expresses that o is void or a limit ordinal... .

(ii) But the most important example is given by the principle of transfi-
nite induction; it is not an exaggeration to say that B-logic is intro-
duced in the purpose of giving a purely logical proof of this principle!
Let A be a formula of L with a free variable of tyep o. We consider
the formula Prog(A):

Vx‘)(Vyo(x <yV A(y)) — A(x)) .

Then we define by induction on ¢ < a (induction on ¢ is excessive!

see 10.1.21 below) an a-proof m,¢ of the sequent Prog(A) F A(¢):

assume that m, . has been defined for all ¢ < &, then m,¢ is:
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mac (i € <€) (if £ < ¢ < a)
Prog(A) - A(() FE<¢
r2vVv rlv
Prog(A) =& < (V A(() ... Prog(4) F& < ¢V A(Q)
rvo
Prog(A) + Vy© (é <yV A(y)) A(6) = A(8)
| —
Prog(A),VyO@ <yV A(y)) — A(§) F A(E)
Yo

Prog(A) - A(€)

We prove by induction (induction on ¢ is excessive! see 10.1.21 below)
on & < a that, if f € (o, ) Imo pe) = Tag, 6. T pe) exists and
equals 7, ¢: assume that the property holds for all ¢ < &; then it is
plain that /7, f(¢) equals

Fro GEFQO <) () < £(Q) < a)
Prog(A) F A(C) FE<(
2V rlv
Prog(A) F & < ¢V A(Q) ... Prog(A) & < ¢V A(Q)
rvo
Prog(A) F vy (£ <y v A(y)) A(6) = A(E)
| —
Prog(A),Vy°(£ <y Vv A(y)) — A(€) - A(§)
Vo

and, using the induction hypothesis, this equals m, .

Now consider the proof 7,:
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Tt (lf 5 < O[)

Prog(A) F A(§)
rvo
Prog(A) F V2P A(x)

F Prog(A) — V@ A(x)

7, establishes the principle of transfinite induction (on A); Assume

that f € I(a,’); then /m, exists and is equal to

fro e (1 f(E) <)
Prog(A) - A(f)
rvo

Prog(A) - V2P A(z)

F Prog(A) — Va@A(x)
ie to my: Imy ~my if f € 1(a, ).

10.1.14. Definition.
Let L be a B-language, let I' A be a sequent of L, and let T be a
B-theory in the language L; a B-proof of I' = A in T is a family (7, )acon
such that, for all a:

7, is a proof of ' H A in T' [o] = LK, + T and enjoying the homo-

geneity condition:
Vava'Vf € I(a,d) fmy ~ m, .

To the B-proof (7,) associate the function f: f(n) = [m,] (since 7, is
a finite proof, there is an obvious way of defining a Gédel number [7,]...).
(m4) is said to be recursive (resp. prim. rec.) iff the function f is recur-
sive (resp. prim. rec.). If (7r,) is recursive, then an index of f is called a a

code of (m,).
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10.1.15. Example.
The family (7, ) of 10.1.13 is the typical example of a B-proof: this family
if a B-proof of the sequent - Prog(A) — Vx©? A(z). Furthermore, this

B-proof is prim. rec.

10.1.16. Definition.

The following data define, when T is a B-theory in the language L, a cat-
egory DEM:

objects: pairs (a, ) where 7 is an a-proof.

morphisms from (a,7) to (B, A): the set I(a,7; 5, ) of all f € I(a, )
s.t. fA is defined and X\ = 7.

10.1.17. Theorem.
Consider the following functor from DEMp to ON:

TI’((Oé,ﬂ')) =« Tr(f)=f.

(i) Let ((Oéi,ﬂ'i),fij) be a direct system in DEM-p, and assume that
((a,ﬂ'),fi) enjoys 8.1.11 (i)—(iii) w.r.t. ((ai,m),fij>; then the di-
rect system has a direct limit ((ﬁ, )\),gi) in DEMp and (3, 9;) =
lim (o, fij)-

(ii) Assume that f; € I((ai, ), (5, A)) (1 = 1,2); then the pull-back of f;
and fy, considered as morphisms in the category DEM exists, and

is equal to their pull-back when f; and f, are considered as morphisms

in ON.
Proof. The proof essentially rests upon the following lemma:

10.1.18. Lemma.
If 7 is an a-proof, one can construct a function x4 from the set Pr(a) of
finite subsets of a to P(a) such that:

Q) XCV = an(X)Can(Y).
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(ii) If f € I(B,a), then /7 exists iff ‘V’X(X finite and X C rg(f) —
va(x) Crg(f)).
Proof. We use the definition of /7 that is given in 10.1.12; if X is a fi-

nite subset of «, then we mutilate w.r.t. f such that rg(f) = X, as in
10.1.12 (i); more precisely we consider the result of suppressing in 7, all
branches above premises of index £ ¢ X in the rules (rVo) and ({30); we
define z7r(X) to consist of all ordinals ¢ such that ¢ occurs in the remaining
(mutilated) proof. Observe that z# is obviously increasing w.r.t. inclusion;
furthermore, the hypothesis “X finite” was of no use, and x4 (X) is defined

for arbitrary subsets X of a: we obviously have zx(X) = U zx(Y).
YcX

Y finite

(Proof. If ¢ occurs somewhere (at stage s) in 7, then there are only
finitely many rules (rVo) and ({30) below this occurrence; if (i, ..., 3, are
the underlined ordinals occurring in s, then ¢ € xq(X) < 1, ..., B, € X.
D)

Now, /7 is defined iff 7 (rg(f)) C rg(f): this proves (ii). O

10.1.17 is proved as follows:

(i) Consider X = U rg(f;); since I is directed, and fiw exists for all

i € I, it follows that "= is defined (with h such that rg(h) = X);
the result is a consequence of 10.1.18 (ii); assume that h € I(3, a),
and define y; by f; = hg;. One easily checks that ((a,h ), gi) enjoys
8.1.11 (i)-(iii) w.r.t. ((ai, ), fij). h is the only solution of f; = hg;

h

for all i. Furthermore, "7 is uniquely determined by the data (ay, 7;),

fij: assume that 7; = (D;, ¢;) and define

D = U pg(D;) (g is defined in 8.D.6)

ool =Wt o .
Then "7 = (D, ). All these results show that 8.1.11 (iv) holds.

(ii) Using 10.1.18 (ii), we observe that, if
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VX finite, X C rg(f1) — xx(X) C rg(f1)
and VX finite, X C rg(fo) — 2x(X) Crg(fa) ,
then
VX finite, X C rg(f1) Nrg(fa) — zx(X) Crg(fi) Nryg(f) .

So if f3 is defined by rg(f3) = rg(fi1) Nrg(f2), it follows that, the
hypothesis: /1 and 27 defined entail /37 defined. The fact that
fs = fi A f2 in the category DEMpp is rather trivial, and therefore
left to the reader. O

10.1.19. Remark.

In defining the category DEMp, the following immediate property has
been used implicitly: if f € I(a,3) and g € I((,7) are such that 97 and
F(97) are defined, then ¥/ is defined and equal to /(97).

10.1.20. Theorem.
(7) is a B-proof iff

w(a) = (a,m,) w(f)=f

defines a functor from ON to DEMrpr. 7 preserves direct limits and pull-
backs.

Proof. The first half of the theorem is a mere triviality. If (o, f;) =
lim (o, fij), then by 10.1.17 (i) (74, fi) = lm (7, fij); hence = pre-

— —

serves direct limits. Preservation of pull-backs is shown in a similar way.O

10.1.21. Remarks.

(i) It is therefore possible to identify 3-proofs with those functors 7 from
ON to DEMy such that Tr o m = IDon.

(ii) Are B-proofs acceptable “syntactic” objects ? In our discussion 10.1.7,
we said that a reasonable condition to ask for, would be that the

family (7,) is determined by the subfamily (7,),<,. But if 7 is a
(3-proof, we have ((Oé,ﬂ'a),fi) = lim ((ai,ﬂai),fi», when («, f;) =

—
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lim (e, fij) with all ;’s < w. Hence 7 is determined by its restriction

—

to the category ON < w. But the restriction of w to ON < w is
completely determined by the family (7r,), since w(f) = f for all
f. (Moreover, 7, can be constructed in an effective way from the
family (7r,) and a: given a direct system of integers (o, fi;) such
that («, f;) = lm (o, fi;), then observe that (with 7, = (D;, ¢:),

—

= (D,p)) D= U us(D;) and ¢ o py, = w'tfi o ;. This gives an

effective way to compute 7.

10.1.22. Theorem (B-completeness; Girard, 1978).
A is B-valid in T iff there is a B-proof of the sequent - Ain T. If T is a

recursive theory, then this B-proof can be chosen recursive.

Proof. (i) One side of the proof is immediate: let m be a B-model of T
then if m(o) = «, and 7 is a B-proof of A, then we consider the a-proof
7,; then it is immediately shown that all closed instantiations (in m) of
sequents of 7, are true.

(ii) Conversely, we shall prove a more precise result; we use “pre” as
usual, i.e. pre a-proof means a-proof without well-foundedness conditions,

pre B-proof means a family (7,) of pre a-proofs....

10.1.23. Theorem.
It is possible to construct a pre B-proof (7,) of = A in T with the following

property:
Va € On (7, is an a-proof < in all models m s.t. m(o) < «
all closed instantiations of A are true) .

Furthermore, if T is recursive, and 7, is an n-proof for all n, then 7

1S recursive.

Proof. The proof essentially follows the argument of Theorem 6.1.13; the

modifications are not very big, but rather subtle... .

1. Instead of constructing a pre w-proof, we shall construct, for each «a, a

pre a-proof 7.
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2. We must manage to satisfy the requirements /m, = 75 for all f €

I(a, B).

3. It is not possible to require that an infinite branch in 7, contains all for-
mulas of L [a] (first think of the case a not denumerable; more seriously,
there is no way of establishing (even for denumerable «) a bijection be-

tween w and L [«] which should be “functorial”).

4. Concretely, if we perform our construction in stages, then at each stage,

we shall have in all “hypotheses”:
— asequent I' = A of L [a].

— a distinguished formula B in I' - A.

— a finite set {a, ..., a,} of ordinals, containing all ordinal parameters
of ' F A; this set will change only when the rule used is (rVo) or
(130)....

We proceed exactly as in 6.1.13:

(i) Assume that I' - A is a weakening of a sequent [V = A" of L [a] of

one of the following forms:

B+ B

Foa < for some a; < o (1 <4, 7<¢q)
a; < a; k- for some a; <oy (1<, j<gq)
F B where B is a proper axiom of T ;

(we assume that these axioms are closed...).

Then the portion of proof is:

| R VAN
weakenings

r ~ A
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This portion of proof has no hypothesis; we have clearly obtained an
a-proof of I' = A.

Assume that we are not in case (i) and that B occurs in A; then we

have the following possibilities:

1. BT is atomic; let C' be the smallest formula (in the sense of the
Godel numbering 10.1.9 (i)) which does not occur in I' F A, and
whose parameters are among v, ..., &g; then our portion of proof

1S

TFC A T,CFA
cuT
TFA

The distinguished formulas and parameters will be described later

on....

2. BT is a conjunction B; A By; the portion of proof is

I'E By, A ' By, A
/A
'=A

3. BT is a disjunction B; V By; the portion of proof is

I'F By, By, A
rlv
' BV By, By, A
r2V
'EA

4. B'is a negation —By; the portion of proof is

B FA
T

'-A

5. Bt is an implication B; — Bs; the portion of proof is
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['B F By, A

'=A
6. B'is V2T By(2]), with T # o; the portion is

'+ Bl<l’;-), A
rvT

A

T
p

7. Blis 327 By(x] ), with T # o; the portion is

where z! is a variable which does not occur in I' = A.

L Bi(ty),...,Bi(tT), A

I'FBi(tT),..,Bi(tT), A

'k Bi(tT), A
rar
r-A

if n is the “stage” and t, ..., t, are the first n+ 1 terms of type 7
according to the Godel numbering, whose only ordinal parameters

are among ay, ..., a.
8. Bl is Vz@ By (22); the portion is

~IEB(E),A . allE <a
4o
r-A

9. B'is 32° By(z2); the portion is
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I'- Bi(ar), ..., Bi(ay), A
rdo
I'F Bi(aa), ..., Bi(ay), A

rdo

I'F Bi(ay), A
rdo
'FA

(a1, ...,aq are the distinguished parameters associated with the
hypothesis I' F A).

(iii) Assume that we are not in case (i) and that B occurs in I'; then we

have the following possibilities:

1. If Bt is atomic; the portion is

THC A T,CFA
cuT
TFA

where C' is defined as in (ii) 1.

2. Bt is a conjunction B; A Bs; the portion of proof is

T,B), By A
12
T,B,,BiABy - A
1A
T-A

3. B is a disjunction B; V B,; the portion of proof is

T,B FA T,B, A
v
T-A

4. BT is a negation —B;; the portion of proof is
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T+ B, A
=
T-A

5. Bt is an implication B; — Bs; the portion of proof is

Tk By, A I, By - A
| —
F,Bl—>B2|_A

6. Bl is VoI Bi(x]), with T # o; the portion of proof is

L, Bi(to), ..., Bi(tn) F A

INT
T, Bi(t1), ..., Bi(t,) F A
INT
T, By(t,)
INT
kA

where tg, ..., t, are the first n + 1 terms of type 7 of L, according
to the Godel number whose only ordinal parameters are among

aq, ..., 0.
7. Bl is 3xT Bi(x] ), with 7 # o0; assume that z7 is not free in
I' = A; then our portion of proof is

r, Bl(xz') FA
(3T
'FA

8. Blis Vz@ By (z2); our portion of proof is
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I, Bi(a), ..., Bi(ag) F A

Vo
I, Bi(az), ..., Bi(a,) F A
o)
I, Bi(a,) F A
Vo
'EA

if aq, ..., o are the distinguished parameters associated with the
“hypothesis” I' = A.

9. Bl is 329 By (22); our portion of proof is

LB FA LAl <a
[Ho
I'FA

The distinguished formulas in the hypotheses of the portion of proofs
constructed in (ii) or (iii) are determined exactly as in 6.1.13; we must also
define the distinguished set of parameters: let us say that, at stage 0, in
the sequent A, this set is void (A contains no ordinal parameters); if at
stage n, the distinguished parameter of I' = A are oy, ..., ay, and I'' = A’ is
one of the “hypotheses” constructed above I' = A by means of (ii) or (iii),

then the distinguished parameters associated with IV - A’ are
— aq,...,a4 in (ii) 1-7 and 9, and (iii) 1-8.

~ a1, ..., a4 & in (i) 8 and (iii) 9, when IV = A’ is the ™ “hypothesis”

F l_ Bl<§),A or F, Bl(f) l_ A

The next step is to prove that the definition of the pre proofs =, is
functorial, i.e. that, when f € I(«a, 3), that fws = m,.

We prove by induction on n, that the truncated proofs 77, obtained at

n.
)

stage n enjoy / m; = m,; more precisely if I' = A is an hypothesis of 7},

corresponding to I" = A’ in #? w.r.t. the mutilation process w.r.t. f, and
if BY, BT, aq,...,, 0}, ..., are the respective distinguished formulas
and parameters, then:
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— BT and B! correspond one to another (e.g. if B is the i*" formula of T,
B'T is the i*" formula of I"...).

/ /

— ¢ =qand oq = f(a)),...,0p = f(aq).

The details are left to the reader; but observe that in step (ii) 1, the
fact that [C'] is “functorial” is absolutely essential; furthermore, since the
parameters of C' are among o, ..., ay, and ay,...,a, € rg(f), then /C is
defined... .

Hence, we have clearly defined a pre B proof r; if 7 («) is an a-proof,
i.e. is well-founded, then so is 7(83) for all 3 < a (because 7(3) = /m(a)
for some f). In particular, if m is any B-model of T such that m(o) < «,
it will be immediate that all closed instantiations of A are valid in m. On
the other hand, if 7(«) is not an a-proof, consider a s.d.s. I';, = A, in this
pre proof; more precisely, we can require that, for all n, ', F A, is an
“hypothesis” at stage n, and that I',,,; F A, 41 is one of the hypotheses of
the portion of proof above '), - A,,.

n
an

with I',, F A,; if 7 is a type and m is any integer, then one can find
m/ > m s.t. the distinguished formula of T, = A, is 327 B(27T) and

belongs to A,,/, for some B in which = occurs at least once; then the first

Assume that af,...,a] are the distinguished parameters associated

m+ 1 terms t of type 7 (according to their Gédel number), whose ordinal

n
qn’

shows that a term ¢ occurs in some I',, = A, iff all its ordinal parameters
belong to X, where X is the set {af'; 1 <1i < g,}.

We define a model m for L as follows:

parameters are among af,...,a! , occur in I'y 41 F Apyyq. This plainly

— |m|+ is the set of all terms of type T occurring in some I',, F A,,.
— m(f)(ty, ..., tr) = fti..ts.

— m(p)(ty,...,tx) = 1 if for some n, pt;...ty belongs to I',.

- m(p)(ty,...,tx) = f if for some n, pt;...t; belongs to A,,.

We prove the following lemma:
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10.1.24. Lemma.
If B is a formula of L whose ordinal parameters belong to X, there is an
integer n such that b belongs to I',, = A,, but not to both sides of the

sequent.

Proof. Similar to 6.1.14. O
Hence the definition just given is sound. We now establish that

10.1.25. Lemma.
(i) m = B < 3n (B occurs in T'y).

(ii) m | =B < 3n (B occurs in A,) when all ordinal parameters of B

are in X.

Proof. We prove (i) and (ii) by induction on the degree of B; the proof is
exactly 6.1.15, except that must we must consider two additional cases:

(8) If B is V2@ By(29): (i) assume that B occurs in I',, and let £ € X,
and choose k such that & = af for some i s.t. 1 < i < q; now choose
m > n,k such that B is the distinguished formula of I',, - A,,; then
Ls1 = Dy Bi(e7), ..., Bi(a77)), hence, by the induction hypothesis B (€)
is true in m; since £ was arbitrary in X, and |m|o = {{; £ € X}, it follows
that B is true in m.

(ii) Assume that B occurs in A,; then B is the distinguished formula

of I'y = A, for some p > n, and A, = B1(§), A, for some & € X; using
the induction hypothesis, B;(£) is false in m, and it follows that B is false
in m as well.

(9) If B is 322 By(z?): symmetric to (8). O

Now, m is not a B-model, since |m|p is not an ordinal; but if f €
I(B, @) is such that rg(f) = X, it is plain that we can construct a S-model
m' which is isomorphic to m. It is immediate that the axioms of m and
—A are true in m (and in m), hence we have found a B-model m/ of T' in
which (some closed instantiation of) A fails; furthermore, |m|o < a. The

essential property of 10.1.23 is therefore established... .
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Now, everything done is clearly prim. rec. in the data; if T" is a recursive
theory, then the trees 7, will clearly be recursive.... If 7, is an n-proof
for all n, then the function which associates to n the height of the tree 7,
is recursive, and from that it follows that it will be possible to define a

recursive function {e} n ~ [, ]| ... details are left to the reader. O

Proof of 10.1.22. If A is 3-valid in T and 7 is the pre B-proof constructed

in 10.1.23, then 7(«) must be an a-proof for all «, hence 7 is a B-proof;

moreover, if T' is recursive, so is 7. O
10.1.26. Theorem.
The following sets are II3-complete:

(i)  the set of all codes of recursive B3-proofs (for a suitable T').

(ii) the set of all codes of recursive dilators.

(iii) the set of all codes of recursive flowers.

Moreover, “recursive” can be strenghtened into “primitive recursive”
in (i), (if), (iii)....
Proof. Recall that X C IV is II}-complete iff:
— X is a IT} subset of IN.

— Any II3 subset Y of IN can be expressed as {z; f(2) € X} for some

prim. rec. function f.

We first observe that the sets considered in (i)-(iii) are II: in the three

cases, this is for the same reason: each of these sets can be expressed by
e€ X o Vf(WO(f) > WF(m(f))) A A

(A arithmetic, WO is the predicate “is a well-order”, W F' is the predicate
“is well-founded”); such a formula of L, is plainly (equivalent to a) IT}
(formula):

(i) A is the formula expressing that e is the index of a recursive pre

B-proof: {e} n is defined for all n, and is the index of an n-proof. Hence we
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only need to express that the pre a-proofs m,, are well-founded for all a; by
an argument akin to 8.2.7, it suffices to look for o < Ny, But denumerable
ordinals can be encoded by means of functions, and WO( f) expresses that
f is the code of an ordinal < X;. Now, if {e}n = [mw,] = [(Dn, pn), we
define a tree Ty by: (...,z;,...,2;,...) € Ty « all underlined z,’s are such
that f(z;,z;) = 0, and if one replaces all underlined elements z; ,...,z;,
by 2’ ,...,2} in such a way that: f(z;,,z;,) =0 < x; < (all p, q),

then the sequence (..., 7, ..., 2, ...) belongs to D,, with n = sup (z} +1).
J

The requirement Voo € On 7, is an a-proof can be rewritten as V f (WO( f)
— WRT(Tf)). (In fact Ty cannot be expressed by a term t(f,e) of L2,
because of the use of the partial function {e}- in it; but z € T can be
expressed by means of an arithmetic formula T'(f, e, z), and WT R(T) can
be written as Vgdn ﬂT(f, e,g*(n)) in wa... )

(ii) A is the formula expressing that e is the index of a recursive
predilator P,.: {e} (2o, ..., z,) is defined for all strictly increasing sequences

2p < ... < z, and is equal to (%, ..., z/,) for some m and z{, ..., 2/ ; moreover

1. {e}(0,...,n) is equal to a sequence of the form (0, ..., m).

2. If (20, .-, Zn), (Yo,---,Yz,) are two sequences, consider {e} (zg, ..., 2,) =

(205 5 Zm)s 1€} Yos s Yzn) = Wos s Yp) a0 {€} (Ygy s Yz) = (Yo o)
yy); then we have p = 2, and y5 = ygé, Yy = Yo

When f is the code of a denumerable well-order, we define the value of

our predilator on f by means of the normal form theorem:

— The trace of P, consists of those pairs (z, n) such that z < lh({e} (0,...,n))—
1 and if (2o, ..., zm) is such that 2y < ... < 2, = n, and z = ({e} (20, ...,

Zm) )i for some ¢ < z, then necessarily m = n.

— P.(f) consists of all finite sequences (z, g, ..., x,_1) such that (z,n) is

in the trace of P, and xq, ..., x,_1 are pairwise distinct, and f(xg,z1) =

f($1,932) == f(xn—z,ifn—l) = 0.

— P.(f) is ordered as follows: (z,zg,...,xp_1) < (2,0, ..., 20, ;) is defined

as follows: choose integers ig, ..., 71,0, - jur—1 < 1 + n' such that
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ik < Jg < f(xg,2)) =0 and oy # 2, (kK < n, l <n') and consider the
sequences s = {e} (ig, ..., in—1,n +n') and s = {e} (Jo, ..., Jw—1,n + 1');
then (s), < (5')..

The linear order P,(f) is obviously expressed by a formula which is

arithmetical, and P, is a dilator iff:
Ale) NAF(WO(f) = WO(P.(F))) -

(iii) Exactly as in (ii) except that a third condition is required in the
formula A(e):

3. If n < m, then {e} (0,...,n—1,m) is of the form (0, ...,p—1, ¢q) for some
g and p <gq.

Hence the three sets considered are II} sets; now we establish the es-
sential part of I1}-completeness:

(i) By 10.1.5, for a suitable prim. rec. B-theory T the set {A; T -0
A} is Tl -complete. In fact, it is immediate that all B-models of T are
such that m(o) is infinite, (equivalently = Inf, where Inf is the formula
J2Ovy©320 —(z <9 ) hence the set X = {A; T B Inf — A} is
[1}-complete. Now we apply 10.1.23; we consider the following prim. rec.

function

— If n is the Godel number of a formula A of L, then f(n) is the index of
the pre B-proof of Inf — A constructed in 10.1.23 (since Inf — A is valid
in all p-models, with p < w, it follows that the pre B-proof of Inf — A is

recursive; its index is a prim. rec. function of [A]...).
— Otherwise f(n) =0.
Then,, if Y is any I3 set, we can find a prim. rec. function g such that

Y ={n; g(n) € X}, and then Y = {n; f(g(n)) is the code of a recursive
ﬁ—proof}.

(ii) We shall construct a prim. rec. function h with the following prop-

erties:

— If e is the code of a recursive pre B-proof, then h(e) is the code of a

recursive predilator.
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— e is the code of a recursive B-proof iff h(e) is the code of a recursive
dilator.

(Using such an h, the I} set Y of (i) can be expressed as Y =
{n : h( f (g(n))) is the code of a recursive dilator} .) We proceed as follows:
If e is the code of the pre B-proof (7, ), then h(e) is a code of the predila-
tor LIN,(D), where D is the pre shqd s.t. w, = (D, y); the details are
straightforward, and left to the reader....

(iii) We construct a prim. rec. function A’ with the following properties:

— If e is a code for a recursive predialtor, then h'(e) is a code for a recursive

preflower.

— e is a code for a recursive dilator iff 4/(e) is a code for a recursive flower.

If e is a code for the recursive predilator F, then h'(e) is defined to be
the code of the recursive predilator / F(y)dy, which is a preflower....

The remaining properties of the theorem are left as exercises for the
reader (see 10.1.27). O

10.1.27. Exercise.
(i) Show that the set of codes of recursive sh dendroids is II3-complete.

(ii) Using (i), show that the set of codes of prim. rec. sh dendroids is
[1}-complete.
(Hint. If D is a sh dendroid, and s € D < {e}s ~ 0, define D'
by: s € D"« lh(s) — 1 = ((lh(s) — 1)o, (Ih(s) — 1)1) A Im < lh(s)
(Th(e, (5)n(s)—1),m) ANU(m) = 0).)

(iii) Using (ii) show that the set of all codes of prim. rec. dilators (resp.
flowers) is II3-complete.

(iv) Find a prim. rec. B-theory T such that the set of all indices of prim.
rec. (3-proofs in T is IT3-complete.
(Hint. Observe that we have a prim. rec. bound on the height of the
n-proof 7, of Inf — A constructed as in 10.1.23, and conclude that

T 1S prim. rec.)
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10.1.28. Exercise.

Prove the analogue of the 3-completeness theorem for “Bw-logic”, i.e. the-
ories in languages with distinguished types L and o, L being treated as in
Chapter 6, and o as in Chapter 10. Is it possible to derive this result from

the B-completeness theorem?

10.1.29. Exercise.

(i) Prove the analogue of the B-completeness theorem when ordinals are

replaced by linear orders. Call the resulting proofs “OL-proofs”.

(ii) Show that OL-proofs are of height uniformly bounded by some in-
teger N.

(iii) Using (ii) find an effective way of replacing OL-proofs by finitary
proofs (in usual X{ logic) in a system containing an additional axiom

“<O0 ig a linear order”.

10.1.30. Exercise.
Assume that D is a dilator; a D-model is a 3-model whose ordinal part
m(o) is of the form D(«), for some o € On; a D-proof is a family (7,)
such that, for all @ € On, 7, is a D(«)-proof, and for all f, «, 3, s.t.
fella,p), me =Dy

Prove the analogue of the B-completeness theorem. What can you say

concerning the following particular cases:

i) D=w.
(i) D=Id.
(i) D =1+ Id.

10.1.31. Exercise.
Assume that o € On and X C «; we define the concept of (a, X)-proof as

follows:

— Axioms whose ordinal parameters are in X are (a, X)-proofs.
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— All rules (except (rVo) and (I30)) preserve the concept of («, X)-proof.

— If (7,).<q are (a, X U{z})-proofs of I' = A(Z), A (resp. I', Az - A), then
one can construct an (a, X)-proof of I' - V2© A(z), A (resp. I', 322 A(x) -
A).

(i) Give a definition of the concept of pre (a, X)- proof.*)

(ii) Assume that f € I(«,5) and that f(X) =Y} if 7 is a (§,Y)-proof,
show that /7 always exists and is an (a, X)-proof. Prove the same
result for preproofs.*) What does happen when f(X) D Y ? When
f(X)cy?

(iii) Show that, if 7 is an («, X;)-proof for all ¢ € I (I # ), then 7 is an
(o, N X;)-proof; conclude that there is a smallest subset Xy C « s.t.

I exists for all f s.t. rg(f) D Xo. If (m,) is a B-proof, show that

7, is an (o, §)-proof for all a. Extend these results to preproofs.*)

(iv) Show that 7 is an (o, §))-proof, iff given any sequent I = A occurring
in 7, whose ordinal parameters are zq, ..., z,, it is possible to find
rules (Ry), ..., (R,) “below” T" = A such that for all ¢ (R;) is (rVo)
or (I30) and T' - A is above the 2" premise of R;. Similar question
for preproofs. Find a characterization of («, X)-proofs; conclude the

exercise by finding a direct construction of the set Xy of (iii).

10.1.32. Exercise.

Assume that (m,) is a family of («, ()-proofs in sequent calculus; using
the large cardinal axiom Jz(z — (wq)5¥), construct a B-proof of the same
sequent.

(Hint. If f € I(n,z), define 'm; I varies through a denumerable set D;
define a partition (X;)iep of U I(n,x) by f € X; « ‘7 = 4. The large

cardinal axiom says that there is a homogeneous set Y C « of order type
wy (= Vy); in other terms if f,g € I(n,«) are such that rg(f),rg(g) C Y,

1(*) The question of the extension to preproofs is an interesting way of testing one’s

understanding of the technique of “preobjects”.
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then fw = 9. Then consider wl, =", where h € I(wy,z) is defined by
rg(h) =Y. Prove that there is a unique B-proof (A, ) such that X,,, = 7, .)
(Remark. In some situations, this result is the only way of obtaining (3-
completeness, for instance for the negative fragment of intuitionistic 3-
logic, w.r.t. an ad hoc concept of B-model; see the work of Vauzeilles
[96] for more details; an open question is whether a general completeness
theorem of that kind implies some large cardinal axiom of the kind used

here... .)
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10.2. Predecessors of a B-proof

The problem is the following: functorial proofs (B-proofs,...) appear
as functors from categories like ON into categories of proofs (in the more
familiar sense of: infinitary proofs). The most obvious way of dealing
with such functorial proofs is to work on their values for such and such
argument (i.e. object of the initial category); for instacne, when w = ()
is a 3-proof, then we work on the a-proofs 7,. (A typical example can be
found in the cut-elimination theorem of 10.A.12: for each o we define a cut-
free a-proof N(m,), then we observe that N is a functor, hence (N (ﬂ'a)>
defines a B-proof.) Roughly speaking, the new functorial viewpoint does
not bring much when 3-proofs are used in such a way: the constructions
already exist for a-proofs, and what we do is only to verify that they
are compatible with the new functorial framework. (Of course, for the
“philosophy” of the subject, the fact that “infinitary” operations can be
controlled by means of finitary approximations, makes an essential change
of viewpoint!) But anyway, the functorial side is rather external to the
constructions, and by no means affects the “deep structure” of what is
going on. Let us label this inessential use of functoriality as the pointwise
techniques. Non pointwise techniques, which make an essential use of
functoriality are called global. A typical example is the cut-elimination
theorem of Chapter 11 (11.4.1); let us explain why there is no pointwise
cut-elimination theorem in that case: we are working with a @-theory T
which is such that T [«] is inconsistent for many values « (for instance, for
all & < wiE); we prove a cut-elimination theoremm for T'; but this theorem
cannot be obtained through a cut-elimination theorem for the T',’s, since
they can be inconsistent, whereas cut-elimination implies inconsistency: a

pointwise cut-elimination is therefore impossible.

The natural question to ask is the following: which tool can we use when
we work directly on proofs-as-functors (i.e. globally)? The natural answer
is the following: given a functorial proof, make it appear as the succession
of application of specific rules applying to functorial proofs without passing

through “pointwise” proofs.

The situation here is very close to the results of Chapter 9: predecessors
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of dilators and predecessors of 3-proofs are indeed closely related.

Our concept of 3-proof is too restrictive and we shall consider a more

general concept of F-proof:

10.2.1. Definition.
Assume that F' is a dilator; then

(1)

(i)

An F-model of a B-theory is a B-model of T whose ordinal part

m(o) is of the form F(«), for some a € On.

An F-proof in T is a family (7,) such that, for all o, 7, is a F(«)-
proof, and if f € I(a, B), FDms = m,,.

10.2.2. Remarks.

(1)

(i)

This concept was considered in Exercise 10.1.30, where we proved

completeness of F-proofs w.r.t. F-models.

In the sequel, we shall be mainly concerned with a + ld-proofs, where
a € On. When a = 0, this notion corresponds to the concept of 3-
proof; the predecessors of Id-proofs are in general not ld-proofs, but

a + ld-proofs, for some a # 0.

10.2.3. Definition.

Assume that m = (7,) is an a + ld-proof; then we define

(i)

(i)

The last rule of m: consider the a + a-proof m,; and let (R,)
be the name of the last rule of 7, (e.g. (Rs) = (Az), (13), (r1Vv),
({30), (CUT),...); an immediate property is that (R,) = (Rp) for all
a, beta € On; the last rule of 7 is by definition this (R,).

If (R) is the last rule of 7, the conclusion of (R): assume that
I'n F A, is the conclusion of m,; then I'y, F A, is a sequent of
L[a+a], and, if f € I(a,3), we have Bt (D5 Ag) = (T, - A,):
this means that the ordinal parameters of I's - Ag are obtained
from those of I', H A, by an application of the function E, + f. In

particular, if £ is an ordinal parameter of I', = A, then the ordinal
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(Eq + f)(€) depends only on 3, and this is only possible if £ < a: we
have shown that I', F A, is a sequent of L [a], which is independent

of «; this sequent is by definition the conclusion of 7.

(iii) If (R) is the last rule, and I' = A is the conclusion of 7, the premises
of (R), and their proofs:

1. If (R) is

(Az), (R) has no premise; we can figure it by:

Ax

'=A

2. It (R) is (rW), (IW), (rC), (IC), (rE), (IE), (I1A), (i27), (r1V),

(r2v),
)

(r=), (I7), (r =), (r¥Y7), I¥7T), (r37), (37) with 7 # o,

(IYo) or (rJo), then one can write:

Ty —

Ao

A, F 10,
R

r A

Observe that (A,) defines an a + Id-proof A (since B+ X5 = A,
when f € I(a, 3)); if A F 11 is the conclusion of this proof, we say
that the premise of (R) is A F II, and its proof is A:

3. If (R) is

A

AFTI
R
A

(rA), (Iv), (I —), (CUT), then write:
AL A
A+ I A =TT

R
'=A
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and observe that (X)) and (A)) define a + ld-proofs A" and A",
the conclusions of which are A’ -+ II" and A” F I1”; the premises of
(R) are A’ = TI' and A” - 11", respectively proved by A" and X”:
A A"

Al '_ H/ A// l_ H//

T = R

'EA

4. If (R) is (rVo) or ({30), then write:

Aoj -
.. Aa”g F Haﬂ ... all ﬁ <
To = R
r=A

Here the situation is more delicate, because: the number of R is
variable, and the sequents A, g - 11, 3 do not belong in general to
L [a]. But observe that, if f € I(a, '), then ®H+DN, g 115 =
Aop. Hence, if § € On, consider the ordinal bg = sup (a, 3 + 1),
and let ¢ = bs — a; the family (x?)acon defined by: x2 = D W
defines a bs + ld-proof x*:

(Epz+1) — (BatEBeg+/) )

Xg’ cgta . — >‘65+aﬂ = Xg :
The sequent A, = I,p therefore belongs to L [bg, say Ay g F
1, 5 is ©p F Ep; the premises of (R) are the sequents O F Zg,

and their proofs are the bz + Id- proofs x”:

x’

@ﬁ + Eﬁ allﬁ€0n
T = R
= A

This rule is very special, since it requires a proper class of premises;
however, the premises are not generated in an arbitrary way; for

instance the family (x”) is itself functorial! (See 10.2.7.)
When (R) is (rVo), then one can write:
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x’

LT AB),A ..

T = rVo
[+ V29 A(x9), A’

and when (R) is (I30), we have:

x’
F’,A(B) F A
T = rdo

I7,329 A(z9) - A

10.2.4. Definition.

(i) Assume that @ = (m,) is a G-proof, and that T' € I'(F,G); then we
eventually define an F-proof T = (A,) by Aq = 7@ 7.

(ii) A particular caseis G = b+Id, F' = a+Id, and f € I(a,b), T = f+Ej,;

then we use the notation {7 instead of 7.

10.2.5. Remark.

Tx is defined exactly when 77, is defined for all a; if f € I(«, 3), and
T is defined, then T(B3)F(f) = G(f)T(a), and so N7 @), is defined
and equal to 7@ (¢Nxy) = T@Wxr, = X,, and FHNg = FOTEINy) is
defined and equal to A,. (This establishes that (A,) is an F-proof.) The

fact that ()X; is defined is a consequence of:

10.2.6. Lemma.
Assume that g € I(7,9), and that g = ¢'¢”; assume that the d-proof x is
such that 9x and 9x are defined; then 9" (9x) is defined and is equal to

Iy
Proof. Left to the reader. O

Applied to g = G(f)T(a) and ¢’ = T(8), g" = F(f).
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10.2.7. Proposition.
With the notations of 10.2.3 (iii) 4, we have, when f € I(v,7/):

(Ba+f+E1) . a+y 7

X(l
Proof. Easy exercise for the reader. (See the proof 10.2.14 (iv) for a close

argument.. ) O

10.2.8. Definition.
We define the relation <: “is a predecessor of” between a + |d-proofs,

as follows:

(i) The immediate predecessors of 7 are (with the notations of 10.2.3):

— if (R) is l-ary, the proof X of 10.2.3 (iii) 2.
— if (R) is 2-ary, the proofs X', A" of 10.2.3 (iii) 3.
— if (R) is On-ary, the proofs of x? of 10.2.3 (iii) 4.

(ii) 7 < 7' means that there is a sequence @ = 7, ..., ™, = 7 such that
n # 0, and for all © < n 7; is an immediate predecessor of 7r;, 1.

10.2.9. Theorem.
The relation < is well-founded.

Proof. Otherwise, there is a sequence w = w%, ..., ®", ... such that, for all
n, ®"*! is an immediate predecessor of 7™; if 7" is an a,, + ld-proof, then

ay < apyq for all n; then let a = sup a,, and let ' = w*; then a,, +a’ = d’
n

for all n, and, if w" = (7?), then we can consider the a’-proofs 7%: if (R™)

is the last rule of 7", then

— if (R™) is unary, then 7”;t! is a strict subproof of 77,.

al

— if (R™) is binary, then 7’5" is a strict subproof of 7"..
— if (R™) is On-ary, and w"*! is of the form x?, then 8 < ap41 < a < o,

IB ] 1 n J— n
and X, is a strict subproof of 7wy, .., = 7.
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We have found a s.d.s. for the relation “is a strict subproof”, starting

with 7% = 7,/ this contradicts the well-foundedness of . O

10.2.10. Remark.

We shall now compare the relations < that have been defined between dila-

tors, and between proofs; however, the relation < between dilators must

be modified into <’: in 9.4.2 replace (i) by (i): H #0 — G <’ F+G+H.
This is a variant of the concept of predecessor of a dilator, which has

the following features:
— K is still well-founded.

— but the class of predecessors of a given element is not necessarily linearly

ordered.

10.2.11. Definition.

(i) Assume that 7 is an a-proof; then we define an ordinal Lin(7) as

follows:

e If 7 consists of an axiom, Lin(7) = 0.

e If the last rule of 7 is unary, and is applied to A, then Lin(w) =
Lin(A) + 1.

e If the last rule of 7r is binary, and is applied to A" and A” then
Lin(w) = Lin(\") + 1 + Lin(A") + 1 (of course X" is the “leftmost”
predecessor...).

o If the last rule of 7 is a-ary and is applied to the A*’s, then Lin(7) =

(3 Lin(A%) +1).

(<a

(ii) Assume that 7 is a S-proof, that f € I(a, 3), and that /7 is defined;
then we define a function Lin(f, ) € I(LIN ), Lin( )) as follows:

e If 7 consists of an axiom, Lin(f, ) = Ey.

e If m comes from A by means of a unary rule (the rules (rVo)
and (/3o) are not considered as unary, even when § = 1!); then
Lin(f, ) = Lin(f, A) + E;.
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o If m comes from X" and A” by means of a binary rule (if 5 = 2,

(rVo) and (/30) are not considered as binary!), then Lin(f,
Lin(f, X') + E; + Lin(f, ") + E,.

o If 7w comes from (A%)¢<# by means of (Vo) or (130), then Lin(f, ) =

Z (Lin(f, Afe) + Eq).
£<f

(iii) Assume that (7,) = 7 is an a + ld-proof; then we define LIN(7) by:

LIN(7)(«) = Lin(7r,,)
LIN(7)(f) = Lin(f, 7p) when f € I(a, ) .

10.2.12. Theorem.
If 7v is an a + ld-proof, then LIN(7r) is a dilator; more precisely, let (R)

be the last rule of 7r:
(i) If (R) = (Ax), then LIN(m) = 0.

(ii) If (R) is unary, and the immediate predecessor of 7 is A, then
LIN(m) = LIN(A) + L.

(iii) If (R) is binary, and the immediate predecessors of 7w are X" and A",
then LIN(r) = LIN(X) + 1 + LIN(A") + L.

(iv) If (R) is On-ary, and the immediate predecessors of 7 are (x”)seon,

consider the two-variable dilator
F(:L’,y) = Lin(xg‘i'y) F(f’g) — L|n(g+El+f’ Xij»y’>

(when f € I(z,2'), g € I(y,9)), and let G = /(F + 1)dy; then
LIN(m) = Y (LIN(x®) + 1) + UN(G).

E<a

10.2.13. Corollary.
If # < 7', then LIN(7) <’ LIN(#’).

Proof. Since <« and <’ are transitive, it suffices to investigate the case “mr

immediate predecessor of w'”;
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1. If the last rule (R) of @’ is unary, then LIN(7’) = LIN(7) + 1 and
LIN(7) is a predecessor of LIN(7').

2. If the last rule (R) of 7’ is binary, and if 7" is the other immediate

predecessor of 7', then

either LIN(7') = LIN(7) + 1 + LIN(x") + 1
or  LIN(w') = LIN(n"”) + 1 4+ LIN(7) + 1

in both cases LIN(7) <’ LIN(7’).

3. If the last rule (R) of 7" is OnOary, and if 7 is ¢, then observe that

the partial sums H” = Y (LIN(x) + 1) are predecessors (for <) of
¢<n

LIN(r).

(Proof. If n < a, then LIN(7r) = H"+ H' for some H' # 0; if n > a, say
n = a+1n', then the dilator H*+SEP UN(G)(-,7') = H*+G(-,7') is a
predecessor of LIN(7); but G(-,7') = >_ (LIN(x**)+1), hence H*+

<’
G(-,n') = H" is a predecessor of LIN(m). H*™' = H® + LIN(x®) + 1
shows that LIN(x?®) is a predecessor of LIN(7r) (for <'). 0)

Proof of 10.2.12. The fact that LIN(7) is a dilator (and that F' in (iv)

preserves direct limits and pull-backs) is left to the reader; we verify (i)—

(iv): (i)—(iii) are completely trivial, hence it remains to check (iv): let
H = LIN(m); then H(a) = ) _ Lin(Asp)+1 (with the notations of 12.2.3).

a<f
But A.p is equal to x,_,, i.e.

H(a) = > LIN(x")(a —¢c5) =

B<a
> (LIN(x*)(e) + 1)+ 3 (LIN(x*)(a = (8+ 1)) +1) .
E<a f<a
But Y (LIN(x")(a = (B+ 1)) +1) = 3 (Fla = (8+1),8) + 1) =
B<a B<a
UN(G)(e) by 9.3.18. This shows that LIN(w) and »_ (LIN(x®) + 1) +

(<a
UN(G) take the same values on ordinals; the case of morphisms is similar.
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10.2.14. Theorem.
The “rules” of inference defined in 10.2.3 are valid for B-proofs; more
precisely, to each application of one of these rules corresponds a transfor-

mation of a + ld-proofs.

Proof. Concretely this means that, if we are given a family of functo-
rial proofs which is such that rule (R) can be applied, then the result of
applying the rule can be directly obtained by a functorial proof:

(i) If (R) is O-ary (axiom), this means that I' - A is an axiom of T [a],
hence of T[] for all 3 > a. The proofs:

Ty = Ax
'=A

define an a + Id-proof of I' = A.

(ii) If (R) is l-ary, and is applied to A, for instance, R is (rJo) and A is

an a + ld-proof of I' F A(£), A, with £ < a, then

Ao
Tk A@),A

Ty = rdo

[+ 329 A(29), A

defines an a + ld-proof of I' - dx A, A.

(iii) If (R) is binary, and is applied to A" and A", for instance (R) =
(CUT), then

X, A

I AA AAET

T = CUT
T AE A
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defines an a + ld-proof.

The interesting case is when (R) is On-ary, typically (R) = (rVo):

assume that we are given a family x”)scon, such that, for all 3, x*°

is a bg + |d-proof of I' - A(5), A, with bg = sup (o, B+ 1): (R) can

be formally written as:
x’
T FAPB),A ... all g€ 0n

rvo
I = V29 A(z9), A

But we make an extra assumption on the family (x”): the family
must enjoy 10.2.7, i.e. if f € I(~,7):

(Ea+f+E1)Xa+'y’ — XaJr'y ]

We consider now the proofs

AO[/B :Xg—CB
LA AR),A Ll B<a

I+ V29 A(29), A

If f € I(a,a), then we show that BTN, g, 1) 5 = Aap: this will

prove that B+, = 7, ie. that (m,) defines an a + Id-proof:

1. If 8 < a, then (E, + f)(8) = 3, and Aws = X, BetDxP, =
B _ A
Xa—a a,B:

2. If 6 =a+r, then (E,+ f)(B) =a+ f(y) =0 ifa+ =03+,
define h € I(B+ ¢', /) by:

h(r) = (B, + f)(z) ifrx<p
h(B+x)=0F 4=z

and g € I(c, 5+ ') by:
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g(z) ==z if 2z <p
9(B+2) =0+ (Bt N(B+2) - 7).

Clearly E,+ f = hg, hence B+HX, 5 = 9("\4); but h can be written

as

h= Ea + n + E1 + E5/_1, hence h()\a/g/) = ((Ea+h/+E1)Xﬂ/)51_1 =

X?f_ﬁ now observe that g can be written as: g = E, + E, + E; +

g/

for some ¢ and d such that ¢’ € I(6 — 1,8’ — 1); then 9x5_, =

X§—1 = Aaaty+1+5-1 = Aq3 (a more complete proof would contain a

justification of the existence of Batfqr,. ). O

10.2.15. Remarks.

(i)

(i)

(iii)

In fact 10.2.3 and 10.2.14 are reciprocal transformations, as one can

easily verify... .

The problem of the B-completeness raised by Mostowski was: “find
a “B-rule”, analogous to the w-rule, complete w.r.t. validity in all
B-models”. The answer given in 12.1 does not give a specific rule (in

the case of the w-rule:

AD), .o, AR) ..

Vo A(z)

Now, 10.2.3 and 10.2.14 answer this question satisfactorily: the 3-
rule is exactly the rule (stated here only for Yo): from bg + Id-proofs
x? of T' = A(3), A such that f € I(v,7) — Bt/ xot7" = x4 we
can conclude that T' + Vz? A(x9), A.

Moreover, it is possible to define a system of deduction using, as

rules, the usual rules of sequent calculus, together with the B-rule
(10.2.27).

The B-rule, as described in (ii) has a rather uncommon feature: in
usual rules, we say: assume that the sequents I'; = A; are provable,
then.... (We do not need to know anything about the proofs of the

sequents I'; = A;.) Here we must look at the given proofs m; of
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[ A (=T F A(i),A) and verify an inner functoriality condition
(10.2.7). This is a very rare situation, since the applicability of the
rule depends not only on the provability of the premises, but also on

their proofs.

We now investigate the more general case of F-proofs, where F' is arbi-
trary; this case is of interest if we have in mind the cut-elimination theorem

of Chapter 11, where F-proofs play an essential role.

10.2.16. Theorem.
We can define canoncial bijections between the following sets (F is a dila-
tor):

(i) The set F(0).

(ii)) The set of dilators F’ such that F' = F' + 1+ F” for some F”,
depending on F”.

(iii) The set of all a € F(0n) s.t. a € rg F(Eq,) (i.e. the set of all points
(203; On)p).
(iv) The set of all functions On from On to itself such that: Vat(x) <
F(x) AVaVaVf € I(z,2') F(f)(tx)) = t(2').
(v) The set I'(1, F).
Proof. The theorem is rather trivial; for instance
(i) — (iii): To each zp € F(0) (hence (z; 0) € Tr(F)), associate
(2033 On)F.
(iii) — (iv): To (z0;; On)p, associate the function t(x) = (20;; @)r;
then F(f)((zo;; x)p) = (z0;; 2")p.
(iv) — (v): If ¢ belongs to (iv), define T' € I'(1, F), by T(x)(0) = t(z);
then the diagrams

1 N
E, F(f)
1 F(y)
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are commutative.
(v) — (ii): I T € I(ld, F), write T as a sum T" = Y _Tj; necessarily

i<f

f = EiLur), and Ty = E{. Then

F= Y F+1+ Y F,
1< f(0) f(0)<i<LH(F)
ie. F=F +1+F"...
The other bijections are obtained by combining these five basic bijections... .
([

10.2.17. Definition.
An F-term is a member of the set defined in 10.2.16 (iv).

10.2.18. Remark.
The reader who has still problems with dilators, can prefer to define F-
terms by (iii), because this is in this variant that the operations on F-terms

can be the most easily hand led by the beginner... .

10.2.19. Proposition.

Assume that for all @« € On T'y, F A, is a sequent of L [F(«a)], and that
FIDTs F Ag) = Ty F A, when f € I, 3); then all ordinal parame-
ters of I', = A, are of the form ¢;(«), ..., tx(«), for some F-terms t, ..., t.

(Conversely if I', - A, is a sequent of the form

F(tl(a), o tk(oz)) = A(tl(oz), - tk(oz))

where ['(29, ..., 29) - A(z9, ..., 2) has no ordinal parameters, then ¥'()(T'5 I-

ey by

Ag) =T, FA, forall o, fand f € I(a, 3).)
Proof. Write T, - A, as: T'(EL, ..., €2) = A(E4L ... €7); then the hypoth-

o)

esis "U(Dg = Ag) = Ty b Aq shows that, for i = 1,...,r F(f)(&) = &

Hence the &;’s are F-terms. O

10.2.20. Definition.
When L is a B-language and F' is a dilator, we define the language L [F
to consist of those families (Aq)acon such that A, € L [F(«)] for all o, and
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FiDAg = A, for all a, B and f € I(a, 3).

10.2.21. Remark.
Equivalently, a formula of L [F] is a formula whose ordinal parameters are
F-terms (by 10.2.19). Using 10.2.16, it is possible to represent L [F] as an

ordinary language, in several equivalent ways:

— by 10.2.16 (i) L [F] can be identified with the language consisting of all

formulas with parameters in F'(0).

— by 10.2.16 (iii) these parameters can be chosen in F'(0On): they can be
identified with the points (2o ;; On)p.

In particular, when F' = a+1d, we see that L [F] can be identified with
L [a].

10.2.22. Definition.

We identify, when F” is of the form F' o (a+1d), the language L [F] with a
sublanguage of L [F']; the identification works as follows: to each F-term
t, we associate an F'-term ¢’ by ¢'(x) = t(a+x). If Ais a formula of L [F],
we identify A with the formula of L [F’] obtained by replacing the F-terms
t1,...,t occurring in A, by t}, ..., t}.

10.2.23. Remark.
The essential thing in 10.2.22 is the identification of F'-terms with certain
F'-terms; it may be of interest to see how this identification looks like when

we consider F-terms through the equivalent viewpoints of 10.2.16:

(i)  F’-terms can be identified with F7(0) = F'(a); then ()’ can be viewed
as the function F'(Eg,) from F(0) to F'(0).

(i) fF=G+1+Gy, then " =G o (a+Id)+1+G; o (a+1d). If F-
terms are identified with such G’s, then ( )" appears as composition
with a + Id.

(iii) If (z;; On)p and (2';; On) e are the points in F'(On) and F'(0n) cor-
responding to t and ¢’ respectively, then observe that On = a + On,

hence
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(255 0n); = F(Baon)((233 a)r) = F'(Boon) (233 @)r) =
F'(Boon) ((2'55 0)p) = (2'5; 0n)p -
Hence (z;; On)r = (2’;; On)p (the ordinal classes corresponding
to these points are equal; moreover 2’ = (2;; a)r).
(iv) T € I'(1, F) is changed into T' o E 4 € I'(1, ).
Observe that in case (iii) everything is slightly simpler, since the ordi-

nal classes corresponding to ¢t and ¢’ are exactly the same....

10.2.24. Definition.
Assume that 7 is an F-proof; then we define the last rule of 7, the con-

clusion of 7r, the premises of 7r, and their proofs as follows:
(i) The last rule of 7 is defined exactly as in 10.2.3 (i).

(il) IfT,F A, is the conclusion of 7, then clearly the family (T, F A,)
defines a sequent of L [F].

(iii) The premises of 7 and their proofs are defined exactly as in 10.2.3,
when the arity of (R) is 0, 1, or 2. Let us look at the case:

4. (R) is (rVo) or (I13o); write
Aog -

.. Aa’g F Haﬁ ... all ﬁ < F(Oé)
Ty = R
A

If B < F(On), write 8 = (z0; Zo, ..., Tn—1; On)p, and let cg be the
smallest ordinal such that xo, ..., z,—1 < ¢3. Let Fjg = F o (cz+d);

.....

The fact that x” defines an Fs-proof is left to the reader.

10.2.25. Proposition.
Assume that f € I(cg,cp) is such that 7 = F(f + Eg,)(B) (i.e. 5 =
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(205 @0, s Tno1; On)p, and B = (205 f(20), .-, f(2n-1); On)p); consider
Ff - [(Fﬂ,Fg/)i Ff = EF ¢} (i—{— |C|)7 then

Proof. Left to the reader. O

10.2.26. Remarks.

(iii)

In the particular case where F' is a + |d, then [ is an ordinal, cg
computed as in 10.2.24 equals the cg of 10.2.3, Fjg = a+ ¢+ 1d, i.e.
bﬁ + Id, etc....

Hence the last rule of 7v (in 10.2.24 (iii) 4) can be written as:

x’
T = R
I A

The sequents ©g = Zj are in the language L [Fp|; O3 F =5 is the
family

when a € On.

Let us rewrite the premises in the two possible cases for (R), with

the convention that F-terms are represented by points < F'(0n); one

gets
X3 5
T F AB),A ... 3 € F(0n)
T = rvo
[+ V2@ A(z9), A

and
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X3 :
F’,A(B) FA...B€F(0n)
T = [do

[V, 329 A2° F A

and we see that the premises of (R), provided we choose representa-

tion 10.2.16 (iii) of F-terms, are very naturally written!

(iv) The analogue of 10.2.14 still holds here; essentially, this means that,
if (X3)p<r(on) is a family of Fs-proofs of I' I A(B), A, with the
property 10.2.25, then it is possible to construct an F-proof of I'

V2O A(x9), A, as follows:

Aag
A F AB)A L all B < Fla)

Ty = rvo

[+ V2@ A(z9), A

(By defining, when = (z0; %o, .., Tn-1; @), Aag =
xt(ffégo """ et ;On)F.) The details are left to the reader.

10.2.27. Remark.

One question essentially remains; we have been able to replace locally
functorial proofs by rules of a new kind; what happens if we iterate that
process? Clearly we obtain a new sequent calculus, whose rules are exactly
the usual ones, except for (rVo) and (IVo). The passage from a proof in
this calculus to a functorial proof (and its converse) is easily done, and left
to the reader. But one last remark: the rules (rVo) and (Vo) can only be
applied when the proofs of the premises satisfy compatibility conditions
(10.2.7 or 10.2.25), and it is necessary to define Tm (10.2.4) when 7 is a
proof in the sequent calculus just considered; this can be easily defined,

for instance:
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Xﬂ
.. @/3 F Eg ... all ﬂ < F/(OTL)
if 7T is rYo
' A
then
TBXT(OH)(ﬁ)
T@/g + TEﬁ .. all ﬁ < F(OTL)

TR TA

with Ts € I(Fp, Frn(s) defined by Ty =T o Ecj1y4...).

This basic step can be iterated to define T7r; the details are left to
the reader. Observe that we have succeeded in writing B-logic, 3-proofs
in tree-like form, and then there is a natural mutilation process for these
trees, but the mutilation is done w.r.t. natural transformations.

I have only indicated the possibility of such an approach; I am not con-
vinced, at this stage of the work, of the interestof this alternative presen-
tation; it is important to have it in mind, but presumably this alternative
approach is too complicated to be really useful; in the sequel, we shall
prefer to work only “locally” in this calculus, i.e. extract the last rule, the

last premises, and their proofs, but express them as functorial proofs.

10.2.28. Exercise.
(i) Adapt the main results of this sections to w(3-logic.

(ii) Is it possible to do the same thing with pre-3-proofs, i.e. is it possible

to find last rules, premises, conclusions, and their pre-3-proofs?
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Annex 10.A. The calculus Lg,

I introduced this calculus in 1978, in analogy with L,,; the precise
mathematical results which follow have been proved in the following years
(1979-82) by several people (M.C. Ferbus, J.F. Husson, J. Vauzeilles).

10.A.1. Definition.

We start with a language L containing two types of objects o and T; we
assume that the only terms of L of type o are variables; then we con-
struct, for any ordinal «, a language L,,,, as follows (the notation is not
very satisfactory: in the context of IT{-logic, L, means the use of con-
junctions and disjunctions of length < w;, whereas here L, means the

use of conjunctions and disjunctions of length «...):

(i) The terms of L,,, are defined by

1. the variables #7 (n > 0) are terms of type 7.
2. for all £ < o, £ is a term of type Oo.

3. if f is a (n,m)-ary function letter of L (hence taking as values
objects of type T), if &, ..., &, are terms of type o, if t, ..., t,, are

terms of type T, then f(&1,...,&, t1, ..., L) is a term of type T.
4. all terms of L, are given by 1-3.

(ii) The formulas of L, are defined by:

1. if p is a (n,m)-ary predicate letter of L, if ¢1,...,t,, are terms of
type T, if £1,...,& < a, then p(&y, ..., & b, ..., 1) is a(n atomic)
formula of L,,,.

2. if A is a formula of L., so is —A.

3. if A, B are formulas of L, so are ANB, AV B, A — B.

4. if A is a formula of L., if x is a variable of type 7, then Vx A and

dx A are formulas of L.

5. if (A¢)e<q is a family of formulas of L, involving only finitely

many free variables of type 7: x4, ...,x;, then M A and W A
(<a {<a
are formulas of L.
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6. the only formulas of L, are those given by 1-5.

10.A.2. Definition.

(i) Assume that ¢ is a term of Lg, and that f € I(«, 3); then we (even-
tually) define a term f~!(¢) € L, as follows:

(i)

f71(t) is defined if and only if all ordinal parameters of ¢ are of the
form f(&) for some & < a; if this condition is fulfilled, then f~1(¢) is
defined as the result of the replacement in ¢ of all subterms f(§) by

terms &, for all € < av.

Assume that A is a formula of Lg, and that f € I(a,(3); then we
(eventually) define a formula f~'(A) € L,,, as follows:

1.

When A is atomic, f~'(A) is the result of the replacement of all

ordinal parameters of A by their inverse image under f; hence
f71(A) is defined iff all ordinal parameters of A belong to the

range of f.
F7H—A) is defined iff f71(A) is; in that case f~1(=A) = —f~1(A).
Y AAB), f/Y(AV B), f71(A — B) are defined iff f~!(A) and
f7YB) are both defined; in that case f~*(A A B) = f~}(A4) A
f7UB), fTHAVB) = fTHAVFH(B), - (A—>B)—f HA) —
f74(B).
Y (VzA), f~1(3zA) are defined iff f~!(A) is; in that case f~(VzA)
= VafH(A), [T (ExA) = Fzf7H(A).

( M Ag) "YW Ag) are defined iff for all € € rg(f), f~1(A¢)

£<p

is defined; in that case f’l( M Ag) = M fﬁl(Af(s)%

s

£<B £<a

W A) = W f 1 (Age).
£<p E<a
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10.A.3. Definition.

()

(i)

We define a category FORf, as follows:

e objects: pairs (a, A), where A is a formula of
e morphisms: the sets I(«, A; 3, B) consisting of those f € I(a, )
such that f~1(B) is defined and f~1(B) = A.

The language L Bu consists of all functors I from ON to FOR , such
that:

e F(a) is of the form («, F,) (a € On).
o F(f) = f (for all f € I(a, ).

10.A.4. Remarks.

(i)

The analogue of L Bu when L contains several types of objects # o

can be easily defined. One can also consider the combination L Bt

of L,Bw and L,,,, i.e. when denumerable conjunctions M A, are

n<w
allowed (with ffl( . An> = M f'(A,)). All these things are
n<w
minor and easy-going variants of our definition.

n<w

Another variant would consist in allowing partial conjunctions and

disjunctions, when A < pu < a

M A, M A, M A, M A

ALE<p A<E<p ALE<p A<E<p
with
I MA) = M 7 Age)
A<E<p F N <€e<F 1w
UM A= M FHAy)
A<E<p FHN<€<FH(w)
f71< M Ag) = M fﬁl(Af(g)) etc....

A<E<p FHOVE<FHw)
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However, if we have specific symbols t and f for true and false,
we can replace such partial conjunctions by total ones, e.g. replace
M A¢by M A, with Ay =tif { <Xor p <& <a, Ay = Ag if

ASE<p {<a

A< €< .

(iii) In contrast with L,,,, the binary connectives A and V cannot any
longer be defined from M and W in L Bu However, the formula

Fo= M M G,

(<a €&<a

(with Geea = A if ¢ <&, Geeo = By if € < () defines, given two
formulas A(«) = (o, As), B(a) = (o, B,,), another formula F(«) =
(o, F,) of Lﬁw’ which has the property that F, <~ A, A B, for all
« > 2.... This is the best that we can do in that direction.

(iv) Of course, formulas of L B., can be viewed as families (F,,)aecon such
that:

1. for all a € On, F, is a formula of L.

2. for all o, 3 € On and f € I(«a,3), f~'(F}p) is defined and equals
F,.

(v) Tt would have been bad taste to consider the quantifiers Vz©@ A(z©)

and 329 A(29), since we have the obvious translations:

Va0 A(z9) ~ M A(£)

(<a
320 A(29) ~ W A(E) .
(<a

This shows that, for instance, the usual 3-logic of Section 10.1

can be translated in L,@w... )

10.A.5. Example.
Let us give one of the most typical examples of formula, deeply connected
with the results of Chapter 11: we shall consider the case where L makes no
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use of the type O, i.e. when no atomic formula of L, contains any ordinal
parameter £, for all & and & < a: let ® = ®(X, x) be a positive operator in
L; then we can consider, for all £ and o > ¢ formulas Ag,(x): assume that
A¢o(z) has been defined for all ¢ < &; the formula obtained by replacing
in ® all atoms X (¢) by formulas A¢,(t) is denoted by ®(AyAca(y), z); we
define

AEa =W Q()\yACa(y)ax)
<
(partial conjunctions have been introduced as abbreviations in 10.A.4 (iii)).
One easily shows (induction on &) that, if f € I(a, 3), then f~1(Ape)p) is

defined and equals Ag,.
The formulas A, = W Ag, are such that:

(<a

f7HAp) = W [T Apep) = W Sa=A, .

§<a {<a

Hence A(a) = (a, A,) is a formula of Lg, (As usual it is deceiving to say
that the construction is made by induction on &; there is a tree-like version
of L B and the construction just made can be handled in this framework,

without using induction on ordinals ... see 10.A.15.)

10.A.6. Definition.
Let D be a dilator; then we define the language Lp,, to consist of those
functors I from ON to FORf, of the form: (also called D-formulas)

Fla) = (D(a), Fa)
F(f) = D(f) -

In particular, Lﬁw can be identified with L.

10.A.7. Definition.

If F'is a formula of Lp,, then we define the immediate subformulas of
F: (compare with 10.2.24)

writing F'(«) = («, Fy), it is possible to find a “first symbol” of F', namely
the first symbol of all F,’s; let us call it by S:
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(i) If S = =, the formula E of Lp, defined by F, = —FE, is the only

immediate subformula of F'.

(i) If S = A,V —, the formulas £’ and E” of Lp,, defined by: F, = E/ A
E! (resp. E/,V E!, E! — E!) are the only immediate subformulas
of F.

(iii) If S = V,3, consider the formulas F, such that F, = VzFE, (resp.
JrEa); then the immediate subformulas of F' are all formulas G' of

Lp, of the form G, = E,(t) for some term ¢ of type s.

(iv) If S = M, W, consider the formulas E¢, (§ < «) defined by F, =
M Eg, (resp. W Eg,). If £ < D(0n), write £ = (20; o, ...,

£<D(a) £<D(a)
Tp_1; 0n)p, and let ¢ = inf {u; x¢,..., 2,1 < u}; we define a for-

mula E¢ of LDO(QE-Hd)W by:

EE(O‘) = E(Zo;ro ,,,,, Zn—1;ceta)peeta

Then the immediate subformulas of F are exactly the formulas E¥.

A particular case is when D is of the form a + Id; then it is immediate
that all immediate subformulas of F' are in some Ly 4 (b € On).

The subformula relation is the order relation generated by the strict

subformula relation.

10.A.8. Remarks.

(i) If Fisaformula of Lp, and T € I'(D’, D), then one defines (eventu-
ally) a formula T=Y(F) of Lpr, by T~ F)o = T(f)"*(F,). In 10.A.7
(iv), if one takes f € I(cg,cer) such that € = (z0; 2o, ..., Tn_1; ON)p,
¢ = (203 f(z0), s f(xn_1); On)p, then

f+Elel(Do (cc+1d),D o (co+Id))
and clearly (f + E})""(E¢) = EX.

(ii) The process of finding subformulas can be inverted into a process of

building formulas:
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1. If E is a formula of Lp,, then it is possible to define =F in Lp,,
as follows: (=E), = —FE,.

2. If B/, E" are formulas of Lp,,, one defines formulas E'AE", E'VE",

E'" — E" of Lp,, as follows:
(E'NE")o =E, NE"
(E'VE").=FE,VE!,
(' — E")y =E, — E".

3. If F is a formula of Lp, and x is a variable of type 7, we define
formulas VzE and JzF of Lp, by (VzE), = VzE,, (32E), =
dxE,.

4. If ESis a D o (¢ + Id)-formula for all £ < D(0n), enjoying the

condition of (i) above, then we define formulas M E¢ and

£<D(0n)
W  Ef of Lp, as follows:
€<D(0n)
M Ef) = M E,, (W E)= W E
€<D(0n) Y <D(a) £<D(0n) £<D(a)

(with, when & = (20 x, ..., Tn_1; @)p: & = (20; Toy ..., Tn_1; ON)p,

and o = cg + o).

It is possible to prove many results which are generalizations of results
already obtained for L, and for usual B-logic. We shall indicate some of

them, but we shall present these things as exercises... .

10.A.9. Exercise (trace).
We define the functor Tr from FOR [, to ON by Tr((a, f)) = o, Tr(f) = ;
show that

i) If ((«y, F}), fi;) is a direct system in FOR 7, and ((«, F), f;) enjoys

(i) j y L joy
8.1.11 (i)—(iii) w.r.t. ((ai, F), fij); then the direct system has a direct
limit ((ﬁ, G),gi) in FOR [, and (3,¢9;) = lim (ay, fi;).

—

(ii) Assume that f; € I(«y, F;; 3,G) (i = 1,2); then the pull-back fi A fa
in FOR j, exists and equals f; A f; in ON.
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(iii) If F'G is a formula in Lp,, show that F' preserves direct limits and
pull-backs. Conclude that the family (F,),<, determines F' unam-
biguously.

10.A.10. Exercise.
If « € On and X C «, we define the concept of an (a, X)-formula as

follows:

o (&, &nytey ooy ty) is an (o, X)-formula iff all the ordinal parameters

occurring belong to X.
e If Ais an (a, X)-formula, so are =A, Vz A, JxA.
e If A and B are (a, X)-formulas, so are AN B, AV B, A — B.

o If A¢ is a (a, X U {¢})-formula for all £ < a, M A and W A, are

(<a (<a
(cr, X)-formulas.

(i) Assume that f € I(«, 5) and that f(X) =Y;if Aisa (8,Y)-formula
show that f~'(A) always exists and is an («, X )-formula. What does
happen when f(X) DY ? When f(X)CY?

(i) Show that, if F'is an (o, X;)-formula for all i € I (I # (), then F is

an (a, N X;)-formula. Conclude that there exists a smallest subset

Xo C a such that f~(F) exists for all f s.t. rg(f) D Xo. If Flis a
formula of L B show that F' is an («, 0)-formula for all a € On.

(iii) If D is a dilator, define a concept of D(«, X )-formula, with the fol-

lowing properties:

o If Gisa D(B,Y)-formula and f(X) =Y, then D(f) *(G) exists

and is a D(«, X)-formula.

e If G is a formula of Lp,, then for all @ € On G(«) is a D(«, 0)-

formula.
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10.A.11. Exercise (completeness theorem; Husson).

(i)

Define for all a a sequent calculus LK, corresponding to the obvi-
ous intended meaning of the connectives M and W. Define the mu-
tilations as well as functorial proofs: the resulting system is named
LKg,. A model for LKg, is a structure m for L (but m(o) = §
is possible). Define a notion m = A, when A is a closed formula of
L [m)] B, In such a way that: if = A is provable in LK B then all

closed instantiations of A in m are true in m.

Prove the converse of (i), i.e. completeness.

(Hint. More precisely, if T is a theory in the language Lﬂw with only
denumerably many proper azioms, and if the closed formula A is true
in all models of T', then we construct a functorial proof of the sequent

- AinT+LEg,)

10.A.12. Exercise (cut-elimination; Husson).

(i)

Define, for any two proofs 7, 7’ of LK., and any two finite sets of
integers {ig, ..., in—1} = I {Jo, -+, jm-1} = J, a proof Ny;(m, '), with

the following properties:

1. f ' A and IV = A’ are the respective conclusions of 7 and
71'/, and if A = (A(),...,Ak), I = (Bo,...,Bl) and Aio = ... =
A, , =DBj, =..= B, ,, then Ny;(m,x') is a proof of I, "} F

Ay, A’', where I'] (resp. A;) has been obtained from I (resp. A)
by removing Ay, ..., Ax (resp. By, ..., By).

2. If f € I(c/, ) and f~! () and f~!(7’) are defined then f~! (N[J(ﬂ',
') = Ny (f71(m), f7H(")).

3. The cut-degree of Ny (7, w’) is < the supremum of the cut-degrees
of w, w’ and the degree of Ay, By.

Why is it delicate to define when A is a formula of L, a proof
Ny(m, ") of I', T A — A, A/, in such a way that f_l(NA(ﬂ', 71')) =

Ny (f7H(m), [ () ?
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(ii) Define, for any proof 7 in LK, a cut-free proof N(m) of the same
sequent, enjoying the following property:
if f € I(c/,a)and f~!(m) is defined, then f_l(N(TF)) is defined and
equals N(f‘l(w)>.

(iii) Show the existence, for any proof 7 in LK B of a cut-free proof
N () of the same sequent. Does the result hold for Lp,, ?

10.A.13. Exercise (interpolation; Vauzeilles, [96]).

(i) Define, for any sequent I' = A of L,, (with I' = (Ao, ..., 4,—1),
A = (By, ..., By-1)), any I C n, J C m, any proof w of ' - A in
L., K, proofs Int} ;(m), Int} ;(7) in L, such that:

LT = (Aig, o Asy ), T = (g, ) A = (B, By, ),
A" = (By, ""Bj;/_l) (With (ig, ..y ip—1), (0, s Ty 1), (Joo s Jg—1),
(Jos > Jer—1) enumerations of I, n — I, J, m — J, in strictly in-
creasing order), then Int’; ;(7) is a proof of a sequent of the form
I'" F C, A’ whereas Int] ;() is a proof of a sequent of the form
I, C F A” (the same C') and all predicate letters which occur pos-
itively (resp. negatively) in C' occur positively (resp. negatively)

in I+ A’ and negatively (resp. positively) in I F A”.

2. If f € I(/,a) and f~!(m) exists, then ffl(lnt’LJ(w)) and
[t (Int}’y‘,(ﬂ')) exist and they are respectively equal to Int} ; (f_l (71'))
and Int’I'J(f_l(Tr)).

(ii) Prove the interpolation lemma for L B’ it A F B has a proof in
L 3., one can find an interpolant C' such that:

1. AF C and C F B are provable in Lﬁw‘

2. The predicates occurring positively (resp. negatively) in C' occur

positively (resp. negatively) in both of A and B.

(ili)) We want to extend this result to a sharper version: we assume that
the only function letters of L are constants cy, ..., c,, ... of type 7.
Why is it impossible to directly adapt (i) and (ii) above in such a
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way that the interpolation holds for constants as well?
(Hint. In the case where the last rule is (IV), one must distinguish
several subcases that are not preserved by f~1(-).)
In order to prove interpolation in that case, we consider instead of
formulas, pairs (F, X), where X is a subset of the set {co,...,cp, ...}
such that all constants of F' are among the constant in X. Show that
every proof in L 3., can be modified in such a way that formulas are
replaced by pairs (F, X) as above, without losing functoriality. We
prove the interpolation as follows: let

I"EA = (AE)’ X(,))’ ) (A;—DX,;—Q - (Bé)v YE)/)> T (B:;—b Y:]/—l)

T A" = (A XY,y (AU, Xly) b

' —1> p'—1

(B(’)’,YO”),...,( " " )

-1 "¢ -1

Then all parameters of type 7 of the interpolant C' belong to (X} U

LUX) UYJULUY )N (XgULUX)  UYT UL UY ).

10.A.14. Exercise (bounds for cut-elimination; Ferbus, [97]).

(i)

Show that the majoration theorems obtained in Chapter 6 for L,
are still true for the calculi LK,,; moreover, show that these re-
sults (mainly 6.B.6) are compatible with mutilations: assume that
f € I(ay,a), that 7 is an a-proof, and that f~1(7r) exists; assume
that (9, \), (91, A1) are majorations of w and 71 (= f~!(mr)) respec-
tively, and that h € I(A;, \) is such that:

Y
T A

%) h

T A
9

is a commutative diagram (7" and 7T are the trees associated with 7
and 71, ¢ is the function from 77 to T corresponding to mutilation
w.r.t. f; eventually see 10.A.15). Assume too that 6%, u) and 0%, uq)
are graduations for 7w and 7, respectively and that k € I(\y, \) ren-

ders all diagrams
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o7
Ul,s M1
Vs k
Ug(s) 5 p

commutative (with: s € Tj s.t. the rule applied “at stage s” is a
cut; Uy, the underlying tree of the cut-formula of this cut, U, its
homologue under the mutilation function; if A;, and A, are the
corresponding formulas, then f~(Ayui) = Ais, hence the mutila-
tion function induces a function ¢, from Uy 5 to Uy(s)...).

Assume that all these conditions are fulfilled; let «" = (77, ¢'),
7 = (17, ¢') be the associated cut-free proofs constructed in 6.B.6;
show that f~!(7') exists and equals 7). Furthermore, if (19, V(1 A))

and ( LV (pa, )\1)> are the associated majoration, show that

19/
T b V(M)
X V(k,h)
1 o V(4 A)

is commutative, x being the function from 77 to 7" induced by the
mutilation of 7w’ w.r.t. f.

(Hint. The complete result may be rather long to prove, and it is
perhaps sufficient to prove the analogue of 6.2.5-6.2.8-6.5.6 to have

a good idea of what is going on....)

Prove the majoration theorem for functorial proofs: assume that 7
is a proof in LK,Bw5 a majoration for 7 is a pair (¢,, D) where

e D is a dilator.

) (19a, D(a)) is a majoration of m, for all o € On.

e The diagrams
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., " D)
©f D(f)
T} D(3)

g

are commutative (when f € I(a, ), and ¢y is the function from

T, to Tj induced by the mutilation of wg w.r.t. f).

Show that there exists at least one majoration of 7, when 7 is
an arbitrary proof in LK B

A graduation for 7 is a pair (62, E) where
e F is a dilator.

e For all a € On, (52, E(a)) is a majoration of m,.

e The diagrams

Ud.s “ E(a)
©% E(f)
Uﬁ’sof(S) 5200 E(B)

B

are commutative (the precise meaning of the symbols will easily
be found by the reader, using (i)). Show that, if 7 is a proof in

LK B there is at least one graduation for 7.

Given 7, together with a majoration (J,, D) and a graduation
(02, E) for m, construct a cut-free proof 7’ of the same sequent in
LK B together with a majoration (¥, F'), where F' is the dilator

F(a) = V(E(a), D(o))
F(f)=V(E(f),D(f)) -
(iii) What happens for proofs in LKp,,, when P is an arbitrary dilator?

If # = T7!(m), state a result involving commutative diagrams of

majorations and graduations, in the spirit of (i).
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(iv) The cut-free proofs constructed in (i) and (ii) depend heavily on the
choice of the graduation. Prove a variant of these results where the
cut-free proofs obtained do not any longer depend on the gradua-

tions, but V is replaced by the original Veblen hierarchy:

W(a, f) = V(w*, 8)

W(f,g)=V(w,g).

10.A.15. Exercise.

(i) Define the concepts of formula, of proof in LK 3., using the tree-like
spirit of 6.A.3, 6.A.7; in particular the associated trees are quasi-
dendroids. Define the concept of prim. rec. formulas and proofs in
this context. Define similarly (using 10.A.14) prim. rec. majorations
and graduations. Show that the constructions of 10.A.14 (ii), when
applied to prim. rec. data, yield prim. rec. cut-free proofs and majo-

rations.

(ii) Define the concept of preformula, preproof by dropping all well-foundedness
assumptions. Can we still formulate and prove 10.A.13 and 10.A.14

in this new context?
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Annex 10.B. Generalized 3-rules

The following generalization of the B-rules was suggested by several
persons (Feferman, Jervell, Ressayre): Consider a class C' of models of a
given finite or denumerable language L, which is closed under submodels;

from C, we can form a category C' as follows:
— objects: models m of T' belonging to C'.

— morphisms from m to m/: the set Io(|m/|,|m’|) consisting of all func-

tions f from |m| to |m/| such that:

+ f is injective.

+ m E Aay,...,a,) < m' = A(fay,.., fa,) for all atomic formula
Az, .y ).

A C-language is nothing but a language with several types objects,
whose restriction to type C' is (isomorphic to) L; a C-theory is a (denu-
merable) theory in a C-language; a C-model of a C-theory T is a model
m whose restriction to L belongs to C'.

If m € C, then an m-proof is the following:

— Tt uses axioms = A(dy, ..., a,) (resp. A(1y,...,a,) F) when - A(ay, ..., an)

is a true (resp. false) atomic formula of L [m].
— It uses the m-rule, i.e. the following:

I, A(ag) H A .. I'FA(a),A ... all a € lm|
vC rvC
[ V€A A I'FVvaCA A

with ag € |m| in the (IVC).
L TJA(@) F A L (all a € |m]| 'k A(ag) F A

[3C r3C
[, 32°AF A F-32AF A

with ag € |m| in the (r3C).
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When f € Io(m,n) and 7 is a n-proof, we (eventually) define an

m-proof f~!(m), in the now familiar way. A C-proof is a family w(m)

s.t.:

(i) For all m € C w(m) is an m-proof.

(ii) If f € Ic(m,n), then f‘l(ﬂ'(m)) =m(n).

Then the reader will prove the:

10.B.1. Exercise (C-completeness; Feferman, Jervell, Ressayre 1978).
I' - Ais valid in all C-models of T iff there is a C-proof of this sequent in T'.

10.B.2. Remark.

Of course, 10.B.1 is of no interest, unless we can relativize it to the re-

cursive context: T recursive, and recursive C-proofs. What is a recursive

C-proof essentially depends of structural properties of C"

(i)

For obvious (direct limit) reasons, a C-proof is completely deter-
mined by its values on denumerable objects; hence it is likely that
one can extend the family 7r(m) to all m which are models of L, en-
coded by a subset of IN. (Of course, if m ¢ C, then 7(m) needs not
to be well-founded....) If 10.B.1 is proved by following our method
of 10.1.23, then m(m) is ipso facto defined on arbitrary models of
L. Then one easily checks that m ~» m(m) is a continuous type 2
functional, and so it makes sense to style it recursive, prim. rec....

This is the abstract answer to the question raised.

But in practice, we are more interested in specific categories, for
instance when C' is a category of ptykes, as in Chapter 12. Then the
main property of these categories is the existence of a denumerable
subset (finite dimensional objects) which is dense w.r.t. direct limits;
moreover, finite dimensional objects (and their morphisms) can be
enumerated in a prim. rec. way. Since a C-proof will be uniquely
determined by its restriction to finite dimensional objects, it can be

encoded by: n — m(m,,), where (m,,) is the prim. rec. enumeration
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(i)

of the finite dimensional objects.... From this one gets another notion

of recursive, prim. rec. C-proof.

It is not difficult to extend the Theorem 10.B.1 in such a way that,

if T is recursive, then the C-proof is prim. rec... .

10.B.3. Examples.

(i)

(i)

(iii)

The category ON is of the form C: the language L consists of < and
0, and the models are of the form: an ordinal, ordered by m(<) and
whose bottommost element is m(0).... Then m can be identified
with 1+ z; the embeddings f € I(1+4x,1+y) can be identified with

the functions E; + g, where g € I(z,v).

The same thing holds with the category DIL: the language L consists
of:

— a predicate <.
— for any n and linear order ¢ on n, a binary predicate p,.

— a constant 0.

And we require that:

1. m(<) is a linear order, with bottommost elements m(0).

2. If a < bin m(<), then one and only one of the formulas p,(a, b)
holds in m; py(0,0), where @) is the void order on 0.

3. mEVr,y, 2 (x <y <zAp(x,y) Ap(y,z) = ponr(z, Z)) (Condi-
tions 1-3 express that m encodes a predilator of the form 1+ F,
in the sense of 8.G.10.)

4. The predilator encoded by m is a dilator.

One easily checks that embeddings can be identified with natural

transformations E; +T'....

The same thing holds for more general categories of ptykes, but the
relation is rather abstract, compared to the elegant expressions (i)
and (ii). The details are left to the reader.
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10.B.4. Exercise (IT}-completeness of ptykes).

(i)

(i)

(i)

Define the concept of DIL-proof (C-proof, when C = DIL), and

prove that the concept of prim. rec. DIL-proof is IIi-complete.

If v is a DIL-proof, construct a ptyx of type (O — O) — O,
LIN(7), which “majorizes” .

(Hint. We want to linearize w(F) for all F', in a functorial way;
the essential idea is to give a functorial well-order of the set Tr(F),

which occurs in the “F-rule”

.. A(a),A ... all a € Tr(F)
rvC
I+ VaCA, A

We can well order Tr(F') by:
a<b<(2;0,.,n—1;0)r<(z;0,....m—1;w)p

ifa=(z0;n) and b= (z; m)).)
Conclude that the set of prim. rec. ptykes of type 2 = (O —
O) — O, is II3-complete.

By induction on n (= (n — 1) — O), show that the set of all prim.

rec. ptykes of type n is IT} 41-complete.

CHAPTER 11
INDUCTIVE DEFINITIONS

Had this book been written a few years ago, inductive definitions would

have occupied the central chapter in the part concerning I1}-logic. But the

proof-theoretical analysis of inductive definitions by means of the concepts

of I3

-logic, although doable, is not very satisfactory; following Takeuti,

[98], people proved cut-elimination theorems for inductive definitions, but

these theorems are only partial results (the full-calculus does not enjoy

cut-elimination); see annex 11.A.
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In 1979 I initiated a new treatment of inductive definitions based upon
[I3-logic. This new method gives a full-cut-elimination theorem (and a sub-
formula property) for theories of inductive definitions, and it is essentially

this method and its applications that we shall consider in this chapter.

11.1. Inductive definitions

Inductive definitions are familiar from practice; for instance integers

are defined by:

(1) 0 is an integer.

(2) If n is an integer, so is Sn.
(3) All integers given by (1)—(2).

The definition of O (5.A.3) is an inductive definition; but one can define

w f-trees by an inductive definition too:
(1) If () € T and (Vz((z> el — Ty is a wf—tree)), then is a w f-tree.
(2) All wf-trees are given by (1).

Let us give an example from current mathematical practice: we induc-

tively define the concept of a Borel set:
(1) An interval |r,r'[ of IR is a Borel set.
(2) If B is a Borel set, so is IR — B.

(3) If (B,)nen are Borel sets, sois U By,.

n

(4) All Borel sets are given by (1)—(4).

In the sequel we shall only be concerned with inductive definitions of
sets of integers; this will enable us to study the integers, O, but also w f-

trees, since one can express the accessible part of a tree T by:
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(1) If s % (n) € Acc(T) for all n such that s x (n) € T, and s € T, then
s € Acc(T).

(2) All elements of Acc(T) are given by (1).

And T is a wf-tree iff () € Acc(T).

11.1.1. Definition.

Assume that L is a language; a positive operator in L is a formula
® (X, x) of the language L [X] obtained from L by adding a new unary
predicate letter X, and z is a variable (in the case of several types, we
require that Xz is a corrct formula of L [X]) such that all occurrences of
X in ®(X, ) are positive. (There may be free variables # x in ®(X, x).)

11.1.2. Examples.
i) N(X,z): x=0V3Iy <x(x=SyAXy)is a positive operator in Lj.

(i) OX,z):z=1VIy<az(z=2-yAXy)VIy<zIz <z (3: = (y,x)+
1AVt Ju (Tl(z, t, u)/\XU(u)) AVt Yu V! (Tl(z, t,u) ATy (z, St,u') —
Uu) <o U(u')) A Xy) is a positive operator in L,,.

(iii) T(X,x): TR(f) A f(z) =0 A Seq(x) AVn(f(z * (n)) =0— X(x *

<n>)) is a positive operator in L.

11.1.3. Definition.

Assume that m is a model for the language L and ® (= ®(X, z)) is a pos-
itive operator in L. We assume that « is the only free variable in ®(X, z).
We define a function m(®) from P(|m|) to P(|m|) as follows: if A C |m/|,
extend m to a model m(A) of L(X) as follows: (m(A) | Xa) < a € A;
then let m(®)(A) = {a € /m|; m(A) = ®(X,a)}.

11.1.4. Remarks.

(i) The function m(®) is obviously increasing: A C A" — m(P)(A) C
m(P)(A’): this comes from the fact that ® is positive.
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(i) When L has several types of objects, then for instance x is of type
7 and X takes arguments of type 7. Then one must of course define
m(®) as a function from P(|m|s) to itself. (|m|+ is the set of

objects of m of type 7.)

(iii) When ®(X, x) contains free variables 1, ..., ¥y, distinct from X, and
if ¢1, ..., ¢, are elements of m of the appropriate types, then one can
define m(@(cl, s cm)), since the substitution of the ¢;’s for the v;’s
define a positive operator ®(cy,...,¢,)(X,x) in L [m] whose only
free variable is x... .

11.1.5. Definition.

(i) Under the hypotheses of 11.1.3, we define subsets m(I®%) of P(|m|),
for all ordinals a:

m(I®%) = U m(®)(m(I1®*)).

(ii) The ordinal aq defined by:
ap = pE(m1) = m(18%))

is called the closure ordinal of ® (w.r.t. m); in many contexts, m

is clear, and we shall speak of the closure ordinal of ®.

11.1.6. Remarks.

(i) The equality (m(I‘Iﬁ) = m(I‘Iﬁ“)) implies m(I®) = m(I®°)
for all & > &, hence the iteration “stops” at the closure ordinal;

nothing new happens after «y.

(ii) One easily proves that m(/®“) C m(@)(m([i’a)) by induction on

Q.

(iii) Hence another description of the (m([ <I>O‘)>’s is
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m(I1®°)
m(19°T) = m(®)(m(1®"))
m(I®)) = U mI®)  for X limit .

N <

11.1.7. Examples.

(i) In 11.1.2 (i), one gets:
m(IN*)={c|lce|m|AIn<ampEc=n}.

(i) In 11.1.2, if m is the standard model of L,,, one gets:
m(I0*) ={ele€ OA|e| <a}.

(iii) In 11.1.2 (iii), if m is the standard model of wa and f is a function
from IN to IN which is the characteristic function of a tree T', one

gets

m(T(f)*) ={s € T; WITR(T,) N |T.|| < a} .
(iv) In the cases (i), (i), (iii), the respective closure ordinals are w, w§*,
and oy = sup (|| Ts||; s € I ATy wf-tree).

11.1.8. Definition.

(i) Under the hypothesis of 11.1.3, we define a new language L [®] by

adding to L a new unary predicate letter ®.

(ii) Under the hypothesis of 11.1.5, we define a model m [®] for the lan-

guage L(®) by saying that
m|[®] | ®c — c € m(IP™)

where g is the closure ordinal of ® w.r.t. m.
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11.1.9. Examples.
In 11.1.7 (i)-(iii), then the interpretation m(®) of ® in m [®] is:

(i) Theset {c € |m|; In m = ¢ =n}.
(i) O.

(iii) 1The set {s € T'; WTR(T%)}.

11.1.10. Remark.
In general, when ® depnds on additional variables v, ..., yz, then ® is a
k + 1-ary predicate letter such that ®y,...y,x is a correct formula of the

language.

11.1.11. Theorem.

m(®) is the smallest fixed point of the function m(®) (w.r.t. inclusion):
m(®) =N{A; AC |m|A®(m)(A) = A} .

Proof. If a* = m(I®), it is clear from 11.1.6 (iii) that, if «y is the closure
ordinal of ®, then a® = ®(m)(a*). Hence a® (= m(®)) is a fixed point
of m(®). Now assume that m(®)(A) C A; we prove by induction on «
that a® C A; the non trivial case is the successor case: if a® C A, then
m(®)(a®) C m(®)(A) C A.... By the way observe that we have proved

slightly more: m(®) is the smallest A C |m| such that m(®)(A) C A. O

11.1.12. Corollary.
Assume that m is a denumerable model of L; then the set m(®) is IT} in

m.

Proof. z € m(®) can be written
VA C [m| Ve € m| ((m(A) | ®(4,¢)) — c € A)

and this is clearly TI] in the data, i.e. m. O

11.1.13. Remark.
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11.1.12 expresses the general way of writing an inductive definition under

a T form; one sees that “inductive definitions are IT3”.
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11.2. Theories of inductive definitions

There are many theories of inductive definitions (in the familiar sense
of ¥0-logic); we shall essentially consider theories of the form ID; (non-
iterated inductive definitions), which are the interesting case. In practice,
it is often useful to iterate inductive definitions, and this yields various
systems that we shall also consider: these iterated systems areconnected
with the ITj-comprehension axiom, IT{-CA. Classical results (equivalence
of systems of inductive definitions with systems of II{-comprehension...)

can be found in [99].

11.2.1. Definition.
Let L be a first order language containing the language L of arithmetic,
let ® be a positive operator in L; then we define a theory ID; (T, ®) in

the language L [®], by adding to T" the following axioms:
(i) Usual induction axioms involving ®:
A(0) AV (A(x) — A(Sz)) — V2 A(2) -
(ii) The closure axiom
b (P, z) - () .
(iii) The generalized ® induction axioms:
Yy (@(AxB(x),y) — B(y)) — Vz (@(z) — B(z)) :

(In (i) and (iii), the formulas A, B, are arbitrary in L [®].)

11.2.2. lemma.

The equality axiom = =y — (‘i(x) — @(y)) is a theorem of ID; (T, ®)
+ equality axioms of T .

Proof. Consider the formula B(z): Vy (y =x — @(y)); if ®(A\zB(z),y),

then since the only occurrence of ® in this formula are inside occurrences
of B(t) for some terms ¢, it is immediate that ®(AzB(z),y) Ay = ¢ —
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®(A\zB(z),y’). Using the fact that ® is positive, and Vz (B(z) — @(z)),
we obtain: ®(A\zB,y) — Vi (y =y — ‘P(@,y’)), and so by the closure
axiom (ii): ®(AzB,y) — B(y); hence we may apply generalized induction
to B, and we get:

Vz (@(2) — B(z)) ,

which can be read as:

Vz Yy (yzz/\(i’(z) — <I>(y)) : O

11.2.3. Example.
Assume that T is PA,,,; then the theory 1D, (O, T') contains a closure axiom

(ii) that can be rewritten as:
(1).
e O(x) — O(22).

Qi

—

O(y)AVt Ju (Tl(z, t,u)/\O(U(u)))/\Vt Vu V! (Tl(z,t, w)ATy(z, St,u') —
(u) <o U())] = O((y,2) +1).

<

11.2.4. Remarks.

(i) The natural idea is to iterate this construction of ID; (T, ®), obtain-
ing thus, from a positive operator ¥ in L [®] a theory IDy(T, W),
etc.... This process can even be iterated transfinitely many times,
along, say, a recursive ordinal V; this leads to the iterated theory of

inductive definitions IDy,, which are studied in [3]; see 11.4.12.

(ii) However, the pattern of iteratins is slightly tricky: it is not true that
ID,(T,®, V) = ID,(ID{(T', ®), ¥). The reason is simple: if we do
twice the ID; construction, then the only provable generalized ® in-
ductions will be the ones where B does not contain ¥, and this will be
definitely too weak. IDo(T, ®, ¥) is therefore the theory containing:

1. usual induction axioms on all formulas.

2. closure axioms for ® and W.
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3. ® and WY-inductions on all formulas.

(iii) Another way of overcoming the difficulty rised in (ii) would be to
consider theories of inductive definitions as schematical theories,
i.e. the principle of ®-induction has to apply to any extension of the

language... .

(iv) If we look more closely, it is plain that it would be also possible
to define IDo(T', ®) simply as ID(T, ®), but without the usual
induction axioms (i). Then for instance IDo(EA, N) is obtained
from EA by adding the extra principles:

e N(0)

o B(0) AVz (B(2) = B(S2)) — ¥y N(y) — B(y)

and this theory (if all quantifiers are restricted to N (-)) is essentially
Peano arithmetic.

Peano arithmetic is therefore the simplest case of theory of induc-
tive definitions; the theories ID; are already theories of inductive def-
initions iterated twice, and this is the reason why (recall (ii) above)
we must add to the closure and ®-inductions, the usual induction

axioms which are just IN-inductions... .

11.2.5. Definition.
In the language L3 of second-order arithmetic, we consider the following

positive operator:
Py (X,t): teYANTH(Y)AVR(t x (n) €Y) —-te X .

(Tr(Y) is the formula: () e Y AVsVs' (seY As <* & =5 €Y).)

We define a theory IND as follows: the language consists of L?, to-
gether with a new function letter mapping objects of type s into them-
sleves: if T is a term of type s, so is Accy. The precise definition of the

terms of type s is as follows:

e Variables X, Y, Z, ... of type s are terms of type s.
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e If T is a term of type s, so is Accy.

e If A is a formula involving no quantifiers of type s, then A\xT is a term

of type s.
e The only terms of type s are given by these conditions.

The atomic formulas are formulas ¢ € T, where ¢t and T are terms
of respective types ¢ and s. We do the usual identification between the

formulas ¢ € Az A(z) and A(t).
The axioms of IND are the following;:

(i) The sequent calculus corresponding to the language; the rules for the

quantifiers of type s being:

M- AX),A CLAT)E A
rvs [Vs
'FVX A(X),A LLVX AX)FA
'+ AT),A CLAX)EA
rds [ds
['F3X A(X),A 3xX AX)FA

(in (rVs) and ({3s) X is not free in I' - A; in (IVs) and (rds)
T is a term of the language, of type s).

(ii) The full induction axiom:
A(D),Vz (A(2) = A(S2)) - A(t) .

(An arbitrary formula of the language.)
(iii) The axioms of PRA.
(iv) Equality axioms x € X Az =y — y € X.

(v) Closure axioms:

®r(Accr,x) — = € Accr .
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(vi) ®-induction axioms:
Yy <<I>T()\.:1:B,y) — B(y)) — Vz (z € Acer — B(z))

where B is an arbitrary formula of the language; hence AxB need

not to be a term!

11.2.6. Interpretation.

Let us look at the standard interpretation of IND in the structure mainly
consisting of IN and P(IV). First the interpretation of ®: if Y is not a
tree, then ®y (X, n) is always false, hence we may assume that Y is a tree;
then ®y (X, s) is satisfied iff s € YV is s.t. all its immediate predecessors
s % (n) in Y are already in X. In other terms, let X¢ = m/(®5,) (m is the
standard model (ﬁV, P(l]\f)), m(®5,) is defined as in 11.1.5); obviously:

sEX o seYAVn(sx (n)eY — I <ése X9) .
The reader will have no difficulty in establishing that:
s € X¢ Y, is awf-tree and ||Ys| < €.
The standard interpretation m(®y) is therefore (11.1.8)
m(®y) = 0 if Y is not a tree

m(®y) = {s; Y, is a wf-tree} if Y is a tree .

But if we apply the ®y-induction axiom to the set m(®y) = Z, we see
that

Vy (®y(Z,y) —y€Z), henceVz(z€Accy —»2z€ 7).

But Z is the smallest set such that ®y(Z) C Z (11.1.11), and ®y (Accy) C
Accy: hence Z = Accy.

We have thus established that, in the standard model (]N , P(IN )) the
interpretation of Accy, when Y is a tree, is the set of all s € Y s.t. Y, is a

w f-tree.

11.2.7. Theorem (Feferman, [99]).
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The 11} -comprehension axiom is a theorem of IND.

Proof. Let A be a 11} formula; we shall explicitly construct a term T in
the language of IND such that: Vz (z el « A(z)) is a theorem of IND;

then of course

- Vz (z el « A(z))
rds
F3X vz (z €eX e A(z))

gives the desired proof.
We start with a formula A of the form VX B(X), where B does not
contain any second order quantifiers; then it is possible to build a term U

such that the equivalence
VX B(X) <~ WTR(U)

s a theorem of IND.

(Sketch of the proof. By replacing the set quantifiers VX by quantifiers

over functions, we can place ourselves inside PRA2?, where a similar re-
sult (5.2.4) has already been obtained; we use X-CA* to reduce the for-
mula to the form ¥V f In t(f,n) = 0. The next step is to translate back
this result in IND: the function quantifiers can be replaced by quantifiers
VX (Fnc(X) — —) where Fnc(X) stands for ¥Yn 3Im (n,m) € X; the pos-
sibility of translating terms and proving X9-CA* comes from the obvious
remark that arithmetical comprehension is provable tn IND, and in order
to do these translations all we need is arithmetical comprehension. Fi-
nally, we obtain a term U s.t. Tr(U) is provable, and VX B(X) is provably
equivalent to the following formula (abbreviated as WTR(U))

VX (Fnc(X) — 3s (Yn < Ih(s) (n, (s)n) € X As € U)). D)
We now establish in IND the formal equivalence
WTR(U) < () € Acc.

(Proof. « Consider the formula B(x): v € U N\WTR(U,). Then assume
that Ynx * (n) € U — B(x * (n)); then if Fnc(X) let ng be the unique
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integer s.t. (0,n0) € X and define X' by: (a.m) € X' — (Sa,m) € X (i.e.
X" = Xx(S(x)o, (x)1) € X); the hypothesis B(xz * (ng)) Va % (ng) € U
shows that:

— Ifx * (ng) ¢ U then s ¢ Uy, with s = (ng), and since (0,ng) € X, one
concludes that B(x).

— If B(x * (ng)), apply the definition of WT R(Uy (o)) with X' defined as
above; then there is a s s.t. s & Uy ngy and ¥n < lh(s) (n,(s),) € X'
Let s" = (ng) * s; then 8" & Uy (ny ANV < Ih(s") (n, (s')n) € X. Summing

up we obtain a proof of:
&y (\rB(z),z) — B(Z)
hence by the ®y-induction axiom.:

x € Accy — WTR(U,)
hence

()€ Accy — WTR(U) .

— Roughly speaking, the idea wholly lies in the Kleene Basis theorem
(5.6.7): we shall construct a s.d.s. in U, which is recursive in Accy (hence
encodable by a term of the language); assume that ( ) & Accy; then, by the
closure axiom, we obtain = ®y(Accy, (), i.e. In((n) € U A (n) & Accy).
By a trivial induction on p we obtain:

Vp s (Ih(s) =pAseUANs ¢ Accy) .
Therefore define a set X by:
s€X —Seq(s)ANseUAs¢Accy A
Vi < sVn <(s); ((s[z) x (n) € Accy V (sli) = (n) & U) :

X can be described by an abstraction term involving Accy. And if one
considers X' defined by

X' = Xz 35 (Seq(s) Az = (lh(s),s) As € X)
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then it is immediate how to prove that:
Vs ((Vn < Ih(s) (n,(s),) € X') = s€U)

(this follows from Vs (s € X — s € U A s & Accy), proved by a trivial
induction on Lh(s)...).
We have just established that

()& Accy — ~WTR(U) . 0)
Summing up we have obtained in IND the provability of the equivalence
Ao () €Ay .

If A depends on a variable z of type i, let T = Xz (( ) € Accy(zy); then

we have proved that

A(z) - z€T. O

11.2.8. Remarks.

(i) The original result of Feferman [99] makes use of ID,, (w-times it-
erated inductive definitions) which is a system roughly equivalent
to the one we are presenting.” We have chosen our presentation be-
cause it is more flexible to be in the same language as second order
arithmetic ... the formalism ID,, has the dubious advantage of elimi-
nating second order variables.... Of course, what must absolutely be
eliminated is the use of second order quantifiers inside comprehen-
sion axioms: our system appears as something formally predicative

... this point will be clarified when we shall use B-logic... .

(ii) Something the reader must absolutely know, even if he never works

with the formalism ID,,, is that this theory is not the union of the

I* In fact, ID,, is equivalent to (II3-CA) + (BI), where (BI) (Bar-Induction) stands

for the scheme
VX (WTR(X) S TI(X, A)) .

A here is arbitrary. In the framework of II3-logic, principles s.t. (BI) usually have a

purely logical proof....
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(iii)

(iv)

ID,,’s! The union of the ID,,’s os something is denoted by ID_,,.
ID,, is a system where one has a predicate P(n,m) together with
axioms expressing that P(n, -) is the n' iterated inductively defined
predicate. It is clear on general ground, that ID, is likely to be
strictly stronger than ID_,.

In fact one would easily show that IND is nothing but the standard
system for IT{ comprehension. Using 11.1.12, it is easy to replace the

sets Accy by ITj comprehensions. Since
t€Accy = VX (Vo (Py(X,2) 2z e X)—-te X

is provable by axioms (v) and (vi), we see that t € Accy is formally
equivalent to a I} formula B(z,Y), and the use of Accy can be
eliminated if one assumes that 93X Vz (w € X « Bz, Y)), i.e. the

[1}-comprehension axiom ... details are left to the reader.

It is legitimate to ask: what is the status of ID; in this context; the
answer is that ID; obviously corresponds to a specific instance of IT;-
comprehension, 3X Vz <x e X< B (1:)), namely when B contains
no free variable of type s; this restricted form of comprehension is
sometimnes styled as “IT{-comprehension without parameters”. In
practice the study of ID; (i.e. II}-comprehension without parame-
ters) is more rewarding (and simpler) than the study of the iterated
IND (or ID,,). IND is especially useful if one is interested in the
ordinal analysis of IT{-CA ... but this a merely ideological question,
which follows by a straightforward iteration of the basic pattern of
ID;. The results on ID; alone have a lot of applications outside
proof-theory, that we shall also consider. After all these consid-
erations, the reader will not be too surprised to discover that the

emphasis in the next sections is placed on the theory ID;....
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11.3. Inductive logic

What we call inductive logic is just the use of 3-logic to yield a specific
formalism for theories of inductive definitions; as explained above, we shall
essentially work with the theories ID{(T, ®)....

11.3.1. Definition.

(i) Under the conditions of Definition 11.2.1, assume that o and [ are
two ordinals and that o < 3; then we introduce a language L*° (we
must also denote @, for instnace L%’ , but we shan’t): L*’ consists
of L, together with the unary predicate ® and I®*, for all A < 3.

(ii) Under the conditions of (i), we define a theory T’ whose axioms

and rules are

1. the axioms of T'.

2. the rules of w-logic for quantifiers of type [

. I'FAMR),A . alln<w I, A(ng) F A
vl vl
M'EVe A(z), A IV A(x) A
I'F A(ng), A L TVAMR)EA L
r3l vl

'3z A(z), A 3z A(x) F A

3. the rules expressing that I®” is ® iterated A times

T ®(I®" 1), A LT, (I8 1) A L
rI\ LI\
I'FI®Mt), A 1Mt F A

In (rI\), p is an arbitrary ordinal < A, whereas in (II\), p varies
through the set of all ordinals < A.

4. the rules for ®:
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TF&(ID"¢),A ..T,BID" t)FA ...

7 [

- ®(t),A L,et)FA

In (7), p is an arbitrary ordinal < 3, whereas in (), u varies

through the set of all ordinals < a.

11.3.2. Comments.

(i) The rules (r/\) and (II\) exactly express what is expected, namely
that:

I®* = | ®(I®",) .

H<A

(ii) The interpretation of the rules for @ is more problematic, because

these rules are asymmetric:

— if we allow the notation 1®”, then clearly (7) says that

I’ Cc .

— similarly, the meaning of (1) is that
dC [P .

Since we are in systems with cuts, it is possible to derive from

that, by transitivity of inclusion (this is the use of cut):
19° Cc & C 19

and since a < 3, it follows that /® = I®*"! i.e. these rules express

that « is the closure ordinal of ®.

iii) In practice, if one considers, say, T' = PA ., ® = O, then the theories
p ) Y. P
T°% will be consistent iff a > WK in particular, for most of values
a, T cannot enjoy any reasonable cut-elimination theorem (which

would force T to be consistent).
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11.3.3. Theorem.

If I' F A is provable in ID, (T, ®), then it is provable in T’ for all o and
g > a.

Proof. The usual induction axioms can be proved by the w-rule, as usual;

in order to prove the closure axioms, let us consider:

®(1P 7)) F (1D, 7)
rlo
S(IPN 1) FI®(z) ... allx<a
]

®(z) - I1P%(7)

Now, using the positivity of ®, it is not difficult to build a (cut-free)
proof of

®(®,9) - ®(19%,7)
and we conclude as follows:

®(®,y) - P19, 7)

=

rvi
-y (2(D,y) — B(y))

and we have therefore proved the closure axiom; in this proof the asym-
metry between (7) and (I) was crucial. In order to prove ®-induction, let
B(z) be a formula, and let By be Vz ®(AzB,z) — B(z); then, for each

A < a, we produce a proof 75 of the segments:

By, I®*(2) - B(%) .
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Z/

I

By, I®"(Z') + B(Z')

™

By, ®(I®",2) - ®(\zB, 2) B(Z) + B(%)
l —
By, ®(I®",2), ®(\zB,z) — B(z) - B(2)
vl
... By, ®(I®",2) - B(2) ... all p < X
LI\

By, I®*(2) - B(%2)

(As usual: either you say that the proof is constructed by induction on
A (this is the traditional way of expressing it) or you say that you start
with the conclusion, then write some portion of the proof above, then do
the same with the premises, etc...).

A similar construction would give:

... By, ®(1®*, %) I— B(z) ...all A < «
[
By, ®(2) - B(2)
.. By ®(2) — B(2) ...
rvi
By - Vz (‘i(z) — B(Z))

= By — ¥z (®(2) — B(2))

and we have therefore proved the ®-induction axiom. O

11.3.4. Definition.

(i) Under the hypotheses of 11.2.1, let F' be a dilator of the form a+Id +
1+ F’ (to simplify the understanding, the reader can imagine that
F =Id + 1); then we define a language L as follows:
L" consists of L, togethjer with the unary predicates ® and ®°, for
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all F-terms ¢ (10.2.17).

(ii) A proof in T of a sequent I = A of L* consists in a family (74 )acon
such that:

1. For all o, 7, proves I'(a) = A(«) (which is the result of replacing

in I" and A all F-terms ¢ by their value ¢(a) at «) in the system
Tate F(a)'

2. Foralla, 8 € Onand f € I(«a, 3), F(f')(m3) is defined and equals
7. (The definition of F(f)~! is straightforward and therefore is
left to the reader....) These proofs are also called F-proofs.

11.3.4. Examples.

(i) The proof (in T**™) of F Wy (<I>(<i>, y) — @(y)) given in 11.3.3 (let’s
call it A,) is such that:

(Id+1)"'(As) = A, when f € I(a, ) |
hence (A,) defines a Id 4+ 1-proof of the closure axiom.

(ii) In a similar way, the proofs (in T**™) of the ®-induction axiom on

B define a proof in T"4*"! of this axiom.

11.3.5. Remark.

We have already remarked that the theories T are most often inconsis-
tent, and in particular cannot enjoy cut-elimination; for the theories T
the situation is different: they are all consistent (provided T is itself consis-
tent), hence there is no a priori reason why the proofs in T, considered as
whole entities, should not enjoy reasonable cut-elimination theorems. We
shall see in the next section that from a given proof in T it is possible to
build a cut-free proof of the same thing, provided the dilator F is changed

into some F’, and the parameters are subsequently modified... .

11.3.6. Theorem.
Let T be a prim. rec. theory, ® a positive operator, and let I' F A be a

closed sequent of L [®]; the following are equivalent:
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(i) 'k Ais true in any w-model of L [®] of the form m [®] (see 11.1.8).

(ii) T'F A is provable in T* for some dilator F' of the form a-+Id 41+ F".
(Moreover the proof can be chosen prim. rec. and one can assume
that £ =1Id + 1.)

Proof. (ii) — (i); choose an w-model of T', say m; in m, ® has a closure or-
dinal, say ag; we show that m can be extended into a model of T0-F(@0).
we simply define m(I®") as in 11.1.5; of course we must verify that the
rules (rI)), (II)\), (7), (I) are valid for this interpretation:

e The validity of (r/\) amounts to verifying that
m(®)(m(I®")) C m(I®")  when i<\
e The validity of (/) amounts to verifying that

m(I®) C U m(®)(m(I9"))

pn<A
and these two formulas are simply trivial by construction.

e The validity of (7) amounts to verifying that

m(I®F () ¢ m(P) .

e The validity of (/) amounts to verifying that
m(®) C m(IP*T*)
but since aq is the closure ordinal of ® in m, it is plain that
m(®) = m(I®*T) = m(IPF@)

(we use the fact that a + oy < F'(a)).

Now, if (m,)is any proof in T% of I' A, then m,, will be a proof in
Tt Flao) of the sequent I'(ag) F A(ap), which is equal to T' F A, and
since m can be extended to a model of T2t F(@0) it follows that I' - A
is true in m [P].

(i) — (ii): The first thing is to obtain a completeness theorem w.r.t.

the following theories T consisting of:
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1. T.

2. The rules of w-logic.

3. The rules (rIX), (II\) for all A < a.

4. The rules (7), (I); in (F) pis < a.

5. The additional axiom: F Yy (‘P((i),y) — i)(y))

Then a straightforward adaptation of the 3-completeness theorem shows

that, if I' = A is true in all w-models of the form m [®], then it has a prim-

itive recursive B-proof of the form (7,):
e 7, is a proof of ' - A in T,
o If f € I(,p) then f(mg) = m,.

(Sketch of the proof. Take for instance a system of Bw-logic where I®

appears as a two variables predicate 1®(\,72)l the Bw-models of such a

theory are exactly those models whose restriction to L [®] is an w-model of

the form m [®]; of course the rules (rI\), (1)), (7), (I) must be rewritten

as axioms, say:
(a) YAV (I®(A\n) < Fu < X ®(12(p,-),n))
(b) n (®(n) < I\ BID(N,-),n)) -

The B-completeness theorem enables us to find a prim. rec. Bw-proof of
I' H A, in this modified formalism. Then, for instance, we can replace
the axioms (a) and (b) by their obvious proofs by means of (rI\), (II\),
(7), (I). A straightforward cut-elimination procedure enables us to elimi-
nate all ordinal quantifiers ... then replacing all the I®(\,n) by 1®*(n)
we obtained the desired proof. Of course, it is also possible to use the

completeness for L B using translations:

I® () : W ®(IP" n)

p<A

®(n) : W ®(I®* 7).

A<
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But of course a direct adaptation of the B3-completeness argument is the

simplest solution, if not the shortest! 0)

Now, we modify our proof (7,) simply by replacing all uses of the closure
axiom 5 by its proof in T***!, as described in 11.3.3; the resulting proof
(7!,) is a prim. rec. Id + 1-proof of I' = A. O
11.3.7. Remark.

The simultaneous use of w and B3-logics is slightly inelegant; we shall see
later on how to define variants of these constructions (by considering ID;

as a twice-iterated inductive definition) making use of 3-logic only....
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11.4. The cut-elimination theorem

This section is devoted to a syntactial proof of the following:

11.4.1. Theorem (Girard, 1979, [100]).

Assume that T'F A is a sequent of L [®], w = (m,) is a proof of I' - A in
T*, and F and 7 are prim. rec. (typically: F = Id +1); then it is possible
to construct explicitly a recursive dilator F”’ together with a recursive proof
7w of T A in T, such that all cut-formulas of the proofs 7!, belong to

L.

Proof. The syntactial proof of this fact is, as in the case of most cut-
elimination results, long and tedious; the reader is advised of the exis-
tence of a purely model-theoretic argument, discovered by Buchholz (1982,
[101]); see 11.4.9 (iii). We first indicate the main ideas of the cut-elimination
theorem; let us assume that /' =1Id + 1 + F".

The reader already knows how to eliminate all cuts whose cut-formula
is not atomic; the new cases arise with cut-formulas of the form I®*(7)

and @®(72); the elimination of a I®*-cut is straightforward

Dol S
T ®(Id" n), A LT @R R) A Lally < A
o, ri\ D)
I'FI1®*(n), A IV, 1®*n) - A/
CUT
T, T F A A

This typical example will obviously be replaced by:

. / . "
DT, D T e

[F®Id"n),A I, &I n7)F A
CUT
T T A, A

The case of a cut whose cut-formula is ®(n) is completely different:
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sl i

IF®UI®" n),A .. I'®I® a)FA . alv<a
- 7 [

[-®(n),A I, ®(n) - A
cuT

T A A

What makes the situation hopeless is that u is any ordinal < F'(«) (typi-
cally: 1 = «), whereas the premises of the () rule vary only over ordinals
< «. This technical remark is just another way of remarking that the the-

ories T+

cannot enjoy any reasonable cut-elimination (11.3.2 (iii)). But
we have also remarked that no such a priori limitation applies to proofs-as-
functors (11.3.5). So, instead of trying to eliminate the cuts in 7 = 7, for
each separate value of the ordinal «, we make a cut-elimination procedure
which is not pointwise in the sense that it applies to the family (7,) as a
whole!
The idea is essentially to form 7] F(a) and then to form the cut:
Dol Do, Fla)
'E®(I®" n),A T/ &P n)kF A
CuT
DIV EA A

If we look more closely, we see that:

1. the coefficients in TV = A’ have been modified.

2. the proof obtained is now a F' o F-proof.

3. in fact in the rules ({) above the right premise of the cut, we have F'(«)
premises, that is obviously too much ... but too many premises are no
handicap ... simply chop all premises of index > «a.

4. in the more general case F' = a+Id+ 1+ F’, instead of forming F' o F,
we form F o (Id+ 1+ F')....

Let us now enter into the heart of the matter....
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11.4.2. Definition.
Assume that m = (7,) is a F-proof whose last rule (10.2.24) is a cut

M) F Ala), Ala) T'(«a), A(a) F A(a)
CUT
['a), () F Aa), A(a)
This cut is said to be of:

kind I : when A(«) is a formula of L.
kind IT : when A(«) is neither a formula of L, nor a formula ®(n).
kind III : when A(q) is a formula of the form ®(n).

11.4.3. Theorem.
Assume that m = (m,) is a F-proof of a sequent I' - A of L¥; then one

!/

! ) of the same

can construct (recursively in the data) a F-proof n’ = (7
sequent I' = A such that:

(i) all cuts in 7’ are of kind I or III.
(ii) if no cut-formula of 7 contains @, then all cuts in 7" are of kind 1.

Proof. This is a rather straightforward theorem, not essentially differ-
ent from cut-elimination for the sequent calculus L B The idea is to
replace any cut of kind IT by other cuts of smaller complexity, until we
obtain only cuts of kinds I and III.... We can for instance do this for
all proofs 7, separately; if the result of this process is denoted N(m,),
then we simply observe that, if f € I(«,3) and F(f)"'(mws) = m,, then
F(f)™! (N(wg)) = N(m,). The very details are boring, very close to proofs
we have already produced several times in this book, and I don’t think se-
riously that a reader who has succeeded in getting through the book up to
this chapter can have the slightest hesitation on such a theorem! However,
let us compute explicitly a concept of degree, which computes the number

of steps from A to cut-formulas of kinds I or III:
d°(A)=—-1 when Ac L or A= ®(n)

& (197)) = w - A
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(A — B) = d*(AV B) = d°(AV B) = sup (d°(4),d"(B)) + 1
when A and B are not both in bol

(Vo A) = d(3x A) = d(~A) = d°(A) +1 when A& L .

Then cuts of kind II correspond exactly to d°(A) # —1; the degree is

functorial, i.e.
w - F(f)7Hd(A) =d(F(f)(A) (Ae L),

moreover, d°(®(I®" 7)) < d°(1®(7) when A < pi.... And 11.4.3 is sim-
ply the fact that the global cut-degree can be lowered to 0, i.e. the only
cuts are of degree —1.... But it’s enough for this! O

11.4.4. Theorem.
(i) To each 3-uple (7, F,T' - A) such that

1. F is a dilator of the form a +1d +1 + F’
2. T'F A is a sequent of L
3. mis a proof of I' + A in T such that 7 has no cuts of kind II

we associate a 3-uple (7, F,T' - A), improperly denoted by (7, F, T F
A) (the definition of 7 depends also on F; the definition of F' depends

also on 7) such that:

1. Fis a dilator of the form F + F".

2. T+ A is the result of replacing in I' F A all atomic formulas
I®'(n) where t is a non- constant F-term (i.e. t(a) > a + a for

all o) by ®(n).
3. 7 is a F-proof of '+ A; the only cuts of # are of kind 1.

(i) The construction is functorial in the following sense: let G' = b’ +1d+
1+G’, and assume that T' € I'(G, F) is of the form f+Ej +E]+1",
and assume that T71(T' F A) =TV - A/ exists, as well as T~ (7) =
7'; then if we consider (7', G, T F A’), we can define T' € I'(F, G) of
the form T4 T” s.t. T-' (%) = @' (T"Y(T F A) =" - A’ is trivial).
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(iii) The construction ~has the following extra properties:

a. B, = EL.

b. If (m,F,THA) -5 (x, F T+ A)
and (7', F/\T" = A) 25 (2 F".T" = A”)
(standard notations for the situation of (ii)) then since one has
(', F,T' = A) RIEN (", F",T" = A”) one can define T, T T'T;
then 7T = T'T.

c. If (m;, BTy F A;) 5 («/,F',T" - A') (i € I, I directed) are
such that:

1< ] — rg(Tr(Ti)) C rg(Tr(Tj))

if (w, F,["'F A) z, (w', F/,T" = A’) and Tg(Tr(T)) =
‘U] rg(Tr(ﬂ)) then rg(Tr(T)) = <U1 rg(Tr(Ti)).

d. If (m;, F, Ty = A) =5 (m, F,TEA) (i =1,2,3) and rg(Tr(T1)) =
’l“g(TI’(TQ)) N rg(Tr(T3)> (1e T1 = TQ AN Tg) then Tl A Tg = Tg.

(Part (iii) of the theorem, which is the longest to state, is also the obvious

part; the proof will be omitted... .)

Proof. First a remark on notatins: we shall often need to compute F in
several “contexts”, for instance in (w, F,T' = A) and (7', F,T" + A’), and
of course we cannot use F' as a notation for both cases; so what we do is the
following; we say “consider (w’, F/, " F A’), with F/ = F” ... then we use
F’ to speak of F'in the context of (7', F,I" + A’). In order to carry out the
proof, it will be necessary to analyze proofs as we did in Sec. 10.2.... One
must therefore give a last rule, and premises for all F-proofs.... Assuming
this has been done, then the proof of the theorem requires looking through
a certain number of cases: we work by induction on 7 (10.2.9):
1. If 7 is an axiom of T let # = 7, F = F.

2. If the last rule (R) of 7 is unary, there are three subcases

subcase a (R) is (7): let us write
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7'|'/:

I'-®(IP ) A

[+ ®(n),A

The induction hypothesis, applied to (7', F',T' I ®(I®*, n),A) with [/ =
F, yields a 3-uple (7, F' T+ &(I1®* 1), A) enjoying the properties of the
theorem; if A is a constant F-term, then ®(I®* n) = ®(I1®*,7), hence

one can define:

i

TF®UIP7), A

=N
Il

I'+®(Rn),A

and F' = F’. But, if A is not a constant F-term, then <I>(I?{>Vk, n) = ®(®,n).

Here we use a lemma:

11.4.5. Lemma.

Given a F-proof of I' - A, say 7, it is possible to construct a F' + 1-proof
of I'y = Ay, where I'y F A; is obtained from I' - A by replacing some
positive occurrences of ® in I' = A by corresponding occurrences of 1®’,
where ¢ is the F' + 1-term t(x) = F(x).

Furthermore, the construction is functorial in the following sense: if
T=f+Ey+E +T € I'(G,F) and I" - A" = T"T' + A), then
A = Tfl(fl F Ay if T7Yw) = o', then T7 '(m;) = =, with
=T+ Ei

Proof. The formulation of the lemma is more complicated than its proof:
simply replace all occurrences of @ which are “ancestors” of those occur-
rences of ® in I' - A one wants to modify, by corresponding occurrences
of I®'. (The precise formulation of this would be terribly pedantic.) Of
course, this forces us to rename some rules: some (7) appear now as rules
(rit). The very details are left to the reader. The functorial property is

immediate. O
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We apply the lemma to 7', in order to get a proof @ of T' - ®(I®*,7), A,
with ¢(«) = F(a) for all a. This is a F’ + 1-proof, and one defines

w

I'F®(Id,7),A

I ®(R),A
and one defines F' = F' + 1.

The functorial part of the theorem is left to the reader. (Let T =
T+ Ej.)

subcase b (R) is (rI\) with A a non constant F-term. Then

o

I'F®(I®" n),A
ri\
- I1®&*n), A

The situation is very close to subcase a:

— If p is a constant F-term, let

and F = F'.

=

with ' = ' + 1.

subcase ¢ in all other cases, one can write
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Coa!
I'E A

R

'=A

and it will be possible to define F' = F”,

o

- '+ A
R

I'tA
3. The last rule (R) is binary; one must consider two subcases:
subcase a (R) is not a cut of kind III; assume that
Do oo
I A AN
R
'-A

Let us apply the induction hypothesis to the 3-uples (7, F', " + A'),
(Tr// F//

I = A"), with F = F" = F. We obtain (7', F',T" - A"), (7", F".T" F
A ); the main problem comes from the fact that, in general, F £ F".

Here again, we need a lemma:

11.4.6. Lemma.
Given a F-proof 7 of I' = A such that:

1. 7r contains no cuts of kind II or III.
2. if I®* occurs in I' - A, then ) is a constant F-term

and given G and T' € I'(F,G), T = E; +Ejy+E{ + 1", then it is possible to
define a G-proof of T' = A, say T'(w), in such a way that 7! (T(ﬂ')) = .
The construction is functorial in the following sense: assume that the

diagram



308 11. Inductive definitions

F G
U v
F G
Ty
is commutative (U = f+Ey+E{+U, V = f+E;+E] +V'.) and
VAT, =VT =TU, then

V_I(Tl(ﬂ'l)> == T(U_l(ﬂ'l)> .

Proof. One easily checks that all negative occurrences of some [ & in 7,
correspond to A < a+ «. (Easy subformula argument: the premises of the
rules (1) and (1) for pn < a+a introduce negative I®’s with A < a+a/!!!)
We define 7' = T(7) as follows: inm,, replace everywhere all 1®"’s by
I®Y with N = T'(a)()\); we rename the rules accordingly: (rI\) becomes
(r]T(a)(/\)), whereas (II)) is unchanged, since, as remarked, A < a + «,
hence T'(a)(A) = A. The fact that «!, is a a + «, G(«)-proof is trivial;
but it is essential to remark that it works because the negative I®*’s are
unchanged! The functorial property is immediate: assume that U~!(7r)
is defined, then T(U_l(ﬂ'l)) is so to speak “the image of 7r; under the
partial morphism TU~1"; the hypothesis V AT, = VT = T U is another
way of expressing that TU ! = V~1T.... O

We use Lemma 11.4.6 as follows: write F' = F'+ Fy, F” = F+ F}; then
we define F = F + F, + F5 and we consider the natural transformations
T € IN(F',F), T" € I'(F",F) defined by: 7' = EL, + Elp,,, T" = E}, +
Ejr, + Ef,. Then we can obviously consider:

: T(7) DT (w")
PEA FEA

N

R
A

The functorial property is left to the reader. (If

/

(!, F'. T F A 22 (), G, T F A

/1
T2

(7", F,T" = A") =2 (), G, T = AY)
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(7, F,TFA) 5 (m2,G,Ta = Ay)
with Ty =Ty =T, and if TY =T + T¢, let T =Ty + Ty.)
subcase b (R) is a cut of kind III (CRUCIAL CASE)

~

o "

I'F&(n), A T+ ®H)F A
cuT

3

T T AN

The induction hypothesis applied to (w/, F', T - ®(n), A’) and (", F", T",
®(n) F A”) yields (7', F',T" + ®(n),A’) and (7", F", T, ®(n) F A").
Write F/ = a + F, and let F = F” o F|. Observe that, since [ is of the
forma-+I1d+1+..., F is of the form a + Fl+1+.. ie. ﬁ”—l—l+something,
say F'= F' + 1+ F}.

e We first apply Lemma 11.4.5 to «’: we obtain a F' + 1-proof 7
of I' F I®'(n), A, with t(a) = F'(a) for all a. Next we apply Lemma
11.4.6 to 7}, with T' = E%’ﬂ + E(l)FQ,: we obtain therefore a F—proof X of
I+ I1®'(n), A

e Consider the proof 7”. We use here an analogue of Lemma 11.4.5 for

negative occurrences of ®.

11.4.7. Lemma.
Given a F-proof w of ' = A, it is possible to construct a F-proof 7wy of
I's F Ay, where I's = A, is obtained by replacing some negative occur-
rences of @ in I' - A by corresponding occurrences of I®", where u is the
F-term u(a) = a + a.

Furthermore the construction is functorial in the following sense: if
T = f+ E} —|—Ei—|—T’ eING, F)and T"F A =T YT FA), THF A, =
T~YTy - Ay), if T~ () = ', then T} *(m,) = 7).

Proof. Straightforward; we only use the fact that (I) and (I/a + «) have

the same premises... . O

Applying 11.4.7 to &”, we obtain a F”-proof @} of I/, I®“(7) + A”.
Our problem is to render u equal to t! Consider the F'(a), F(a)-proofs
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(73)F1(a)- These proofs can easily be changed into a + «, F(a)-proofs X.:
simply in each use of (I) in (#2)F(a), chop all premises of index > a + o!
One easily checks that (A”) defines a F-proof of ', I®'(71) - A” (because
u(F{(@)) = a+ F{(a) = F(a) = t(a)).

e Then we define
Y Y

I'FI®Y(R), A T7, I®'(n)+ A
cuT

fw/’ fw - A/) A//

The cut used here is of kind II and its cut-formula does not involve ®... .
Finally 7 is obtained from 75 by means of 11.4.3.

The functoriality is trivial, as usual. (If 7 = f+E}+...and T" = f+T5,
T" denotes T computed in the “contexts” @, 7, then T computed w.r.t.
wis T" o T4.)

4. The last rule (R) of 7 is b-ary for some b € On. (This case covers

the following rules:
— the w-rules (rVL) and ({3L): b = w.
— the rules (I1t) when t is a constant F-term (hence t = b < a).)

The treatment is completely similar to the subcase 3a assume that

o

N P A VR /)
R

'-A

then we apply the induction hypothesis to the 3-uples (w’, F;, T'; = A;) with
F; = F: we obtain 3-uples (7", F.T; + AZ), and let us write F, = F + F;
we define F' = F + Z F]' , and we consider the natural transformations:
j<b
U =Ep+E! +E!
L S A R DI

j<i i<j<b

and we define:
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I

R
A

The functoriality property is proved as follows:

o If (R)is (rVL) or (I3L), consider G; = G, T; = T (i < w); write
T; =T + T}; then

T=T+> T .
1<w

o If (R) is (1It), then ¢ is the constant F' term which equals b; if T =
f + ... then the fact that T7*(m) is defined implies that b € rg(f), say
b= f(t). Define g € I(V/,b) to be the restriction of f, and G; (i < V') to
be G, T; € I'(G, Fyw)) to be T. Write Ty = T + T}; then T =T + >_T/.

1<g
5. The last rule (R) of 7 is On-ary or more. (This case coverse the

following rules:

— (1) (On-ary).
— (IIt) when t is a non-constant F-term.)

Let us treat these two subcases
subcase a (R) = (I)

o

L T,®I®2 ) A Lallden
[

[, ®(7n) - A

(Here we denote by A the constant term equal to \.) = is a F\-proof:
if a +p = sup(a,\ + 1), then F\ = F o (p + Id) (with the notations
of 10.2.3 u = ¢\). We apply the induction hypothesis to the 3-uples
(7, F, T.®(I®*, 7)) - A), and we obtain (7%, F),T, ®(I®* a) - A).
Write F\ = Fy + F Y. We shall define GY as follows:

GV=F+) F+) F

i<a 1<y
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and if f € I(y,y'), we shall define G € I'(GY,GY') by: G = EL+)> EF,+
1<a

> T,; where the transformations T, ; € I'(F,;, F,, ;) are defined by:

at+f
i<f
define natural transformations Ty € I'(F\, Fla+p)n) as follows: T\ = Ep,
when A < a, Ty, = Ep o (¢ — p+ Ejy), where ¢, € I(n+1, f(p) +1) is
defined by: ¢, (z) = f(z) for all z < p.

Then, from the general results of 10.2.7, we obtain: T} (w*™/) =
T for all p < y. Write Toyp = T + T, - this defines the 77 ,’s. Now

observe that G is

e a functor from ON to DIL (this results essentially from the induction
hypothesis (i) (a,b) applied to the T)’s).

e a functor preserving direct limits and pull-backs: (this results essentially

from the induction hypothesis (iii) (c,d)...).
e a functor preserving E: GBvw' = B,y

Hence the functor G, viewed as a functor from ON? to ON is something
like a bilator; more precisely, either G does not at all depend on y, or G is
a bilator. In both cases one can define ' = UN(G) (if G does not depend
ony, F= G).

The construction of GG using sums makes it possible to give an explicit
definition of UN(G):

(UN(@)) (@) = F(2) + Y. F@)+Y Fl(z—(i+1))

<a i<T

(similar formula for functions); as a corollary
UN(G) o (b+1+1d) =

Fo(b+1l4+Id)+> F o(b+1+1d)+

i<a

> Flo ((b+1)G+1)+1d)+
1<b+1

in other terms:

UN(G)o (b+14+1d)=F+ ..+ F. ,+..
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and from this one can easily construct a natural transformation U from
F,yp to UN(G) o (b+ 1+ 1d), since F, . = FO+b + F!_ .

In a similar way, since UN(G) = F + ... + F§ + ..., when A < a, it is
possible to define U, € I* (F s UN(G)). Hence we have obtained natural

transformations:
Uy € I'(Fy, F o (cy+1d))

(recall that A + ¢y = sup(a, A + 1).
We apply now Lemma 11.4.6, and we obtain proofs A* = U, (7*); A*
is a F o (¢, + Id)-proof, and, when f € I(y,y') we have

(f +Ei+Ejg) () = A
this proves that
%

L T,eI@*a)FA .. all xeOn
]

I, ®R)+FA
defines a F-proof, which is by definition 7.

If Ve I'(F\, F), let us look at the definition of V; write V = [+
E}dﬂ + V' f € 1(a,a); then we consider V3, computed from

(), Fia, Ty, @I 1) - Ay) 25 (my, Fy, [, @I 7)) - A)
with X' = f(AN) if A < ap, N =a+pif X =a +p, ) = VyHad),
W=V-= i+Elld+;+Vl7 Fin=F,T1FA =V HTHFA). We can write
V=V + VY, and it is therefore possible to define W¥ € I'(GY, GY) by:

wy=v+ > V.
i<f+Ey
Then W defines a natural transformation from G to GG, and it suffices to

define V = UN(W).

subcase b (R) = ({It) with ¢ non constant F-term; since ¢(0n) > On, it

will be possible to extract from 7 proofs 7, (A € On), in such a way that:
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571')\

/ LT, eI FA . A<0n
l

[, ®(n) A

is a F-proof. (Simply we omit all premises of (IIt) whose indices are >

On...). Then we apply subcase a to (7', F',T", ®(n) - A), and we obtain a

3-uple (7', F',T, ®(72) - A); but since I®'(7) = ®(71), one can define:
=, F=F. O

End of the proof of 11.4.1. Apply 11.4.3, then 11.4.4. O

11.4.8. Remark.

A traditional technique of proof-theory is that of ordinal assignment, which
goes back to the work of Gentzen; roughly speaking, we are given a proof
in ordinary logic (more usually: w-logic), and we want to prove a syntactic
result, typically a cut-elimination theorem. Then we “assign” ordinals to
each node of the original proof-tree, i.e. we define a function: T — On
(usually increasing); the ordinal assignment is used to “measure” the sizes
of some significant data in the proof and to construct new proofs, together

with new (in general bigger) ordinal assignments.

(i) The advantage of the method is that we usually get simple proofs of
syntactical results by transfinite induction on the ordinals involved in
such assignments, e.g. €9, 1o... . This method is well-adapted for stan-
dard (abstract) metamathematical aims such as finding “the” ordinal

of a theory, etc....

(ii) The obvious limitation of the method is its technicity; more pre-
cisely, besides the standard applications found in (i), it is hard to
say what these “assignments” mean; strictly speaking, they hardly
mean something.... In fact, they often reflect something close to the
height of the trees involved, which is not so bad, but which is perhaps
too much linked with the syntax of proofs, and for this reason, not a

very flexible notion.
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Our treatment of cut-elimination for inductive definitions implicitly
contains the use of ordinal assignments: the “ordinal” assignment (it would
be more correct to speak of a dilator assignment!) corresponds tot he values
t occurring in the positive occurrences of the I®"’s... . Let us make it more
precise: it is possible to consider a variant of our systems of inductive logic

where the rule (7) is replaced by:

- ®(®,0n),A
,’7/

['+®(n),A

Then one easily checks (see 11.4.9 (i)) that it is no longer necessary to use
I® positively! But the cut-elimination procedure cannot any longer be
carried out, unless we assign ordinals ¢ (or F-terms ¢ for some F') to some
occurrences of @ in the proof, which (implicitly) become occurrences of
I®" (see 11.4.9 (ii)), and the cut-elimination can therefore be performed
ont he model of what we did. The advantage of the use of /®' (compared
to: occurrences of ® to which ¢ is assigned) is that we have a clear se-
mantic, syntactic world in which the I®"’s can live and make sense (and
have applications), whereas the roughly equivalent ®, assigned with ¢, are
purely technical constructions. (Here again, the assignments are essen-

tially heights of trees....)

11.4.9. Exercise.

We consider a variant of inductive logic where:
— only negative occurrences of /® are permitted.

— the rule (7) is replaced by (7) (11.4.8).

(i) Show how to replace any F-proof of I' = A by a proof in this variant of
I A, where [ - A is obtained by replacing all positive occurrences

of some I®' by corresponding occurrences of ®.

(ii) Conversely, given a reasonably cut-free proof of I' = A in this variant,
construct an F', together with a F-proof of I' = A in inductive logic.
(Hint. Assume that the given proof is ™ = (7,), and let F' = Id +
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1+ LIN(7); in 7., if ® occurs positively in T = A, then follow the
“descendants” of this occurrence, until such a descendant is “used”
in the premise of some (7'); let " = A" be this premise, and t be the
corresponding point in Lin(m,): the given occurrence of ® is replaced
by I®* T - if no descendant of the given occurrence is “used” in that

way, then do nothing....)

(Buchholz, 1982, [101].) Give a direct proof of cut-elimination by
semantic methods.

(Hint. Show that the variant considered here is complete w.r.t. truth
in models m [®]; the cuts must be of trivial nature; then restore a

F-proof by means of (ii) above.)

We now investigate into some of the variants of inductive logic we have

already introduced, together with a few other ones; all the results are pre-

sented as exercises... .

11.4.10. Exercise (inductive logic without w-rule).

(We

consider ID; as a twice iterated inductive definition, the first step

being the inductive definition of the integers....) We introduce IN* (X <

F(a)), and N as we did for @ in general; then given a positive operator

®, we replace it by ®: simply all number theoretic quantifiers Vz, 3z are

restricted to IN; then we introduce I®", &' as usual. The rules for the

calculus are exactly (rIX), (LIN), (7), (1), written for ® and N.

(i)
(i)

Prove a completeness theorem for this calculus.

Prove a cut-elimination theorem; show that, if we start with weakly

finite F, then the resulting F' is weakly finite.
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11.4.11. Exercise (cut-elimination for IND).

(i)
(ii)

(i)

Express a concept of F-proof corresponding to the system IND.

Prove a cut-elimination theorem for the system introduced in (i).
(Hint. First establish the analogue of 11.4.3 for this system, which
1s not problematic. In order to find the analogue of 11.4.4, we must
associate a degree to the formulas ne Accr (= ®7(n)); this degree is
defined to be: sup{p+ 1; p varying over the degrees of subformulas
te Accy of the term T.... Then we show that, given a proof 7 without
cuts of kind II and of degree d < w, we can find another proof =’
without cuts of kind III or II. This is essentially the iteration of
11.4.4 and 11.4.5....)

Adapt (i) and (ii) to the context of systems without w-logic, as in
11.4.10 (ii).

11.4.12. Exercise (cut-elimination for ID,) (Girard, [102]).

R is a fixed prim. rec. well-ordering of a subset |R| of IN. We use p, v for

elements of |R|.

A fair operator (this formalism is essentially due to Feferman [99])

is a fomula F'r(X,Y, u, ) depending on the only variables X, Y, u, x, X

and Y being additional predicate variables, such that:

— X occurs only positively, and X is monadic.

— Y is a binary predicate.

The formalism of IDg (= IDg(Fr)) is:

(1) Yv Vz (FT’()\$ P,(x), \px(Py(x) AN\p < v),v,z) — P,,(x)).

(2) (VV Vo (Fr e B, (x), \px(Py(x) Ap < v),v,z) — By(x)) —
Vv Vx (Py(x) — B,,(m)).

(Explanations. P,(z) is a new atomic formula (= P(v,z)); the quanti-

fiers Vv are short for: Vv € |R|, B,(x) = B(v,x) is an arbitrary formula,
Az B,(x) is the set {x; B,(z)}, whereas Auz(...) is the set of all (i, ) s.t.
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(Remark. This is exactly the system corresponding to the idea of iterating
an inductive definition a transfinite number of times.... The standard way

of speaking of these systems is to call them ID,; ID, is a system equivalent
to I} — C'A.)

Assume that a < # < v are ordinals; we introduce a system IDg(av, 3,7),

as follows:
e Let Acc(X, ) be the following positive operator:
Acc(X,x) < x € |R| A Vy (y <r— X(y))

then we introduce, for all A < «, the unary predicates I Acc? (but no
Acc!), together with the rules (1)), (II)\) corresponding to these pred-

icates.

e If A < o, we introduce a new binary predicate letter Q*(v, z) (= Q2(x)),

and we introduce the positive operators Fr? by:
Fry(X,x) < Acc(I Acc),v) A Fr(X, \uy(Qh(y) A p < v),v,x)
together with the following rules:

L= Fr)I(Fr)? n), A

7’[)\19/
L= I(Fr)” (n), A
when: A < a, ¥ <9 <.
DL ErMI(Fr)) n) A L
N4

L I(Fr)) (R) F A
with: A < «, ¥ varying over all points < 9" < .

I+ Er) (I(Fr))?,n), A

X
I'FQyn),A
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with: M < A < a, 9 < 7.
LD ERY (L(FrY)Y ) A L

I, Qo) - A
with: A varying over all points < A < «, ¥ varying over all points < [.

When F'is a dilator of the form a + Id + 1 + F’ and « < a, then we
define the theory IDg(a, F'); the proofs in IDg(«, F') are families (7,.)zcon,
where 7, is a proof in IDR(a, a+x, F(x)) for all z....

(i) Prove the following completeness theorem: if I' F A is true (in
the standard interpretation), then I'; Acc(R) F Ais a+ 1 + Id + 1-
provable for all @ € On (in particular, with o = || R||; observe that for
this value Acc(R) is provable...), with: Acc(R): Yv € |R|I Acc®(v);
furthermore, if v is the proof constructed, and f € I(«a, 3), we have
'(#P) = a, with T = f + E; + Ej; + E].

(ii) Prove a cut-elimination theorem for the IDr(«, F')’s (F' changes, of

course).

(iii) Adapt the formalism as to eliminate the w-rule.

11.4.13. Exercise (Girard-Masseron [103]).
Our goal is to study monotonic inductive definitions; we start with an

operator ® (X, x) with the property that:
T + Induction on formulas involving
X, YEXCY—-®X)CPY).
We replace the rules (r/\) and (1)) by:

I, 1Y c C+F ®(X,n),A
rl, A
I+ I®Mn),A

(X second order variable not occurring in I' - A) and
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DX cI®N ®(X,n)FA all N <\
11\
I, 1®*n) F A

(X not occurring in I' - A).

The reader will explicitly write the corresponding asymmetric rules (7,,)

and (1,,,).

(i) Prove the axioms I®*(n) - 1®*(n) from the other axioms and rules.
(Hint. Use proofs of X C Y, ®(X,m) - ®(Y,m).)

(ii) Prove a completeness theorem corresponding to this calculus.
(iii) Prove the analogue of 11.4.3 for this calculus.

(iv) Prove the analogue of 11.4.4 for this calculus.
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11.5. Ordinal bounds

Our goal here is to compute “the” ordinals of theories of inductive
definitions, and of the theory TIj — cA.(*)

The first of these values was obtained by Howard ([87]), and in general,
the equality |ID,,| = n,—1 was established by Pohlers [104]. The transfinite
ID,’s were also analyzed by Pohlers [105], yielding ordinals 7, (denoted
in the system of Buchholz by ©(eq,,1,0)). In particular, the ordinal of
Il — C’A(*), which is the same as the ordinal of ID,, is 7,. All these

results are exposed in detail in [3].

It is of course perfectly obvious that the cut-elimination theorem of
Section 11.4 will directly lead to an ordinal analysis of the same theories.
The only problem with the new methods coming from ITj-logic is that they
are too new: in particular, a certain number of very obivous things have
not yet been done. Among these obvious things, I must first mention the
problem of ordinal bounds for these cut-elimination results. There is not
the slightest doubt as to the answer, but there is here a technical work to
do, which requires a good familiarity with II}-logic.... The work of marie-
Christine Ferbus [97], sketched in 10.A.14 partly fulfills this goal, by giving
explicit bounds that can be used without essential modifications in 11.4.3;
but the closely connected 11.4.4 has not yet been majorized.

However, since, as I said, the answer is not problematic, I shall try to

describe it in the main lines:

11.5.1. Majorization of 11.4.4.

The important thing one must majorize in (7, F.T+ A) is of course F;

now, if we look at the definition of F', we see that F is defined by iterating
the operation of composition (i.e. the case corresponding to a cut of kind
III), and all other operations on F are just here to make it work, i.e. to
preserve increasivity, functoriality.... The iteration is done by induction
on the structure of the (functorial) predecessors of .

It is now clear, on general grounds, that, if we replace 7 by a majorizing

1(*) More precisely (Il — C'A) + (BI), see 11.2.8 (i).
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dilator D, then F will still be expressible as the iteration of composition
along the predecessors of D, i.e. by something close to AD. The equation

can therefore be written
F=A.D

where A, is a variant (presumably very minor) of A. The precise definition
will be given by the person which will treat the question, but it will not

be essentially different from A....

11.5.2. Majorization in the iterated case.

If one looks closely, it will not only be possible to majorize F' by A.D,
but also 7t and why not the result of applying 11.4.3 to 7: we have only
perhaps to be a little more liberal in our choice of A..... (For instance
11.4.3 involves, by Ferbus’s theorem, a Veblen hierarchy, which is nothing
compared to a Al)

The n-times iterated ID,, will therefore enjoy a majoration by means of
A, iterated n times, A. Now, the precise definition of the cut-elimination
procedure for IDg will suggest an obvious way of “iterating A, v times”
(similar to the product of v copies of a nice flower), and we shall therefore

obtain majorations by A” for ID,.

11.5.3. Ordinals of theories.

(i) Assume that we work in ID;(PA, O); we want to investigate which
e € O are such that

ID;(PA,O) F O(e) .

We convert our given finite proof of O(€) into a |d+ 1-proof by means
of 11.3.3; it is easily checked that this Id + 1-proof, after elimination
of all cuts of kind II, can be majorized by means of a dilator built
up from Id, 1, +, —, exp, hence can be majorized by the dilator
g0 = Id + (14 1d)"9 + (1 4 1d)2+" 4 Now the results of 11.5.1
show that F' can be replaced by A.eo; in particular we have a cut-free

proof of
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(iii)

(iv)

- 10A€0@) (g)

for all z, so, with x = 0: e € IOAC’EO(O), equivalently |le]| < A.g0(0).
Conversely every ordinal < A.egy(0) can be shown to be a well-
founded (for instance to be representable by a point in O). See 12.6

for more details.

In (i) we “answered” the question of the ordinal of ID;, and we found

A.g0(0), which is obviously the Howard ordinal 79. The equation

ACEO(O) =To

comes from our way of introducing 79 in 9.A.30

[ALn(w)| = [no] n

and all reasonable variants of A must give the same values at rea-

sonable arguments, i.e.

sup |[AL,(w)| = sup [no]n =mny = Asgo(0) .

n n

In general, the same method will assign the ordinal 7, = Aleg(0) to
the theories ID,; in particular, 7, to II} — CA. (Here we implicitly
assume that we know how to iterate a transfinite number of times
A and its variants. This offers no theoretical difficulty, but may be

painful in practice... .)

These ordinals are A-ordinals; this means that they can be naturally
equipped with a structure of Bachmann collections of type w, i.e. a
structure of elements of Kleene’s O, in such a way that the provably
total recursive functions of ID, can be expressed as those recursive
functins that are majorized by some ., for some e < 7,. Now, what

happens with the «-ordinals? Two ways of answering:

e The way A is iterated yields something like
A=A, o AV
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and from the similarity of A and A., it will not be hard to prove
that:

= A,

77]1+V

Another way of doing the same thing is to replace ID, by a system
that does not use the w-rule; this change essentially amounts to
replacing v by 1+ v; now if a formula Vz Jy R(z,y) is provable in
ID,, with R quantifier-free, then it is immediate that

Vz € N 3y € N R(x,y)

will be provable in the modified version of ID,,. If we take a cut-free
proof of this, and apply 11.4.5 and 11.4.7, then

Yz € IN® 3y € INF® R(z,y)

in particular the probably total function
f(x) = pz R(z, 2)

is bounded by F(z + 1). In other terms, we obtain
f(n) < (AM"F)(n)  for some p |

with Fy = Id, Fyyy = Fy + (1 + Id)5.
But the values (AJT"F)(n) and 11,7 (n) are closely related
when F' is the dilator induced by L....

11.5.4. Final comment.

The situation of this section is a typical example of what I called a lack of

modularity: for instance we have been led to introduce three variants of

A:

— A itself.

— A on ladders.

— A, for the majoration business.
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These variants are close one to another, but not exactly the same....
Hence the question of establishing precise relationships between these vari-
ants of the same idea is very painful and not very exciting.... It can be
hoped that, in the future, a better framework will enable us to speak about
A, without these initiating details of variants that change according to the
context in which we are using it.

(It must, however, be noted that this is perhaps due to the fact that
the typical proof-theoretic questions (provably total functions, provable
ordinals) naturally lead to these questions of variants (because in these
questions, all the provable objects of some kind must be organized along
some ratherarbitrary linear principle), whereas the application of these

methods outside proof-theory does not suffer from similar limitations....)
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11.6. Equivalents of II} — C'A

This section is an analogue of 5.4, 6.4, where we listed a certain number
of formal equivalents to the axiom XY — C' A*; one of these equivalents was:
VX (X well-order — 2% well-order), in other terms X{; CA* < 2 is a
dilator. Here the main equivalence will be: TI} — CA < A maps DIL into
BIL. (This can also be rewritten, replacing BI1 by DIL, as “the preptyx
A of type (O — O) — (O — O) is a ptyx”.) In some sense, A is the
I1} analogue of the exponential; this analogy is enhanced by the fact that
the precise definition of blam (the iteration of composition) is of the kind

“exponential”. A is therefore the “IT3 exponential”.

11.6.1. Theorem.
There is a specific I} formula A(f,g,x,y) with the property that: (v, f, g

are the only parameters of A)
PRA; + 3] — CA"F {(z,9); A(f.9,2,9)} =
h Apil(f) AWO(g) A WOC(f [h]) — WO([AS) [g]) -

({(x,y); A(f,g,2,y)} = h is the comprehension axiom: Vz Yy (h(m,y) =
0 < A(f,g,x,y)); pil(f) is a formula saying that f is (the code of) a
predilator (there are many ways of encoding predilators; choose the one
that you prefer; my favourite one is the one of Exercise 8.G.10...); when
f is a predilator, g a linear order, f[g] is (the code of) f applied to g;
similarly, Af is (the code of Ap, if f encodes P. (We consider A as a
functor from DIL to DIL.... If we want to consider as a functor from
DIL to BIL, then replace A by A'(f,g,h,x,y)....))

Proof. (sketched) The first thing is to express A: this is done by computing
A on the category DILq, and then extending it by direct limits: no doubt
that one gets the expression AP, encoded by a prim. rec. term X(f), where
f is a code of P.... Hence if f is a predilator f is a well-defined predilator,
and we want to make sure that Af [g] is a well-order. Consider now all 39
linear orders with f, g as parameters; they can be enumerated by a formula
B(f,g,2,y,2): © =y modulo the order of index z; let us abbreviate this
into x =% y. The formula C(f,g,z) is: the order =<* is a well-order.



Equivalents of II; — C'A 327

Hence the set {z; C(f,g,2)} is nothing but the set of all wll-orders which
are X0 in g, g; of course XY is a 11} formula. Here the following formula
A(f,g,z,y) defines a II} well-order:

z<y < C(f,9,(@)) NC(f,9()o) A
(@o < @0V (o = W A () = ()y)) -

This typial IT} -well-order has the order type of the first ordinal not recursive
n g, g, say o, we shall use o rather than its encoding in the sequel.... But
our hypothesis is that {(x,y); v < y} exists, i.e. we can use this order as a
two-places function of PRA,.... Now, the next hypothesis is WO( f [hg]);
if [ encodes the predilator P, this means that P(«) is a well-order. Then
we prove that (AP)(83,7) is a well-order, for all B,y < «, i.e. for all well-
orders of the form <* <% .... The proof works by induction on the ordinal
(well-order) P(«) when P varies through predilators recursive in f, g; later

on, we shall justify the use of such an induction... .
(i) If P is of kind O, then (AP)(5,~) = v trivial.

(ii) If P is of kind 1, then write P = Q+1; then Q(a) < P(«); moreover
B+~ < a (trivial). Hence (AP)(5,7) = (AQ)(B+7) is a well-order,
by the induction hypothesis.

(111) If P is of kind w, then write P = sup P,; the function n~» P, can

n

be encoded by a two-variables function. In that case, it will suffice to

show, by

e induction on vy, that (AP)(83,7) is a well-order;
e (AP)(3,0) = sup (AF,)(8,0).

n

e (AP)(B,7+1) = sup (APy.)(B,(AP)(B,7) + 1), where P, =
n>ng
P +P, n, andng is a sufficiently great integer, enjoying (AP,,) (ﬁ,
(AP)(8,7)) = (AP)(8,7).

e (AP)(B,v) = sup (AP)(B,v") when v is limit.

<y
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In fact what we have just written is nothing but the set-theoretic
construction of the ordinal (AP)(03,7); it can easily (but painfully)

be formalized with codes!

() If P is of kind 2, then

(AP)(B,7) = (AP7)(5,0)

(this is slightly incorrect, but the difference is so slight, that this does
not make any change in a sketched proof...) with P = SEP(P)(-,7).
Since we obviously have: w'™ = «, it follows that SEP(P)(a, o) =
P(«). Hence P'(a) < P(«), and the induction hypothesis yields:
(AP)(53,0) well-order.

It remains to justify the use of transfinite induction: consider the for-
mula which says that the predilator P (of index p relative to f, g), has the
property that (AP)(3,7) < « for all v, 3 < a. This can be expressed by an
arithmetical formula using the parameter h = {(x,y); A(f,g,z,y)}, hence
this can be expressed (using X% — CA*) by k(p) = 0: Now, assume that
k(p) # 0 for some p, then:

(i) p is not a code of 0.
(i) If p is a code for Q + 1, let p' = code of Q.

(i1i) If p is a code for sup P,, let p, = code of P,, ng minimum s.t.

k(pn) 7é 0; let p/ = Png-

(iv) If p is a code for P of kind €, and e is a code for an ordinal v < «,
let pe be the resulting code for PY. e can be identified with an integer
s.t. A(f,g,e,e); let P' = P, , where ey is minimum (in the sense of
the usual order) s.t. A(f,g,e,e) and k(pe,) # 0.

(v) When k(p) =0, let p’ = p.

We have defined a function () from codes of predilators recursive in
f, g, to themselves; this function is arithmetically defined (using k and h),
hence by X9 — C'A* it can be shown to exist.
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If we introduce py being a given point such that Py(«) is a well-order,
whereas k(po) # 0, 1(0) = po; I(n+ 1) = (l(n))l, then we have explicitly
constructed a descending sequence of predilators, which is indeed a descend-
ing sequence in Py(a). Contradiction. (There is another induction used in

step (ii): it is handled in the same way.) O

11.6.2. Corollary.
The following formula is a theorem of PRA, + X0 — CA*

(I} — CA) — Vf (dil(f) — dil(Af)) .

(I} — CA is a formula of the form: Vf 3g Vn (g(n) =0« A(f, n)), where
A(f,n) is I}-universal w.r.t. II} formulas containing f; dil(f) is the for-
mula which says that f is (the code of) a dilator: pil(f) A Vg (WO(g) —

WO(f[g])).)

Proof. Immediate from 11.6.1. O

11.6.3. Remark.

A more refined use of 11.6.1 is the following: show that the iteration of
A corresponds to iteration of ITi-comprehension; for instance, prove that
“A iterated v times” (it must be defined precisely before), say A" enjoys
something similar to 11.6.1, when the formula A is replaced by a formula

in ID,,, with f and ¢ as parameters.

11.6.4. Theorem (Girard, 1979, [100]).

Let Cut — E be the 113 formula which expresses that Theorem 11.4.1 holds
for any system of inductive logic; then PRAy + X9 — CA* - Cut — E —
(Il — CA).

Proof. Using ¥ — CA*, TI}-comprehension can be reduced to inductive
definitions; more precisely, given a 11} formula A(g,x) (g unique function
parameter of A), then one can find a positive operator ®(g, X,y) such that
the existence of {x; A(g,z)} is formally equivalent (w.r.t. ¢ — CA*) to
the existence of a least fixed point for ® (see 11.2.7...). Now we assume
that 11} -comprehension fails for a certain parameter go; this means that
Py = ®(go, -, ) has no least fixed point.
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We consider the following theory T': the language is L2_)+{go}, the ax-
iomatic is PRAg + the axzioms go(n) = go(n); the hypothesis just made,
implies that ID1 (T, ®) has no w-model of the form m [®,] (the concepts
of (denumerable) model, ordinal ... can be expressed in PRA?), because
from the interpretation of m(®), one would easily recover a least fized point
for ®,. By completeness, there is an inductive proof of the void sequent
Foin IDy (T, ®y). Here we use a formalized version of the B-completeness
theorem; there is not the slightest problem as to the formalization of (3-
completeness in PRA?.

Now we apply the cut-elimination theorem 11.4.1, expressed by the for-
mula Cut — E; from this we obtain a proof of & in T + w-logic.

Now observe that T has an w-model: this fact is surely provable in
PRA? + X9 — CA*; but then = cannot be provable in T + w-logic, contra-
diction. O

11.6.5. Remark.

The B-completeness theorem and the w-completeness are provable in PRA?,
whereas the usual completeness theorem is not! The reason is simple: the
two generalized theorems state the existence of specific well-founded trees,
whereas in the X9 case, we say more: the tree is not only well-founded, but
finite. And we need a principle saying that a tree which is < 2-branching
and well-founded is finite: Kénig’s lemma is such a principle. (However,

Kénig’s lemma is strictly stronger than completeness for X°-logic! See

5.4.25.)

11.6.6. Theorem (depending on the majorations of 11.5).
With the notations of 11.6.2 and 11.6.4:

PRA? + X0 — CA* - Vf (dil(f) — dil(Af)) — Cut— E .

Proof. In fact the proof depends on a majoration of the cut-elimination
procedure by A, that has not yet been done; assuming that this has been
achieved, then the only non-elementary part in the statement Cut—FE is that
the objects constructed map well-orders on well-founded structures, and

if we have obtained a majoration of the cut-elimination for pre-proofs by
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means of A, then all we need is to apply A to a majoration of a given proof:
this yields a magjoration of the corresponding cut-free proof. The existence
of a magjoration for any proof follows from the linearization principle, which
is a consequence of X9 — C A*.

Once again, I have hesitated to style “conjecture” a result like 11.6.6,

which only depends on tedious, difficult, but straightforward work. O

11.6.7. Remark.
Assuming the unproblematic 11.6.6, we obtain the following analogue of
5.4.1:

In PRA, + X9 — CA*, the following are equivalent

(i) Il —CA.

(i) Yf (dil(f) — dil(Ag)).
(iii) Cut — E.

Observe that there is a direct proof of (i) — (iii), hence there is pre-
sumably a direct proof of (ii) — (i).

Compared with the corresponding results of 5.4.1, we are in a poorer
situation; in particular, we lack combinatorial equivalents; a generalization
of Ramsey’s theorem was shown to be equivalent to II} — C' A by Simpson
[105].

Let us just mention the following:

11.6.8. Exercise.
Give a direct proof of (II} — CA) — Cut — £ in PRA, + X{ — CA*.

11.6.9. Exercise (Abrusci, Girard, Van der Wiele [126]).

Assume that F' is a dilator; then we construct a transfinite sequence

(Za>a€0n

(i) If zo < F(@), zay1 = F(Eaat1)(za) + 1.
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(iii) If o is limit and zg < F(3) for all 5 < «, then z, = sup F(Ega)(23).

B<a

(iv) In the other cases z, = F(a).

Show that (iv) eventually holds, i.e. 3 z, = F(«). (The first o for
which (iv) holds is expressed by means of v(F,0), where v is (another!)
variant of A [126]. Hence it is likely that this result is another equivalent
of IT} — CA.) Surely [T} — C'A implies 11.6.9; on the other hand, the first
« for which (iv) holds seems to be bounded by (AF)(0,0).

What about the variant: if (y,)acon is such that y, < F(«) for all «,
then there is a cofinal X C On s.t. Vo, o € On:

a<ad — F(Eao')(Ya) = Yo ?
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Annex 11.A. A survey of earlier results

11.A.1. Cut-elimination in X%-logic

The simplest thing to do with inductive definitions is to write a system of

¥9-logic as follows:

Le(B(E)y) F By),A Tk &®,1),A
= T
[, ®(t)F B(t),A LF®(t),A
(y not free in I' = A)

(r~) is the closure axiom, whereas (I7) corresponds to ®-induction on B.
Hence this system is equivalent to ID;(T, ®), especially if we write the
induction axioms in the same way (i.e. replacing ® by V).

This system enjoys a cut-elimination theorem; cuts of the form

o

F|—<I>(<i>,t),A I, ®(\xB(x),y) - B(y), A’

_ -
™
I'-®(t),A IV, ®(t) - B(t), A/

CUT

[T - AA

can be replaced as follows: using the proof 7’ of IV, ®(t) = B(t), A, it is
easy to replace the proof 7 by a proof m; of I, IV F ®(\xB(x),t), A, A/,
and then we can form the cut

oy cow(t)
[T ®(AeB(x),t), A, A" T, ®(\zB(x),t) - B(t), A
CUT
I T F A, A

This is essentially what dit Martin-Lof in [106] (but in an intuitionistic
natural deduction framework).
The obvious difficulty with the proof of cut-elimination, namely that

the new cut-degree may be greater, is easily overcome by an adequate use
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of the reducibility method. (A simple way of expressing it could be to
translate @ by:

D(t) « VX (V2 (®(X, 2) — 26 X) — teX) .
Then the rule (I7) is a consequence of (I¥s) in PA,....)

The interest of such a result is very limited, because of the absence of
any reasonable subformula property. However, the subformula property
holds for XY formulas (3= (N () A R(x)), R quantifier-free) as expected.

11.A.2. Takenti’s result.

In his famous paper [98], Takenti presented a cut-elimination argument for

a variant of the axiomatization of (Il — C'A); the cut-elimination was only
proved for ¢ formulas, as could be expected, but the method made us of
complicated ordinal assignments, by means of ordinal diagrams, which are
uneven systems of ordinal notations introduced also by Takenti. Jervell
has shown that ordinal diagrams are bilators; see [128]. It is fair to say
that, although this result was obviously a breakthrough in proof-theory,
its extreme technicity (ordinal assignments, ordinal diagrams) made it a
puzzle for most of proof-theorists. It is only some years later that Pohlers
and, following him, other people in Miinchen, were able to extract some-

thing from this... .

11.A.3. Cut-elimination in IT}-logic

We shall only describe the work of Pohlers [104], which is chronologically
the first to contain an understandable approach to the “ordinal analysis”
of I} — C'A, using IT3j-logic.

Pohlers uses notations for ordinals < g, (here Q is wWSE), the first
a > Qs.t. a=2% People familiar with dilators, denotation systems, will
not be surprised to hear that all such ordinals can be effectively described,
with the use of arbitrary parameters < w{% = Q.

For all such «o’s he introduces a predicate I®*, together with the ax-
ioms:

LTI ) FA Lalld <o TF®UIPY, 7)), A
7 rl
[ I9%(n) - A I'F1®%(n),A
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In (r1), we require o/ < « or a = ; the case a = () is just the way
of expressing the closure axiom. That formalism is sufficient to translate
ID{(T, ®) (with proofs “recursive enough”); the main problem is cut-

elimination, the typical case being:

T 3%
IF®IP*a),A .. T, ®UIP a)F A . all A <Q
I'FI19%n), A IV, 1®%(n) - A/
CUT
D,T AN

and here there is a fundamental asymmetry, which comes from the fact
that a may be o > 2, whereas the corresponding premises for (II) are
restricted to A < Q. (Using I13-logic, we have solved this difficulty, by
allowing 2 to vary, and then the €2 of the rule (/1) is changed into «; but
in Pohler’s method it is possible to increase €)....) Then it is absolutely
necessary to make a strong assumption: There is no negative occurrence of
I® inT, "+ A, A’. Then, if we assume that 7 is already cut-free, since no
({I)-rule of length > Q has been used in 7, we see that 7| < €2, and the
ordinal o can be replaced by a more reasonable o/ < € (¢’ is something
like [|7r||). It is therefore possible to replace the given cut by:

I T

@I, 7),A I, (1D, 7) - A
cuT
[T AA

Since the original cut seems to concentrate unpredicativity in it, whereas
the latter seems to be perfectly predicative, Pohlers has called his method
“local predicativity”. The principal limitation of the method is that
we obtain cut-elimination (with a real subformula property) for only those
sequents I' - A in which I®" does not occur negatively.

The method has been successfully applied to the iterated cases (ID,,, ID,,)
by Pohlers himself, and to a theory corresponding to the first recursively

inaccessible ordinal by Séger and Pohlers [107].



336 11. Inductive definitions

Since the cut-elimination results are rather limited in that framework,
the essential application of this is to give “the” ordinals of the correspond-
ing theories. In fact one can get a bit more: If f is a provably total 3!
function (from w$¥ to itself) of IDy, then f can be bounded by a function
I Q) (Qo = Q, Q1 = Q%) (private communication of W. Buchely).
Compare with 22.B.2, recalling that the functions 9(,,) (of Buchely’s
system) are (essentially) dilators. For this purpose, what they do is that
they give explicit bounds on o/, given « (with the notations used above...).
The function o = D(«) is called a collapsing function. (The idea of col-
lapsing is natural, since in the original proof 7, only a subset of « of order
type o is actually needed!) Hence a great part of this work is devoted to
the study of more and more complicated systems of collapsing functions,
corresponding to bigger and bigger systems.... In general, these collapsing
functions are related to the system of ordinal notations due to Buchholz

[93]....

11.A.4. Other works
The first ordinal analysis of inductive definition (besides Takenti’s work,
which did not use current ordinal notations) was due to Howard, and done
for IDy: this is the origin of the terminology “Howard ordinal” for 7y [87].
The ordinals of the ID,,’s were found by Pohlers, as explained above.
Tait’s work [108], was later improved by Sieg [109], essentially in the
intuitionistic case, already treated by Pohlers.
Finally, the works of Buchholz [110], have introduced interesting vari-
ations on the main theme explained in 11.A.3.

See [3] for more details.
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Annex 11.B. Applications to generalized recursion

This section requires a knowledge of admissibility and of generalized
recursion.

The main property of the generalizations of recursiveness that arose in
the years 1960-1975 is that they are not at all recursive! In general, people
use infinitary operations on sets (or ordinals); it is still possible to call it
recursion theory, because the main formal properties of recursivemess are
still true.... Now observe that II}-logic proposes an obvious candidate for
the concept of a recursive function from On to On: F : On — On is
recursive iff F' can be extended into a recursive dilator (i.e. it is possible
to define F'(f) € I(F(m), F(y)) in such a way that this extension makes
F a recursive dilator).

It is absolutely doubtless that a function recursive in this sense is gen-
eralized recursive in any reasonable sense ... the reason being that we have
an effective process of computing F'(x) from z (the direct limits), and so
to speak, such a F' is recursive in the familiar sense of the term.

We shall try to prove the converse, namely that, roughly speaking, all
generalized recursive functions are of that form; it is necessary to make

some remarks which determine the obvious limits of this enterprise:

(i) Generalized recursiosn usually allows operations of the form: defini-
tion by bounded quantifiers (or bounded p-operators); but “bounded”
means bounded by some of the already computed values, and these
values are infinite! There are a lot of generalized recursive func-
tions which will not be recursive at alll But recall “bounded”: it is
likely that these functions, although terribly non effective, can still
be bounded by recursive dilators. (Then generalized recursion can

be reduced to:

— recursive dilators.
— “bounded” generalized recursion.
Typically f(z) = U(uy < F(2)T)1(e, z, y)) with U, T; of the “bounded”

kind, and F(-) recursive dilator, could give a reasonable “normal form

theorem”.)
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(ii) Generalized recursion is very often a theory of partial functions; for
these partial functions, dilators bring nothing new.... Dilators an-

swer the problem only in the context of total functions.

(iii) In fact there is a greater variety of situations than expected, since,
besides generalized recursive functions from On to On, it is possible
to define generalized recursive functions from admissible ordinals to
themselves; the picture already explained will still hold for a large
class of successor admissibles, but for more general admissibles, it
will be necessary to replace majoration by recursive dilators, by:

majoration by means of hierarchies indexed by recursive dilators... .

It would be now the place to give the main definitions concerning ad-
missible sets, X! functions over an admissible set, together with the basic
results of this theory.... I would feel too uneasy in doing such a thing, and
I prefer not to add unessential things to this too long book.... Many books
on the subject are available, for instance the book of Barwise [111].

We shall proceed as follows: most of the time, we shall try to formulate
the results by means of inductive definitions; when we need a relation be-
tween admissibility and inductive definability, then we shall simply admit

the result... .

11.B.1. Theorem (Girard, 1979, [100]).
Let f be a total X! function from w¢* to itself, in Lwlcx; then one can find

a prim. rec. dilator F' such that:
f(z) < F(z) forallx € w,wf .

Proof. The painful part of the proof is the translation of these set-theoretic
definitions (3*, L,cx) in terms of inductive definitions. We need the fol-

lowing

11.B.2. Theorem.
Under the hypotheses of 11.B.1, one can find a positive operator ®, to-
gether with an arithmetical formula A(z,y), with the following properties:

e Vrc® Jycd Az,y).
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e 2 €PN ZIP Ny c I®° AN A(z,y) N < WK — f(a) < B.

e The closure ordinal of ® is w{'E.

Proof. It is well known that Lwlck consists of the hereditary hyperarith-
metical sets (H H ), that can be viewed as well-founded hyperarithmetical
trees. For such trees, it is not very difficult to give an inductive definition.
The rest of the proof is either clear to the reader, or impossible to explain

without going too much into what is admissibility... . O

We apply now our treatment of inductive definitions (for instance the
variant without w-rule), and, since - Vo € ® Jy € ® A(z,y) is true,
we obtain, by completeness a Id + 1-proof of this sequent. Now, we apply
cut-elimination to this proof, and we obtain a cut-free F-proof of the same
sequent, where F' is a recursive dilator; now we apply Lemmas 11.4.5 and

11.4.7, and we obtain a cut-free proof of:
-V e I®' Fy e 1" Az, y)

where t and u are the F'+ 1 terms: (o) = a, u(a) = F(a). We would like
to conclude that

Vo € 18 Jy € 187 A(z,y)

is true; but if « is taken arbitrarily, then some rules of the proof may
become non valid for the intended interpretation (namely, when « is finite,
the rule (I) for N, which says that N C IIN®, is false); but this problem
is eliminated if we concentrate upon infinite values of a. Recall the second
condition of 11.B.2: we obtain f(a) < F(a + 1) for all infinite o < w¢E.

This is the essence of the result; here F' o (Id+1) is only recursive; if we
want it to be prim. rec., consider the dendroid D = BCH(F o (Id + l));
this dendroid is recursive, hence s € D* < 3n Ti(e, s,n); define another
dendroid D’ by prolongating any s € D into s * t, where ¢ is any sequence
(0,0, 21, ...,0,2,_1,0) with

e n=sup{m; 3i <Ih(s) Ti(e,sli,m)}.

e o<1 <..<x,_1 €IN.
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o 20> (2)1,(8)3: -, (8)in(s)—2-
One easily checks that:

1. D" is a sh dendroid.

2. D' is prim. rec.

3. F/ = LIN(D') is prim. rec.

Moreover, F(z) < F'(z) when z is limit, hence F(z) < F'(x + w) <
F'(x+x) for x > w. This proves that F' can be replaced, for infinite values,
by the prim. rec. dilator F”’ o (Id + Id). O

11.B.3. Remarks.

(i) If we want the majoration to hold also at finite arguments, then ob-
serve that F'(n) can be infinite, hence we cannot expect F' to be
weakly finite. If we define the concept of a recursive (non weakly
finite) dilator in the straightforward manner, then it will be true that
any total ¥! function of w{® is majorized by such a dilator for all

values < w{'K.

(ii) The crucial point in the proof is the use of Lemmas 11.4.5 and 11.4.7;
the meaning of these lemmas has something to do with the 3-valued
semantics of Chapter 3: if we replace negative occurrences of ® by

(a

I®“, positive occurrences of ® by I®"@ this means that we are

computing the truth value of the sequent in the three-valued model

m of Id;, with
m(®(n)) = if 19°(n)
m(®(n)) = f  if ~[9"(n)
m(@(ﬁ)) =wu  otherwise .

And the theorem appears therefore as a striking example of appli-

cation of three-value semantics... .
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11.B.4. Definition.
An ordinal « is B-definable iff: there exists a prim. rec. 3-theory T which
has a B-model, such that, if m is any B-model of T', then m(o) = «a.

11.B.5. Remarks.

(i) By standard manipulations, the infinite prim. rec. sequence of Def.

11.B.4 can be replaced by one single axiom... .

(ii) If « is B-definable, then there exists a prim. rec. predilator F' such
that:

a = inf{z; F(x) is not an ordinal} .

(Proof. If T is as in 11.B.4, consider the prim. rec. pre 8 proof of +
(the void sequent) given by the B-completeness theorem; then 7, is
well-founded iff - holds in any model m of T s.t. m(o) < z; hence
7, is well-founded iff # < a. Let F' = LIN().... 0)

In general the ordinals a such that
a = inf{x; F(z) is not an ordinal} for some prim. rec. predilator F’

(which form the set of weakly (3-definable ordinals), are not 3-
definable; however, it is easily seen that « is weakly B-definable iff

one can find a prim. rec. B-consistent T s.t.
a = inf {m(o0); m B-model of T'} .

It is easily shown that the two notions of B3-definability coincide
when « is admissible or a limit of admissibles; in particular o weakly
B-definable — a*3-definable (o™ is the next admissible, i.e. the

smallest admissible > «).

(iii) The ordinal oy which is the smallest o such that: L, is a X! sub-
structure of V', and which is known as the first stable ordinal, is
related to B-definability as follows:
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0o = sup {«; « is B-definable} .
An equivalent definition of oq is the following:

oo = inf {z; VF prim. rec. predilator, if F'(z) < x

for all z < x, then F is a dilator} .

Equivalently g is the supremum of the weakly 3-definable ordinals.
The B-definable ordinals form a proper cofinal subset of oy, which
includes a very large initial segment Iy of 0g. In many applications,
we remain in this initial segment.... For instance, many current ad-
missibles such as the first recursively inaccessible, the first recursively
Mabhlo, belong to Ij....

11.B.6. Theorem (Girard, 1979, [100]).
Assume that « and all its predecessors are 3-definable, i.e. a € I, and let
f be a X! function from a™ to itself (X! over L,+); then one can find a

prim. rec. dilator F' such that:
‘v’x(aga:<oz+—>f(a:) §F($)) :

Proof. Here too, we express at as the result of an inductive definition:

there exists a positive operator ® in the language of set-theory such that:

(i) If m = (La, €l La), then o is the closure ordinal of ® w.r.t. m.

(i) There are ordinals &1, ..., &, < «, and a formula A(x,y) = A(&, ..., &,

x,y) whose only ordinal parameters are &, ..., &,, and such that

(m[® |= Va Wy (A(z,y) A B(z) A1 (z) A T (y)) —
fO) <p.

(The inductive definition @ is that of the 3! well-orders of X! sub-

classes of Ly,....)

When « is given, then there is a standard way to construct L,; this

means that there is a B-theory Ty with the following properties:
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1. For each a, Ty has exactly one 3 model m,, s.t. m,(0) = a.
2. The restriction of m,, to the language of set-theory is (L, ¢€).
3. Ty consists of exactly one formula Ay.

Let By, ..., By, B be formulas (3-theories with one axiom) which de-
fine &1, ..., &,, « in the sense of B-definability (it can be assumed without
loss of generality that all these formulas, and Ay are in the same lan-
guage...). We replace the closed formulas By, ..., B,, B, Ay, by formulas
By, ..., By, B* Af, depending on a variable = of type o, as follows: all

quantifiers of type o are relativized to x. In particular, if

By holds in a B-model m, then z = &
B? holds in a 3-model m, then x = «
A% holds in a B-model m, then mfe = (¢[ L,) .

The hypotheses of theorem and the remarks already made show that
the sequent

Vo Vo, Yo Ve 32 (B A A B3 A BT A A AB(2) —

@(Zq A A(-Tl, vy Ty 2, Zl))

is true in all B-models of the form m [®]; compared to our definitions,
the only new thing here is that m is already a B-model; but this does
not change anything! By (3-completeness and cut-elimination, we find a
F-proof of this sequent which is cut-free.

For the same reasons as in 11.B.1:
B A ABIABTANATNI®N2) —
32 (I@F(’\)(z’) ANA(Zy, .y Tp, 2, z’))

is true for all 1, ..., z,, x < A € On. In particular, take 1 = o, ..., x, = a,,
r =, A > «a; we obtain f(A) < F(X+ 1); the majoration holds for all
A€ o, a. O
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11.B.7. Corollary.
Let =1 be the following dilator: take an enumeration of all recursive dila-
tors, say (F,)nen, and let Z; = > F,. Then, for all a € I, we have:

n<w

Proof. Consider the X! function, defined, for z < o™, by: f(z) = z; then
by 11.B.6 this constant function is majorized by some F,, for all A > «;
hence z < F,,(a) < Z1(«). On the other hand remark that:

11.B.8. Lemma.
If F is a prim. rec. dilator, then the function A — F(\) is a X! function

from at to a™.

Proof. Immediate for everybody who knows what “X!” means.... O
From that, it follows that the partial sums Z F; map o into itself, and

<n
from that Z; (o) < a™. 0

11.B.9. Corollary.

Define a flower w by:

3
=S
i
&
3

(Eo) =
(f+Ep) = (f)+E1+E1(w(f))
(f + Eo) =w(f) + Eo + 51(“’@))

(U£)=Uwf).

=
_l’_
=
_l’_
—_
_|_
Iy
//
S
N
()

€

w(sup ;) = sup (w(xz))

€

CK CK

Then, for all z € Iy, we have w(z) = W& (WK is the 2" admissible

or limit of admissibles, with w§® = w).

Proof. Completely trivial.... O

11.B.10. Remarks.

(i) The conclusion of Theorem 11.B.6 fails when o > o (because =; €
Ly, +1).
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(ii) In fact Ressayre has proved the following result, which shows that the

theorem holds cofinally in oy:

11.B.11. Theorem (Ressayre, 1981, [112]).

If a is a denumerably infinite ordinal, the following are equivalent:

(i) «is B-definable and all ordinals A < « are X'-definable inside L+,
from « alone (i.e. there is a X! formula A(a, ) such that A is the

only solution of A(@,x) in L+ and « is the only parameter of A).
(i) at =Zi(a).

(iii) If f is a B!-function from a™ to itself, then there is a prim. rec.
dilator F s.t. f(z) < F(x) for all z € [o, a™].

Proof. See Ressayre [112]. O

11.B.12. Exercise.
Let Sp = sup ]0 (1e IO = [0,50[: So).

(i) Show that sq is admissible.

(ii) Show that if x is admissible or limit of admissibles, and x is weakly
B-definable, then = is B-definable; conclude that sg is not weakly
B-definable.

(iii) Consider Zj(z) = Y F.(x), where (F) enumerates the set of all

n
prim. rec. predilators s.t. F)(sg) is well-ordered. Show that =;(z) <
=i (z) for all x < sy. Prove that Z}(sy) < s§, and conclude that
sq¢ > Z1(s0). (Ressayre has shown that =;(sq) = Z}(so); from this

result, one easily gets: s§ = =, (El(so)) .. but sgT =Z(sg)... )

11.B.13. Remark.
More direct proofs of the Theorems 11.B.1 and 11.B.6 have been given,

which do not use the pattern of completeness and cut-elimination:

(i) Masseron [113] (1980) gives the bounding dilator by a direct con-

struction, see 11.B.14.
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(ii)) Ressayre (with Harrington) [112] (1981) gives the answer by means
of a Godel sentence.

(iii) Normann [114] (1981) gives a direct proof using some kind of (-

completeness argument.

(iv) The remark of Buchholz (1982, see 11.4.9 (iii)) makes it possile to

avoid the syntactic cut-elimination.

All these results are simpler than the original proofs just given; how-
ever, I still think that these original proofs give a framework in which
these results are more easily understood from a general standpoint, more-
over, the syntactic form of our proof makes it (at least theoretically!!) more

informative... .

11.B.14. Exercise (Masseron, 1980, [113]).

Our purpose is to give a direct poor fo 11.B.1.

(i) If fis a X! function on L,cx, show the existence of a prim. rec.
function g s.t.

ve € 0 (g(e) € O Allg(o)ll = f(llel)) -

(ii) For each e € IN, define a tree T,(z), depending on an ordinal param-
eter x and such that: an infinite branch in T,(z) encodes
— as.d.s. in g(e) .
— a strictly increasing function from €° to .
Show that T, (z) is a well-founded tree for all e and = € On. Moreover,

if e € O, show that ||g(e)|| < ||7t(||e]])]|. Show that the trees T(-) can
be used to define dilators D,, and conclude that [g(e)|| < Y Da(e)

for all e € O. (The end of Masseron’s work proves that the dilator
Z D,, can be replaced by a prim. rec. ladder.)
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We now state a very remarkable result, due to Van de Wiele [115]; this

result is connected with the theory of functions from sets to sets....

11.B.15. Theorem (Van de Wiele, 1981, [115]).

Assume that f is a function from sets to sets which is uniformly 3! over all
admissibles; this means that if z is a set, and 2 is the smallest admissible
structure containing z, then f(x) is the only y such that: (z*,¢) &= A(x,y)
(A is a X! formula, independent of z). Then f is rank-majorized every-

where by a recursive dilator F', i.e.
reVy— f(x) € Vi -

Proof. We use the fact that ™ is obtained by a uniform inductive definition

from x; then we roughly proceed as follows:

e We start with the language of set theory, and we write the axiom of

extensionality, and a constant C' (for x).

e We add objects of type o and a binary relation between sets and ordi-
nals R(z,£), which says something like rk(x) = £; we write the obvious
axioms for R which will make a B-model of the theory to be essentially

an arbitrary set = (the interpretation of C).
e Then we write our inductive definition of ™ (if z is C') as usual.

The hypothesis proves that:

- 3y(®(y) AA(Cy))

is true in all B-models m [®], hence Id+ 1-provable; after a cut-elimination,
we obtain the fact that

= 3y (127 (y) A AC,y))

is true in all models of the above theory, with m(o) = «; in that case
rk:(m(c)) < a, and if m(c) = x, we see that Tk?(f(l‘)) < F(a).... 0
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8.B.16. Remark.

A typical corollary of 11.B.15 is that any uniformly X! function is E-
recursive (in the sense of Normann, [116]); this fact was first proved by
Van de Wiele. Of course the specialists of the field (Slaman) were soon
able to give a direct proof of the same result.... But the interest of Van
de Wiele’s theorem is more general: recursive dilators induce functions
from On to On which are truly recursive, whereas these other notions (uni-
formly 3!, E-recursive...) are not recursive in the familiar sense of the
word. Furthermore, the very fact that the specialists had no real trouble
in proving this equivalence by methods of their own is a further evidence

of the clarifying power of II-logic.
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Annex 11.C. TI}, well-orders

This section is indeed the sequel and the generalization of the results
of Section 11.B; we are here interested in the relationship between bigger
admissibles (stable ordinals,...) and the “higher types dilators”, namely
the ptykes of Chapter 12.

11.C.1. Definition.
For each n > 0, we define 7! to be the smallest ordinal which is not of the

form || R||, where R is a well-order of a subset of IV, given by a II, formula.

11.C.2. Remarks.

(i) A TI. well-ordering of IN would be also X!, hence Al (if z < y <
A(z,y), then z < y < —=A(y,x) V& = y), hence the concept of a
I1! well-ordering of IN is a priori weaker than the concept of a IT.

well-ordering of a subset of IV.

(ii) A more general notion is that of a I} prewell-ordering, i.e. a II. pre-
order relation A(z,y) s.t. there is no sequence (x,,) s.t. Vn = A(xp, Tpi1),
and which is a linear order. The ordinals associated with IT}, prewell-
orderings are a priori greater than the ordinals associated with II%
well-orders. (Ressayre gave (private communication) an explicit TT3

prewell-order of height w3 = oy.)

(iii) If v is the height of a IT}, well-order, and o/ < «, then ' is also the
height of a IT} well-order: this shows that

7} =sup{||R||; R a II} well-order of a subset of IN'} .

11.C.3. Proposition.
CK

The ordinal 7} is equal to w§

Proof. First observe that w{ < 7l (if we take a linear order R which is

prim. rec. and which has an accessible part of order type w{¥, then this

accessible part is a I} well-order of height w{%). If F is any prim. rec.
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dilator, then F(w¢%) < 7.

(Proof. if R is a IT} well-order of height w&E | then F(wfK) can be described

as the set of all formal denotations
(20 ag, ..;ap_1; R)p, withag < ... <a, 1 (mod R)

ordered as usual: this is a I} well-ordering... . O)

Hence w$ = Z1(w{') < 7w}, The opposite inequality is obtained by ob-
serving that IT{ well-orders can be defined by a single inductive definition,
if we have a ITj-universal set (that we get in ID;), hence by a double in-
ductive definition; but the closure ordinal of a double inductive definition
(IDy) is < wSE. (We can also use the cut-elimination procedure for 1D,
which yields the bound Z;(w{X) for the closure ordinal of IDs... )

11.C.4. Definition.
let n be the type defined by: 0 = 0; p+ 1 = p — 0; we define, for each n:

=,, a ptyx of type n, by: Z, =Y P/ where (P/");ev is an enumeration of

all ptyxes of type n, which are recursive and weakly finite (hence Zy = w).

11.C.5. Remark.
11.C.3 can be written as: I} = =, (El(EO)), and we shall generalize it
to: 11} = Z,(=,_1). However, we must first say something concerning the

dependence of the functors =,, from the way (/") is enumerated.

11.C.6. Proposition.
Assume that (Q7) is another enumeration of all prim. rec. ptyxes of type

n, let =/ = ZQ?; if F'is any ptyx of type n + 1, we have

Proof. It is enough to show that F(Z,) < F(Z]); for this, we show that
I"(E,,2)) # 0: (f T € I"(Z,,5,), then F(T) € I(F(E,), F(Z,)), hence
F(=,) < F(2))...). For each p, we choose an integer m = f(p), to-
gether with a natural transformation 7}, from P, to Q,,: assume that

f(0),..., f(p—1),Tp, ..., T,—1 have been constructed, and consider the prim.
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rec. ptykes P, +k (k is a constant ptyx...); they are infinitely many, os one
of them is of the form @Q,,, with m > f(0), ..., f(p — 1). let m = f(p), and
if Qn = P, +k, let T, = Ep, + Eg;. The function f belongs to I(n,m),

hence

T=>Y T, belongs to I"(=,,Z)) . O

i<f
11.C.7. Remarks.

(i) The meaning of 11.C.6 is that the =,,’s behave as “intrinsic” objects,

when used in building ordinals.

(ii) But this is no longer true for functions from ordinals to ordinals:
it U € I""Y(F,G), then there is no reason why U(Z;) should equal
U(Z)). For instance take F' = G defined by F(D) = D(w) (D dilator)
U(D) = D(f) where f is a given element of [(w,w)....

11.C.8. Theorem.
The ordinal =, (Z,) is equal to: {F(Z,,); F prim. rec. ptyx of type n+1}.

Proof. If F is a prim. rec. ptyx of type n + 1, then F = P for some
i, hence F(Z,) < Z2,41(E,). Conversely, assume that z < =,11(Z,); then

T < (Z Pi"H) (Z,) for some p, i.e. z < G(Z,) for some prim. rec. G. Now,
i<p

consider the normal form of © wr.t. G and Z,: © = (z9; ap; t; Zp)a-

Recall that this implies that:

r = G(t)(zo) for some t € I”(ag, > R”) :
i<p

ag is finite dimentionsal, hence it is easily checked that ¢t =t/ 4+ Eg=,

some t' € I(ao, Z PZ"), for some p, with =/ = Z P
1<p p<i
Let a = P!, and consider:

1<p

for

G'=Go (a+Id".

(a + 1d" is the ptyx of type n — n such that: (a + Id")(F) = a + F,
(a4 1d")(T) =E, +T.) Then z < G'(Z],).
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Moreover, © = G'(Egg, )(z1) for some z; € G'(0). This implies that G’
can be written as a sum G’ = G; + Go, with G1(2])) = x (left to the
reader). Now, by 11.C.6, G; = (Z!)) = G1(Z,); then we have succeeded

in writing = under the form G;(Z,). Now if we look at the way G; was

obtained from G, it is plain that Gy is still a prim. rec. ptyx of type n+1.0

11.C.9. Theorem (Girard-Ressayre, 1982, [117]).

7} = En(En-1) for n > 1.

Proof. Let us first establish that n7" > Z,(Z,_1). We shall work in the
particular case n = 2, but the argument is perfectly general: let G be a
prim. rec. ptyx of type 2: we show that G(Z;) < 7. Z; can be expressed in
a [T} way; consider an enumeration of all weakly finite prim. rec. predila-
tors s.t. “P, is a dilator” is a II} formula A(n). If iy,...,i, are integers,
with 41 < ... < i, then let z;,

.....

t<f
Ji+f@)---- Let I be the set of all finite subsets of IV, ordered by inclusion;

then the system (z;, f;;) is obviously a prim. rec. direct system of prim.
rec. linear orders.

Let J = {{il,...,ip} e I; A(iy) A ..o A A(ip)}; then J is a II} subset of
I, and G(Z;) = lim (a1, fi;). We show that J is a II} order. For this

J
observe that i < j — [i] < [7] (with [{i1,...,4p}] = (i1,...,7p)). Define
X={([i);ie JANz€x AVj<izd&rg(fi;)}. X isall] set, and is
ordered by:

(z,1i]) <x (¢, [4]) < fia;i(2) < frau(2) -

This is clearly a recursive order. We have therefore established that G(Z;)
is a IT} well-order, hence G(Z;) < 3.

Conversely, let A be IT3 well-order. This means that there is a II}
formula A(z,y), which defines a well-order of a subset of IV, of height A.

By Ili-completeness of dilators, this relation can be replaced by:

f(z,y) is the index of a prim. rec. dilator
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for some prim. rec. function f....
We assume that L is a language containing a distinguished predicate
dil(-); the intended meaning of dil(n) is “n is the index of a prim. rec.

dilator”. We form a positive operator ®:

®(X,x) & Vy (dil(f(y,2)) Ay # 2 — X(y)) -

Let m be an w-model of L; then m [®] = {n; Vg (g(O) =n —

Ip f(g(p + 1),g(p)) Z m(dil) Vgp+1) = g(p))} Now, assume that
m enjoys the additional property:

(1) Vn (n € m(dil) — n is the index of a prim. rec. dilator) .
Then A(n,n) — n € m[®] is true. (If g(0) = n, then Jp (ﬂA(g(p +

1),9(p)) Va(p+1) = g(p)); but ~A(g(p+1),9(p)) = f(9(p+1),9(p)) is
not the index of a prim. rec. dilator, hence —|A(g(p - 1),g(p)> — f(g(p +
1),9(p)) ¢ m(dil).

For the same reason, if m enjoys (1), then m = Vn (dil(f(n7 n)) —
o(n)).

This means that dil ( f(n, m)) (= R(n,m)) defines a well-founded rela-
tion in m. It is easily checked that the closure ordinal of ® in m (= ||R||)
is < A, which is our H% well-order.

Now we force the modesl we are considering to enjoy (1); the idea will
be to take a dilator F', and to write an axiom saying something like: if
dil(n), then there is a natural transformation from n to F.

We add a type ] to the language L, and, for any a € Tr(F'), a con-
stant a of type ]; moreover, we add a 3-ary predicate letter p(z,y,a) (two
arguments of type I, one of type 7).

The axioms are the following:

(i) p(z,y,a) defines a function (abbreviated as g, (y) = a) Va Vy 3la p(z, y, a).

(ii) When dil(x), ¢.(-) induces a natural transformation from the predila-

tor encoded by x, to F':

1. pil(x). (z encodes a predilator; assume that (X, <, 0%,) are the
associated data, as in 8.G.10. Of course, there is no need to use

this specific way of encoding predilators.)
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2. g, is a strictly increasing function from (X, <) to (Tr(F), <%).

3. If a <, then 07, = 05; ()g.(v)- (This last property is a bit difficult
to write out precisely: first observe that, since we use w-logic, =,
a, b, are indeed integers n, p, ¢, and by (i) there are unique points

zZ, 2 in Tr(F) s.t. 2 = gn(p), 2 = gm(q). Then aiz, is a uniquely

determined pair (7, <) encoded by an integer [(r, <1)]|. We write

[(r,=1)]... )

the axiom [0%,]

If this theory is called T, then it is plain that, for any F' € DIL, any
w-model m of T, m enjoys (1).

By a generalized B-completeness argument (10.B), the formula Vn (dil(n)
— @(n)) is provable in all theories ID{(T g, ®), functorially in F.

We can perform the cut-elimination as we did for the usual theories
ID,, the only difference being that we must now take care of the extra
functorial dependency.... The only important thing comes from 10.B.4,
namely, how to “linearize” F-rules....

We leave all details to the reader; from a cut-free proof of = Vn (dil(n) —
@(n)), we can extract bounds as follows: First observe that the extra
functorial dependency makes the cut-free proof a H(F, «)-proof, for some
recursive ptyx H of type (o — o) — (o0 — o).

From this we can infer that:
v (dil(n) — 19750 (n))

is true in any model m of T'r. In particular, this formula is true in the

model my of Tz, s.t.
— m = dil(n) < n is the index of a prim. rec. dilator.
~ gn is the natural transformation from the dilator P! encoded by n to
Z1 = > _ P!, defined tobe Y T;, with f € I(1,w): f(0) =n, Ty =Ep1....
i i<f

Hence we obtain:

my = Vo (dil(n) — 187E 0 () .
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But in my, the relation f(x,y) € dil corresponds to our order A(z,y); the

closure ordinal of ® must be \, so
A< H(Z1,0) .

If H(F)= H(F,0), H(T) = H(T,Eg), we obtain A < H'(Z).
(I confess that I have not checked the possibility of the replacement of
H' by a prim. rec. ptyx. Anyway this is a very inessential problem....) We

obtain 71 < Z,(5,). O

11.C.10. Remarks.

(i) The theorem cannot be extended to prewell-orderings: if f(z,y) €
dil defines a prewell-ordering (typically z < y for all z and y), and
m enjoys (1), then the relation f(z,y) € dil in m is not necessarily

well-founded any more... .

(i) We have concentrated our attention upon 73, because it is the most
important case, and also because the specific knowledge we have of
dilators, makes some part of the proof more immediate; but there
is nothing in this proof that cannot be immediately generalized to

7L.... The inconvenience is that we work with abstract ptykes, whose

structure is more puzzling than the structure of the now familiar

dilators... .

(iii) Of course, alternative proofs of 11.C.9 can be given... .

11.C.12. Corollary.

0o = Z2(Z1).

Proof. It is well known that oy = &3, the first non A} ordinal, hence
o9 < m3. We shall prove Zo(Z;) < og: let H be a prim. rec. ptyx of
type 2; if x is any ordinal, we can define = to be the sum of all prim.
rec. predilators P s.t. P(x) is well-ordered. In particular Z{° = =;, hence
Jdr H(Z=}) well-ordered. If this X! formula is true, it must be true in L,

—_

hence Jr < 0y H(Z}) is a well-order < o¢. But I'(Z;,Z¥) # 0, hence

H(E1) < H(E{) <00 -
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From this we obtain Z5(Z;) < oy.... O

11.C.13. Remark.
It is not possible to give a majoration for all X! functions from oy to og; for
instance the function x ~» 2", a typical such function, cannot be majorized

by any function of th form
Tr — H(Eh x)
for some prim. rec. ptyx H of type (0 — o) — (0 — o).

(Proof. Onme easily checks that H(Zy,09) < of. (In fact, our methods
would show that of = Z/(Z;,00) with 2’ = (06 — 0) — (0 — 0). But
o}, the first non ¥} ordinal, is not equal to of; in fact o4 = Z1(0y), see
[117].) Hence Jx (H(ZL,z) < 2T); hnce such an x can be found < og, and
H(Z,2) < H(EL z) <2, 0)

However, it can be shown that there is a prim. rec. H such that: f(z) <
H(Zq,x) for all € X, where X is a cofinal subset of 0, independent of
the ¥/ function f.

The proof of 11.C.9 cannot be directly used to give bounds for func-
tions, because of the bad behaviour of the formalism we use in that case
w.r.t. negative occurrences ... (models enjoying (1) make it easier to be a

I13 well-order, hence more difficult to be a II3 non well-order... ).

Let us look at 11.C.9, in the special case n = 2; the result says (if
combined with 11.C.8) that every ordinal < 73 = 0y can be expressed as
F(Z;) for some prim. rec. ptyx of type 2. Hence the problem will be to

find, given o < 75, the specific expression:
o = F(El) .

When doing this, we get as close as possible to a recurive description of
«; if we know that Py, ..., P, are prim. rec. dilators, then we can imagine
that =, = Py+...+P,+..., hence we can approximate « by F(FPy+...+P,) =
o, which is a recursive ordinal; if at a later stage, we recognize that P,
is a prim. rec. dilator too, then the approximation must be replaced by

any1 = F(Py+ ...+ P,y1), and o, must be embedded into 1 by means
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of F(Ep,+...4+Ep,+Egp, ,); the embeddings are recursive as well. Finally,
what is not recursive in this is the choice of an enumeration (P, ) of all prim.
rec. dilators... .

In practice, the expression @ = F(Z;) can be replaced by an expression
of a by induction on dilators: typically, a hierarchy indexed by (prim. rec.)

dilators. Let us give a few examples:

11.C.14. Example.

(i) Opyi(z) = Op(wy™)

i 6 ; oF
(iii) sup enumerates (Z] rg(© F)

(iv) Or(r) = OsEP(F)(-2)(0)

defines a hierarchy of functions from On to On. This hierarchy (if one ap-
proximates wS™ by w(x), what is legitimate since we are only interested
in arguments < the first recursively inaccessible), is idential to a variant
A’ of A, where the only change is the value A}: (A'l)(z,y) = w(y)....

11.C.15. Conjcture.
Let i§ be the first recursively inaccessible, i.e. the first admissible limit

of admissibles; then
i) i§% = ©z,(0); in other terms, any = < i5¥ can be majorized by an
0 1 y 0 J v

ordinal ©(0) for some prim. rec. F.

(ii) If f is a total X! function from % to itself, then f(z) < Op(x + 1)

for all x < i§'X, for a certain prim. rec. F.

This conjecture has now been established; see [118].
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11.C.16. Remarks.

(i)

(i)

(iii)

Under the assumption of 11.C.15, i§® can be constructed “from
below”; more precisely, given a prim. rec. I, the computation of Op

only makes use of previously computed initial segments of i§¥ ...

We have seen that © is a variant of A; more precisely one can write
Op(z) = H(F,w,z), for a certain prim. rec. ptyx H.... Moreover,
one can replace the argument w by =;, using the expressiosn of w in
terms of =;: Op(z) = H'(F,Z;, ). Hence from i§% = H'(Z;,Z,,0),
we obtain, with H"(F) = H'(F, F,0)...

Z.OCK = H”(El) )
hence we clearly see that the hierarchy expression of i§% (11.C.15
(i)) implies an expression of the kind implied by 11.C.9; conversely
any expression of the form H”(Z;) can be converted practically into

a hierarchy.

The bound Op(z + 1) (and not Op(z)) in 11.C.15 (ii) is due to the
fact that the functions Op are continuous, whereas f need not to
be continuous! There are plenty of points where Op(z) = z, but in

general f(x) > z for all z < i§%.

11.C.17. Example.

() = .

7y enumerates the closure (in the order topology) of the set of ad-

missible fixed points of 7.

t .
™ sup () enumerates ﬂ rg(mr)

2

1

Tr(2) = Tsep(F)(.2)(0) -

11.C.18. Conjecture.
Let uS be the first recursively Mahlo, i.e. the first admissible « s.t. if f
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is any X! function on L., then there is z < o, x admissible s.t. f(z) < z

for all z < x; then

(i) wu§™ = m=,(0); in other terms, any z < u§™ can be majorized by an

ordinal 7 (0) for some prim. rec. F.

(ii) If f is a total X! function from u§* to itself, then f(z) < mwp(x + 1),

for all z < uSK, for a certain prim. rec. F.

This conjecture has now been established; see [119].

11.C.19. Remark.

7 can also be expressed as a functor; typically if wp; = H(7p), for some
H, then 7r will be a A-like object, obtained by iterating H. The main
question is therefore how to express 7w p4; under the form H(mp). A typi-
cal example is when F' = 1; then wp(z) = wSs, whereas wp, () = i{K,
the 2t recursively inaccessible or limit of recursively inaccessibles.... Now

an immediate extension of the conjecture 11.C.15 yields:

igK = @El (ZL’) .
More generally, one can surmise ([118] establishes the result) that 7w g ()
= AL (z), where A’ is the variant of A corresponding to (A'l)(z,y) =
7p(y). From this:

(i) One gets the expression of wp;:
wpy = H(mwp,Z1), and H prim. rec.

(ii) Moreover, since H is indeed already a hierarchy (as a variant of A,
and 7 is built from H by means of a hierarchy, it is likely that the one-

indexed hierarchy 7 can be replaced by a two-indexed one, extending

O...

This means that © is constructed by recursion up to Zi; but 7 (as a
two-indexed hierarchy) is constructed by recursion up to (Z;)?; in general,
this process can be continued as long as we have “fundamental sequences

of length < =;”; the general way of obtaining such fundamental sequences
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is by taking type 2 ptykes, and performing some separation-of-variables
process in them. The hierarchy we are building appears therefore as a A
of the next type, presumably closely related to the fucntor which performs
the cut-elimination in (II} — C'A). CHAPTER 12

PTYKES

Originally, ptykes were a generalization of dilators to finite types; how-
ever, many dilator-like objects which are not ptykes of finite type occur
rather natually, and the term “ptyx” now covers this immense area. The
variety of situations is so large that, at this early stage of development of
the theory, there is no evidence that the main lines of the general concept
of ptyx have been drawn.... However, it is possible to focus on specific
types for instance ptykes of type 2, of finite type,.... (see [117] for a refor-

mulation of the theory using indiscernibles.)

12.1. Ptykes of type 2

12.1.1. Definition.

(i) A ptyx of type 2 is a functor from DIL to ON preserving direct
limits and pull-backs.

(i) If F' and G are ptyxes of type 2, I*(F,G) is the set of all natural

transformations from F to G.
(iii) The category PT? is defined by:

— object: ptyxes of type 2.
— morphisms: I*(F, Q).

12.1.2. Example.
The functor:

F ~ (A F)(0,0)
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T ~ (AT)(0,0)

is a typical ptyx of type 2.

12.1.3. Remark.

I?(F, Q) is a set because a natural transformation from F to G is uniquely
determined by its restriction to finite dimensional dilators, which form a
denumerable set... .

12.1.4. Theorem (normal form theorem).

Assume that F, D, = are of respective type 2, 1, 0 (i.e. ptyx of type 2,
type 1 (dilator), type 0 (ordinal)), and that < F(D); then is is possible
to find a finite dimensional Dy, T' € I'(Dy, D) such that

(i) T € rg(F(T)) :

Furthermore, assume that rg (Tr(T)) is minimal for inclusion among all
solutions of (i); then Dy, T', and z( such that x = F(T)(zo) are uniquely
determined.

Proof. Express D as a direct limit: (D,7;) = lim (D;,T;;) with all

—

D;’s finite dimensional; then (F(D), F(ﬂ)) = lim (F(DZ-), F(Tij)>, hence

—

dielst xe€ rg(F(Ti)). (i) is therefore satisfied. Moreover, if z €
rg(F(T’)) N rg(F(T”)), then x € F(T" AT"), and this shows that, if
rg (Tr(T)) is minimal s.t. (i) holds, it is also minimum ... from that unicity
follows. O

12.1.5. Exercise.
Assume that F' is a functor from DIL to ON enjoying Theorem 12.1.4;
then show that F'is a ptyx of type 2.

12.1.6. Notation.
Assume that @ = F(T)(zo), and that rg(Tr(T)) is minimum with this

property; then we denote this situation by:

r = (x9; Do; T; D)p .
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(This notation is analogous to the familiar z = (2¢; xg, ..., Tp_1; )F
of dilators. g, ..., z,—1 encode an element of I(n,z); the source n of this
morphism is very conspicuous, and we have no need to indicate it more

specifically; in the type 2 case, it is better to record D....)

12.1.7. Definition.
The following data define a category SET;:

(i) objects: sets.

(ii) morphisms: injective functions.

12.1.8. Proposition.

(i) If (z, fi) enjoys 8.1.11 (i)-(iii) w.r.t. (z;, f;;) in SET;, then

(z, fi) = lim (x4, fi;) == U rg(fi) -

— el

(11) If fl; f2, f3 enjoy 8.1.24 (1) in SETZ, then

fiN fa=fs = rg(fi) Nrg(f2) = rg(fs) -

Proof. Left to the reader. O

12.1.9. Definition.
We define a functor Tr from PT? to SET;:

Tr(F) = {(x0, Do) ; &g = (x0; Do; BEp,; Do)r}

TH(T) (20, Dy)) = (T(Dy)(0)- Do) -

12.1.10. Lemma.
Tr(T) is an injective function from Tr(F') to Tr(G), when T € I*(F, G).

Proof. The non trivial part of the lemma is the fact that Tr(7") maps Tr(F')
into Tr(G): but observe that given U € I'(D, D’), it is possible to find D"
together with Uy, Uy € IY(D’, D") such that: Uy AUy, = U U = UsU.
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(Proof. Let D"(z) =2D'(x), D"(f) = EoD'(f), and define Uy (z)(z) = 22;
Uy(z)(z) =2z if z € rg(T(:c)), = 2z + 1 otherwise.... 0)

Consider the diagram

F(U) F(Uy)
F(D) F(D") F(D")
F(Us)
T(D) T(D') (D")
G(Uy)
G(D) G(D") G(D")
G(U) G(U2)

and assume that 2’ € rg(T(D’)) N rg(G(U)); then G(Uy)(2") = G(Uz)(2")
(because U1U = UyU), hence the point 2" = G(U;)(z') belongs to rg(T(Ul))
Nrg(T(Uy)): if 2 = T(D")(2]), we can write 2{ = F(U1)(2}) = F(Us)(2)),
where 2] is s.t. 2/ = T'(D')(2}). Now, since F' preserves pull-backs, F'(U;) A
F(Us) = F(UU) = F(U;)F(U): the pint 2/’ belongs to rg(F(Ul)/\F(Ug)),
hence it is of the form F(Uy)F(U)(z1): 21 = F(U)(z1). This establishes the
lemma because, assume that 2] € F(D’) is such that 2| ¢ rg(F(U’)) for
all U" whose target is D', U' # Ep/, i.e. (21, D’) € Tr(F); then 2’ € G(D").
If 2/ € rg(G(U)), then we know that 2z} = F(U)(z1), hence U = Ep/. So
(!, D") € Tr(Q). O

12.1.11. Theorem.

The functor trace has the following properties:

(i) Assume that (a,t;) enjoys 8.1.11 (i)-(iii) w.r.t. (a;,t;;); then

(a,t;) = lim (a;, ti;) < (Tr(a), Tr(t;)) = lim (Tr(a:), Tr(t;)) -

— —

(ii) Assume that ¢y, to, t3 enjoy 8.1.24 (i), then
tl VAN t2 = t3 — Tr(tl) VAN Tr(tg) = Tr(tg) .

(iii) If X C Tr(a), there exist unique b and t € 1%(b,a) s.t. X = rg(Tr(t))‘
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Proof. (iii): Assume X C Tr(a); if D is a dilator, we consider the subsets
Xp C a(D) consisting of those z € a(D) of the form

(20; Do; T; D), , for some (29, D) € X, T € I'(Dy, D) .

Then define b(D) = || Xp||, and if U € I'(D, D), b(U) to be the function

making the diagram:

b(D) a(D)
b(U) a(U)
b(D") WD) a(D’)

commutative (with rg (t(D)) = Xp...). One easily checks that b is a func-
tor from DIL to ON, and that ¢ is a natural transformation from b to a.
In order to show that b is a ptyx, it suffices by 12.1.5, to show that b enjoys
a normal form theorem; this is immediate. The unicity of b and ¢ is trivial.

(i): Assume that (a,t;) = lim (a;,t;;), and consider the subset X =

U rg(Tr(ti)) of Tr(a); define b and u € I*(b,a) by rg(Tr(u)) = X. Now,
iel
if we apply condition (iii) to ¥; = Tr(u)™! (rg (Tr(ti))), we get u; € I(al,b)
s.t. rg(Tr(ul-)) = Y;. By unicity, we obtain a, = a; and uu; = t;. Since
(a,t;) = lim (a;,t;;) one can find v € I*(a,b) s.t. vt; = u,.

(Proof. Show, using (iii), that u;t;; = ;. O

Hence, uvt; = t; for all i. wv must be the identity: Tr(u)Tr(v)(z) = z
for all z € Tr(a). Since u and v are injective, this forces Tr(u) and

Tr(v) to be bijections: but necessarily X = Tr(a) and we have there-
fore shown that (Tr(a),Tr(ti)) = lim (Tr(ai),Tr(tij)>. Conversely, as-

sume that (Tr(a), Tr(ti)) = lim (Tr(ai), Tr(tij)); if D is any dilator, then

(a(D), t:(D))
= lim (ai(D),t;(D)).

—

(Proof. If z € a(D), write z = (z0; Do; T'; D),, and choose ¢ such that
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(z0; Do) € rg(Tr(ti)); then z € rg(ti(D)) 0)

Now observe that:

12.1.12. Lemma.
If (a(D),t:(D)) = lim (ai(D),t;(D)) for all D € DIL, then (a,t;) =

lim (CL,L', t”>

Proof. If (b,u;) is any family enjoying 8.1.11 (i)-(iii) w.r.t. (a;,t;;), then
given any D, D' and T € I'(D, D'), the family (b(D/), ul(T)) enjoys 8.1.11
(i)—(iii) w.r.t. (ai(D),tij(D)) By 8.1.11 (iv), there is a unique morphism
u(T) € ](a(D), b(D’)) such that w;(T) = u(T)t;(T) for all i € I. Using the
unicity of u(T), we easily get: u(T)a(U) = b(T)a(U) when U € I'(D", D).

1

From that (u(ED)>D6DIL
solution of u; = ut; (i € I). O

defines an element of I?(a,b), which is the only

The lemma concludes the proof of (i).

(ii): Assume that ¢; € I(a;,b) (i = 1,2,3), and that t3; and ¢35 are such
that: t3 = t1t31 = tatso; in particular Tr(t3) = Tr(t1)Tr(t31) = Tr(ta) Tr(tss);
hence rg(Tr(t3)> C rg(Tr(tl)) N rg(Tr(tg)) = X. We apply (iii) and we
obtain af and t§ € I*(a},b) such that rg (Tr(tg)) = X. Now, if we consider
Y) C ti(ar): Yy = Tr(ty) (X)), by (iii) we obtain t, € I*(a4, a;) such that
rg(Tr(tgl)) =Yj; but rg(Tr(tl)Tr(tgl)) = X, hence a = aj and t1ty, = t§;
in the same way, we get th, € I*(a}, as) s.t. tathy = t}.

Now assume that #; Aty = t3; by 8.1.24 (ii), one can find u € I*(a}, a3)
s.b. thy = ts1u, thy = t3ou; hence t = tsu; if af # as, the injective function
Tr(u) cannot be surjective, if z ¢ rg(Tr(u)), then Tr(t3)(z) & rg(Tr(tg)) =
X, but rg(Tr(t3)> = X, contradiction. Hence X = Tr(b). We have there-
fore established that Tr(t1) A Tr(ta) = Tr(ts).

Conversely assume that Tr(t;) A Tr(t2) = Tr(ts). If D is a dilator, it is
immediate (using the normal form theorem) that ¢,(D) A t2(D) = t5(D);

we use now the

12.1.13. Lemma.
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If Tl(D) VAN TQ(D) = Tg(D) for all D € DIL, then T1 A T2 = T3.

Proof. Easy result, similar to 12.1.12.

This concludes the proof of (ii) and establishes the theorem. O

12.1.14. Corollary.

Assume that (A;, Tj;) is a direct system in PT?, and that (4,7T;) enjoys
8.1.11 (i)-(iii) w.r.t. (A;,T};); then the following are equivalent:

() (AT) = lim (4,T)

—

(i) (A(D),Ti(D)) = lim (Ai(D), T;;(D)) for all dilators D.

—

(iii) (A(D), T,(D)) = lim (AZ-(D),Tij(D)) for all finite dimensional D €

—

DIL.

(iv) (A(D), TZ-(UZ-)) = lim (Ai(Di), Tij(Ui]-)) for all direct systems (D;, U;;)

and all D,U;) in DIL s.t. (D,U;) = lim (D;, U;).
Proof. The implications (iv) — (ii) — (iii) are trivial.
(iii) — (i): If z € Tr(A), write z = (29, Dy); hence zy € A(Dy); hence
for some i € I, 2y € rg(Ti(D)), i.e. (z0,D0) € rg(Tr(T,)).
(i) — (iv): If z € A(D), write z = (20; Do; Uy; D)a; choose i such
that:

~ (20; Do) € rg(Tr(Th)), ice. 20 = Ti(Do)(2)).
- rg(Tr(Uo)) C rg(Tr(Ui)); in particular, Uy = U,;U|.

Hence z = (z0; Do; U;Uf; D)a = A(U;) ((zo ;s Do; Ul Di))A and (z9; Do ;

Us; Di)a = Ti(Do)((2f; Do; Uy Di)a,, and z = Ty(Us)((26; Do Ugs Di)a,.
O
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12.1.15. Remark.
It is of some interest of give explicit conditions ensuring the existence of a
direct limit for (A;, Tj;) in PT?.

(i) The existence of the direct limit of (Ai(D),Tij(DD for all dilators
D is a sufficient condition; the limit functor lim ’ (AZ-(D), Tij(D)) =

—

A(D), lim (Al(U)) = A(U) is easily shown to enjoy the normal form

—

theorem, and then it is the direct limit by the preceding results... .

(ii) In particular, as soon as 8.1.11 (i)—(iii) is satisfied by some (A,T;),

then the system has a direct limit.

12.1.16. Corollary.
Assume that T; € I*(A;, B) (i = 1,2, 3); then the following are equivalent:

i) ToAT, =T
(ii) Ti(D) ATy(D) = T3(D) for all dilators D.
(iii) T1(D) A Ty(D) = T3(D) for all finite dimensional dilators D.

(iv) Ty (Uy) A Ty(Uy) = T3(Us) for all morphisms Uy, Us, Us in DIL such
that U1 VAN U2 = Ug.

Proof. (iv) — (ii) — (iii) is trivial.

(ifi) — (i): If (20, Do) € rg(Tr(T1)) Nre(Tr(T)), then 2 € rg(7T1(Do))N
rg (TQ(DO)) =rg (Tg(Do)), since Dy is finite dimensional. Hence (29, Do) €
rg(Tr(T3)>. Conversely, from (zg, Do) € rg(Tr(Tg)), we get 2 € rg(Tl(D0)>ﬂ
rg(Tr(D0)>, hence (29, Do) € rg(Tr(Tl)) N rg(Tr(Tg)).

(i) — (iv): Assume that z € B(D) (U; € I'(D;, D)); write z = (z9; Dy ;
U; D)p; then it is immediate that z € rg(Ti(Ui)> — (20, Dy) € rg(Tr(Ti)>/\
rg(Tr(U)) C rg(Tr(Ui)). From this, we easily obtain, from 71 ATy = T,
Uy AN Uy = Us, that T1(Uy) A To(Us) = T5(Us). O
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12.1.17. Remark.
Of course, in PT?, pull-backs are always defined.

12.1.18. Theorem.
Assume that Ty € I?(A, By), Ty € I*(A, By); then it is possible to find B,
together with Uy € I?(By, B), Uy € I?(By, B) rendering the diagram

By
Ty Uy
A B
Ty U,
By

commutative. We use the notation:
(T,B) = (11, By) + (I3, B2) , with T'=U,T; = UyT5 .
(In fact we have slightly more:
(i) rg(Tr(th)) Urg(Tr(Us)) = Tr(B).
(ii) rg(Tr(Ul)) N rg(Tr(UQ)) = rg(Tr(T)), le. U NUy=T.)

Proof, If D is a dilator, we define B(D) as follows: we introduce the
disjoint union X of By(D) and By(D): X = {(i,2);i=1Az < Bi(D)V
i = 2Az < By(D)}. We preorder X as follows: (i,2) <} (¢,2) iff
(1t =4 Nz <2)V33zxn € AD)(z < Ti(D)(20) N Ti(D)(20) < 2'). The
transitivity of g}j is immediate. The associated equivalence relation ~p
is defined by: (i,2) ~p (I/,2)iff (i =i Nz =2")Vv Iz € AD) (z =
Ti(D)(z0) N 2" = Ti/(D)(zo)). A first trivial remark is that <}, / ~p is a
well-founded order relation, but not a linear order in general... .

Now we consider the preorder <% defined by: (i,2) <%, (i,2') <
3D’ 3t € IMD, D) (i, Bi(t')(2)) <b (i, Bu(t)(2)).

Observe that <% is transitive: iff (¢, By (t”)(z’)) <h, (z’”, Bin (t”)(z”)),
choose D", together with v’ € IY(D’,D"), v’ € IY(D",D") s.t. u't’ =
u't" =t (8.G.13). Then (i, Bi(t)(2)) <bw (i, Bs(t)(z)) <bw (i", Bun(t)

(2" )) hence (7, 2) <%, (i",2"). <% has another interesting property, namely
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(i,2) <3 (I",%) & (i,Bi(t)(2)) <} (7 By(t)(z)) for all D' and t €
I'(D.D"); it is precisely in order to get this property that we replace <}, by
<% .... Finally, observe that <% is a preorder with associated equivalence
~p, and that <2, / ~p is well-founded (trivial).

We define linear preorders <3, and <%}, as follows:

(i,2) <} (i",2) & (i2) <b () V(7)) £} (,2) Ai< i)

(i,2) <b (i",2) & (i.2) <3 (@, 2)V ((7,2) £} (,2) Ni<d) .

12.1.19. Lemma.
(i) <% / ~p is a well-order.
(i) <} / ~p is a well-order.

Proof. (i): If we show that <%, is transitive, then it will be a linear preorder
extending <L, and <%, / ~p will be a well-order. Assume therefore that

(i,2) <p (I",2) <} (", 2"):
1 If (3,2) <} (¢,2) <} (¢",2"), then (i,2) <k (i",2").

2. If (1,2) <L, (¢,2)), (¢",2") £5 (¢,7') and &' <i": (i",2") <L (¢,2)
is impossible, so the result is immediate when ¢ = ¢'; if i # ¢/, choose z
st. 2 < Ty(D)(z0), Tir(D)(z0) < 2'; necessarily Tyn(D)(z) < 2, since
(i",2") €5 (i,2'); but then (i,2) <}, (,2").

3. I (i, 7)) £} (4,2), i < i, and (7,2) <k (¢’,2"): symmetric to 2.
4. (", 2" &5 (¢, 7') £} (i,2) and i <4 < 4" impossible.

(However, let us make the proof when i varies over a linear order: assume
that (i,2") <} (i,2): if 2” < Ty (D)(20), Ty(D)(20) < z, then since 2’ is
comparable with Ty (D)(zp), we obtain

2 <Ty(D)(z) — (i,2') <} (i,2) impossible

Ti(D)(z) < 2 — (i",2") <L (i',7') impossible. )
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(ii): Assume that (i,2) <%}, (¢,2") <% (i",2"); and choose (t1, D),
(t2, Dy), (ts, Ds) such that (i, Bi(t1)(2)) <3, (7, By (t1)(2")), (i, Bu(t2)(2"))
<3, (", B (t2) (")) and (i, 2) <}, (i",2") > (i, Bilts)(2)) <, (i, Bun(ts)
(). Define D' and , th, 4 s.t. t}t; = thty = tit5 = t = constant. Then
(i, Bz(t)(z)) <3, (z”, By (t)(z’)) <3, (i", By (t)(z”)), and by case (i) above,
(z’,Bi(t)(z)) <3, (i”,Bl-u(t)(z”)). Now the choice of D’ (“after D3”) is

such that one can infer that (i,z) <% (i",2"). O

We define B(D) =<}, / ~p, ift € (D, D’), we define B(t) as follows:

B(t) ((,2)) = (i, Bi()(2)) -

This defines a strictly increasing function since

(i, Z) §4D (i,7zl) A (iv th)(z)) §4D’ (ilv Bi’(t)<zl)) )

which is a consequence of the similar property of <% ....
B is a ptyx: it is a functor from DIL to OW (~ ON), which obviously

enjoys the normal form theorem....

Finally the conditions (i) and (ii) on traces are trivially checked.... O

12.1.20. Exercise.

Extend the result 12.1.18 t a family T; € I*(A, B;), i < a, where a € On.
(Hint. The non trivial part is the well-foundedness of the orders <},, <%,
<3, <}. The most delicate case is well-foundedness of <%: if (in,2) is
a s.d.s. in <%, take (tn, Do) st (ins1, Biy, (t2)(2011)) <b, (in, By, (t)
(zn+1)>,' then apply the analogue of 12.1.20 for dilators... .)

12.1.21. Example.
A typical example of 12.1.8 is when A is the ptyx 0: 0(D) = 0, O(t) = E,.
Then a pair (T, B) with T' € I?*(0, B) can be identified with B, since T is
uniquely determined by rg (Tr(T)) = (). Then we use the notation B; + B,
in such a situation, to denote in fact (771, By) + (T3, Bs)....

One would easily show that By 4+ B, is exactly the composition of By,
By with the functor sum: (B + By)(D) = By(D) + By(D); (B1+ Bs)(t) =
Bi(t) + Ba(t).
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By the way, let us introduce the notation: E%g,, when B’ is of the
form B + B": E%p/(D) = Epipys(p) - ELp € I*(B,B’). As usual we
shall denote by E% = E%, the identity of B. Finally, if T} € I*(Ay, By),
Ty € I*(Ag, By), Ty + Ty € I?(A; + Ay, By + By) can be defined by
(Th + 1) (D) =T1(D) + T»(D)....

12.1.22. Definition.
If D, D' are dilators, then I'(D, D’) is ordered by: T < T’ « Vx T(x) <
T'(z) (i.e. Vo Vz < D(x) T(z)(z) <T'(x)(2)).

12.1.23. Theorem.

Assume that T,U € I'(D,D’); then T < U iff 3D” € DIL 3V €
II(D,, D//)

aw e IY(D",D"): VU =WVT.

Proof. The condition is obviously sufficient, for if VU = WVT, then
(VU)(z

(z2) = WVT)(2)(2), ie. V(2)U(z)(z) = W(x)V(x)T(z)(z), and since
Wi(z)(z') > 2 for all 2/, we get: V(z)U(x)(z) > V(x)T(x)(2), hence
U(x)(z) > T(z)(z). The converse is not easy; we follow [5], Chapter 4.
Let = be an ordinal; we consider the set D'(z) x IN, with the following
preorder <!: (a,n) <. (b,m) < J(ag,n0), ..., (ap_1,mp_1) s.t. Vi <p—1:

1. either n; = n; 1 and a; < a;41

2. or n; = n;y1 + 1 and for some z, a;11 = U(z)(2), a; = T'(z)(2).
3. or njy1 = n; + 1 and for some z, a; = U(x)(2), aix1 = T(x)(2).
One checks without difficulty that

— if n = m then only step 1 is needed (once!).

— if n > m then only steps 1 and 3 are needed.

— if n < m then only steps 1 and 3 are needed.

And that the associated equivalence ~, corresponds to the identification
of (U(x)(2),n) with (T'(z)(z),n+ 1).
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<!/ ~, is well-founded.

(Proof. <! has the following essential property: if (a,n) <! (b,m), if
(b,m) «£L (a,n), if n > m, then a < b. This is the only point were T' < U
is used!

Then given a s.d.s. (a,,n,) in <2,

— either the values n, are unbounded, and we can assume as well that
np+1 > n, for all p; then by the remark just made, (a,) is a s.d.s. in
D'(z).

— or the values n, are bounded, and we can assume as well that n, =
constant; then (a,p) is still a s.d.s. in D’'(x). O

We introduce now a new preorder gi on the same set:

(a,n) <5 (bym) < 3y 3f € I(z,y) (D'()(a),n) <, (D'(f)(0),m).

This order is shown to be transitive, by using the methods of 12.1.18 (for
the order <2 of this proof); this uses the analogue of 12.1.18 for ordinals,
which is trivial. Observe that <2 is a preorder with associated equivalence
~g, and that <2 / ~, is well-founded.

(Proof. As for <! / ~,. 0)

We introduce <2 and <2 by:
(a,n) <3 (b,m) < (a,n) <L (b,m)V ((b,m) £} (a,n) An <m)

T x

(a,n) <% (b,m) < (a,n) <2 (b,m)V ((b, m) €2 (a,n) An<m).

T x

12.1.24. Lemma.

(i) <3/ ~, is a well-order.

(ii) <!/ ~, is a well-order.
Proof. (i): We check transitivity:

1. (a,n) <L (b,m) <! (¢,p) trivial: (a,n) <L (c,p).

x T
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2. (a,n) <i (bym), (¢,p) £, (b,m), m < p; then (¢,p) £; (a,n), and
either n < p and we are done, or n > pl in that case m < n, hence
3(d,p) s.t. (a,n) <L (d,p) <l (b,m); necessarily ¢ > d (otherwise
(c,p) <L (b,m)). Hence (a,n) <L (d,p).

3. (b,m) <L (¢,p), (b,m) £} (a,n), n < m: symmetric to 2.

x

4. (e,p) €L (b,m) £ (a,n) and n < m < p; we show that (c,p) €. (a,n):
otherwise, there would be a (d,m) s.t. (¢,p) <L (d,m) <! (a,n), and:

d<b—(c,p) <L (b,m) absurd

b<d— (bym) <L (a,n) absurd .
<3 |/ ~ —x is a linear order; in order to check its well-foundedness,

consider a s.d.s. (a,,n,) and partition {(p,q); p < ¢} into Xy and X;:

(p-q) € Xo < (ag,ny) Salt (ap,mp) -

By Ramsey’s theorem for pairs, we get an infinite homogeneous subset
Y: if for all p,q € Y, p < g, then (p,q) € Xy, we contradict the well-
foundedness of <! / ~ —z; if for all p,q € Y, p < g, then (p,q) € X1, we
obtain a s.d.s. of integers....

(ii): The transitivity of <2 is derived from the transitivity of <3 exactly

as in 12.1.19 (ii). The well-foundedness of < is exactly proved as in (i).0

The construction is such that
(a,n) <z (b,;m) = (D'(f)(a),n) <, (D'(f)(b),m)

see 12.1.18 for a justification in a close context...). Hence define D" (x) =<1
/ ~., and D”(f)((a, n)) = (D'(f)(a),n). It is immediate that D" is a
dilator. Finally define
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Then V(2)U(z)(z) = (U(z)(2),0) = (T'(z)(z), 1) whereas W (z)V (z)T'(z)
(z2) = W(z)(T(x)(2),0) = (T(x),(2),1). Hence VU = WVT. O

12.1.25. Theorem.
If A is a ptyx of type 2, then A preserves the ordering of morphisms:
T<U— AT) <a(U).

Proof. Trivial consequence of 12.1.23. O

12.1.26. Exercise.

(i) Define an ordering between morphisms in I%(A, B); show that if
T,U e I*(A,B), t,ue I'(Ab), T < U, t <wu, then T(t) < U(u).

(ii) Prove the analogue of 12.1.23 for the category PT?.
(The proof 12.1.23 can be extended without any problem.)

12.1.27. Comment.

The importance of 12.1.25 lies in technical applications to the character-
ization of finite dimensional ptykes of type 2. However, there is another
interest, located in the normal form theorem. It is possible to rewrite the

normal form theorem (of type 2) as follows:
z2=(C; xgy...,tpn_1; D)a instead of z = (z9; Do; T; D)4 .

This means that: C' = (z9; D), and that the ordinals zg,...,z,_; are
defined as follows: let iy, ..., 7,1 be the enumeration of Tr(Dy) in increasing
order modulo <P (8.4.22); then Tr(T)(ig) = (z0,p0)s s TH(T)(in_1) =
(Tn—1,pn—1), for some integers po, ..., p,—1. These integers are not really
part of the dats, since ig = (Y0, 0); -+, in—1 = (Yn—1,0,_1) for appropriate
Yo, -y Yn—1-

We have therefore obtained a denotation which is close to the familiar
dilatoral denotations.... There are, however, important differences, essen-

tially:

(i) xo,...,Tn—1 are not necessarily a strictly increasing sequence of ordi-

nals.
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(ii) The condition for (C'; zg, ..., 2,—1; D)4 to be a denotation is compli-

cated.

However, a natural question is “are denotations increasing in their coef-
)
ficients?” In other termsif (C'; zg,...,x,—1; D)a and (C'; xf, ..., 2zl _1; D)a

are denotations, and zy < z, ..., x,—1 < z}_,, then do we have: (C'; xy, ...,
Tpo1; D)a < (C; xf,...,x,_1; D)a? The answer is positive, since, if xy, ...,

xp—1 encode T, xy, ..., ) encode T, then T' < T" — xy < x{A...Axp1 <

/

l’n_l.

12.1.28. Definition.

A ptyx A of type 2 is finite dimensional iff dim(A) = card (Tr(A)) is
finite; dim(A) is the dimension of A. PT%, denotes the category of finite
dimensional ptyxes of type 2, a full subcategory of PT?.

12.1.29. Theorem.
Every ptyx of type 2 is a direct limit of finite dimensional ptykes of type
2.

Proof. Let I = {i;i C Tr(A),: finite}. If i € I, define A; and T; €
I*(A;, A) by rg (Tr(Ti)) = 1. A; is finite dimensional, of dimension card(z).
Consider, if ¢ C j, the set Y = Tr(7;)7'(i) C Tr(A;). Define A} and
T, € I'(A]}, A)) by rg(Tr(Tij)> =Y then by a unicity argument, A, = A;,

T;T,; = T;. (A;,T;;) is easily shown to be a direct system, moreover,
Tr(A) = U rg(Tr(T})), hence A = lim (AL Ty). -
iel .,

12.1.30. Definition.
A preptyx of type 2 is a functor A from PIL to OL enjoying the following

properties:

(i) A preserves direct limits.

(ii) A preserves pull-backs.

(iii) A preserves the ordering of morphisms: ¢ < u — A(t) < A(u).

The category of preptyxes of type 2 is denoted by pPT?.
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12.1.31. Theorem.
Preptykes of type 2 are exactly the direct limits of ptykes of type 2 (or

finite dimensional ptykes...).

Proof. The theorem rests upon a non trivial property, namely
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12.1.32. Theorem.
If A is a finite dimensional preptyx, then A is (isomorphic to) a ptyx.

Proof. Assume that D is a dilator, and that (z,)nen is a s.d.s. in A(D);
D)A. NOW,

C,, varies through a finite set, hence, one can assume that C), is constant:

we use the normal forms as in 12.1.27: z, = (Cy; x5, ..., 7y ;
C, = C, s0 p, = p. We define a partition of {(n,m); n < m} as follows:
(n,m) € X; if x* < 2} and 27 > 2} Vj < i < p. This is a partition, be-
cause z}* > x? for all ¢ < p implies by property (iii) of preptykes z,, > z,.
Now, by Ramsey’s theorem, there is an infinite homogeneous subset, and
we obtain 7' <z for all m,n € Y, m < n; but the points x}' are ordinals
(they belong to some D(n)!). O

12.1.31 easily follows now at once: if we express A as a direct limit of
finite dimensional preptykes, they can be replaced by finite dimensional
ptykes. Conversely, 12.1.25 shows that ptykes are preptykes; moreover,

preptykes are trivially closed under direct limits... . O

Our next goal is to find a characterization of finite dimensional ptykes.
By 12.1.32, it suffices to look for finite dimensional preptykes, i.e. we have
reduced the problem to a purely algebraic question.

We shall try to answer the question in the following way: given a func-
tor A from a finite subcategory C of DILs; to ON < w (such a functor
can obviously be encoded by an integer, since it consists of finitely many

finitistic data), one can ask the questions:
(i) Is A the restriction of a finite dimensional ptyx of type 27
(i) Is the extension of A into a f.d. ptyx unique?

We shall answer condition (i) by giving explicit conditions on C and A;
these conditions will be decidable; moreover, if C is generated in a certain
finitary way from the finite set Tr(A), (ii) will be fulfilled.

This kind of answer is sufficient for the usual purposes; in particular,
this is easily extended to ptykes of finite type.... However, we are far from

the characterizations obtained for finite dimensional dilators. It is highly
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improbable that a very simple construction of these f.d. ptykes using per-
mutations ... or something close to it, can be found.... But it may be
worthwhile to try.

12.1.33. Proposition.
If A and D are finite dimensional, then A(D) is finite.

Proof. If n < A(D), then the number of possible choices for n = (z; Do; Tp;
D) 4 is bounded by N - M, where N is the number of choices for (zq; Dy),
M is the number of morphisms with target D, i.e. dim(A) - 24im(®), 0

12.1.34. Theorem.

Assume that X is a finite set of finite dimensional dilators; define an-
other finite set X’ by (see Exercixe 8.G.14): D € X' « 3Dy, Dy, D3 €
X 30, Ty, Ts, Ti € INDy, X) (i = 1,2,3) st. Ti(D) = rg(Tr(T1)) U

rg (Tr(T2)> urg (Tr(Tg)) :

D,
Ty
T
D, D
Ty
D3

Finally define X” by: D € X" « 3D’ € X' IY(D,D’) # (. We intro-
duce the category Cx» by:

objects: elements of X",

morphisms: I'(D, D’).

Now, assume that A is a functor from Cx» to ON, with the following

properties:

(i) If D € X" and a € A(D), one can express a = A(T)(z) for
some Dy € X, T € I'(Dy, D), 20 € A(Dy); furthermore the condi-
tion “rg (Tr(T)) minimal” renders 7" uniquely determined. (In other
terms, a = (20; Do; T'; D)a, with Dy € X.
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(ii) A(D) is finite for all d € X.

(iii) If D, D' € X", it T,U € I(D, D'), then
T<U— A(T) < AU) .

Then there exists one and only one ptyx F' of type 2 such that:
1. FICx» = A.
2. Tr(F) C On x .

Proof. Assume that D is a dilator; we define F'(D) to consist of all formal

denotations
(205 Do; T; D)p,  with (205 Do) € Tr(A) .

In order to compare (zy; Do; T'; D) with (z1; D1; T"; D), we proceed
as follows: consider rg(Tr(T)) U rg(Tr(T’ )) = Y; then define D’ and
UeI'(D',D)st.rg(Tr(U)) = Y, then Ty and T{ s.t. T = UTy, T' = UTY:

Dy T
T
/
D U D
Ty
D, T T

hence rg(Tr(Tl’)) U rg(Tr(TQ’)) = Tr(D') so D' € X' ¢ X". By def-
inition: (205 Do; T; D) < (21; D1; T'; D)p iff (205 Do; T1; D)a <
(215 Dis I1;

D)4 Finally, we define, when t € I'(D,D'), F(t) € I(F(D),F(D'))
by:

F(t)(20; Do; T; D)p = (20; Do; tT; D) .

This is obviously the only way if defining F', if we want F' to enjoy 1 and
2; from that, we get unicity. But is this a ptyx? Preservation of direct limits
and pull-backs is immediate from the normal forms, the functions F(t)
preserve the order.... But we do not even know that < defined on F(D)
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is an order relation. We must check reflexivity, antisymmetry, transitivity
and linearity; these four properties are all handled in the same way, and

let us verify transitivity: assume that
(205 Do; T5 D)p < (215 D13 T D)p < (225 Do T"; D)r

then choose D', together with U, Ty, T, T}, s.t.

Dy
Ty T
) T! T
D Dy D
Tl” T//
D,

U

is commutative, and Tr(D’) = rg(Tr(Tl)) U rg(Tr(T2)> U rg(Tr(Tg)); then
D' € X' ¢ X" hence we have:

(205 Do; Th; D')a < (215 D15 Ty D')a < (295 Do TY'5 D) a
and since A(D') is linearly ordered:

(205 Dos Tvs D')a < (225 D23 175 D)a
from which we conclude that

(20; Do; T3 D')p < (225 Da; T"; D) .

Finally F is a finite dimensional preptyx, since Tr(F) C N x X, with
N =sup{A(D); D € X}, and F enjoys (iii). By 12.1.32, F is (isomorphic
to) a ptyx. O

12.1.35. Remarks.

(i) 12.1.34 extends to natural transformations: assume that A and A’
enjoy the conditions of 12.1.34 w.r.t. X, and that T is a natural
transformation from A to A’, then T can be uniquely extended into

a natural transformation 7" from F to F’, by:

T’(D)((Zo; Do; t; D)F) = (T'(Do)(Zo); Do t; D)pr .
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(ii) The question of the characterization of finite dimensional ptykes of

type 2 by means of a finite amount of information, is perfectly solved
by 12.1.34; moreover, if one encodes these finitary data by integers,
then the predicate P(n) which says “n encodes a finite dimensional

ptyx of type 27, is prim. rec.

12.1.36. Exercise.

(i)

Show that 12.1.33 can be improved into: assume that A is a preptyx,
that Tr(A) C On x X for a certain finite X C DILy,, then A is a

ptyx.

(ii) Conclude that 12.1.34 holds when condition (ii) is removed. (Of

course the dilator F' constructed is no longer finite dimensional.)

12.1.37. Discussion.

We now discuss the following concepts:

— recursive ptykes of type 2.

— weakly finite ptykes of type 2.

(i)

As soon as the ptyx A sends finite dimensional dilators on recursive

ordinals, it can be expressed as a denumerable direct limit:

A= lim (An, Tpm)

—

N

with all A, finite dimensional. We shall therefore say that A is
recursive when we can find such a direct system (A,,T,,), and
when this system can be encoded by a recursive function. This is
the widest acceptation of “recursive”; one easily sees that, in this
acceptation, there is no distinction between recursive and prim. rec.
ptykes!

A more restrictive notion of recursiveness is when A maps finite
dimensional dilators on integers; then A is completely determined

from its restriction A’:
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A": DIL;; — ON < w

and A’ itself can be uniquely encoded (given specific encodings of
the objects and morphisms of DIL; and ON < w by integers) by a

function f from IV to IN. Of course we can now say that

A is recursive iff f is recursive.

A is prim. rec. iff f is prim. rec.

This concept is far more natural than the more general one first
introduced; when we shall need a concept of recursive ptyx of type

2, we shall therefore use the second version... .

This choice seems to indicate that we shall define weakly finite ptykes
of type 2 as being those A sending DIL, into ON < w. In fact this
notion does not suit very well the practice; we prefer the following
definition:

A is weakly finite iff A sends weakly finite dilators on integers.

It is easy to produce ptykes sending finite dimensional dilators on
integers, but which are not weakly finite. (Example: Consider the
functor A(D) = ap+ay+...+a, +..., with a,, = the order type of the
{z € D(n); (z;n) € Tr(D)}, together with A(T") defined to make it
a functor. Then A is a ptyx sending finite dimensional dilators on
integers, but A(D) is infinite when D is infinite dimensional.)

In practice we shall therefore mainly be concerned with recursive

weakly finite ptykes.

However, I do not want to hide the fact that these definitions are
not necessarily the best ones; they are good in a lot of cases, but
there is still room for discussion. A typical example of the limitation
of our choice of concept is that the functor A(D) = (AD)(0,0) is
recursive, but not weakly finite. This kind of inadequacy between
concepts and practice is very limited but real, and seems to indicate
the possibility of further improvements of the notions. For my part,

I would surmise that the systematic reformulation of the theory of
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ptykes by means of ideas similar to the regularity of Boquin (Exercise

9.B.8), will wipe out all these small inconsistencies... .

The “algebraic part” of the theory of ptykes of type 2 has just been de-
vloped; let us now have a look at the non algebraic part, i.e. the question
of the definition of a predecessor relation between ptyxes, which makes
them some kind of well-founded classes. We shall leave to the reader the
straightforward definitions of the sums Z A;, Z T;, and of connectedness.

i<z i<f

12.1.38. Theorem.

(i) If Ais a ptyx of type 2, then A can be uniquely written as »_ A,
i<z

where the A;’s are connected ptykes. The ordinal z is the length of
A: x=LH(A).

(ii) If B is another ptyx of type 2, and its decomposition is Z B, then
J<y
T € I*(A, B) can be uniquely written as Y _ 7. The function f is the
i<f

length of 7', and is denoted by LH(T).

Proof. This is not at all different from the well-known property of dilators;

this is therefore offered as an exercise to the reader! O

12.1.39. Definition.
(i) The ptyx A is of kind

0 if LH(A) = 0.
w if LH(A) is limit.

1 fLH(A)=2"+1,and A,y =1
(the constant ptyx 1(D) =1, 1(T) = E;.

Q fLH(A)=2"+1,and A, # 1.
(i) The morphisms T € I?(A, B) is said to be deficient when T =

T + EEB/, B’ # 0; when T is not deficient, then A and B are of the
same kind: this common kind is by definition the kind of 7'
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12.1.40. Theorem.
If D is a dilator, let us denote by D + Id" the functor from DIL to DIL
defined by:

(D+1dYF)=D+ F, (D+1dYNT)=Ep +T .

Similarly, if T € I'(D, D’), let us denote by T + Id' the natural trans-
formation frin D + Id' to D' + Id', defined by:

(T+1dHYU)=T+U .

(i) If Ais a ptyx of type 2, and D is a dilator, then the ptykes A and
A o (D +1d") are of the same kind.

(ii) If T € I*(A,B) and U € I'(D, D’), then the morphisms 7" and T o
(U + 1d") are of the same kind.

Proof. Something implicit in the theorem is that A o (D + 1d') is a ptyx:
this follows from the fact that D+1d" preserves direct limits and pull-backs.

(i) — If Ais of kind 0, then A o (D + Idl) =0 is of kind 0.
— If Ais of kind w, write A = > A;, with A; # 0 for all i, and z

i<z
limit; then A o (D +1d') =Y A4; o (D +Id") is of kind w as well.
1<
~ If Aisofkind 1, then A = A’'+1, and Ao (D+1d") = A’ o (D+1d")+1

is of kind 1.
— If Ais of kind Q, write A = A"+ A", with A” connected, A” # 1;
let B=A o (D + 1d"); observe that:

+ B cannot be of kind 0 (since B # 0!).

+ B cannot be of kind 1: otherwise, one would have: A” o (D +
Id') = B” 4 1, and this means that one can find (zq, Dy) € Tr(A"),
Ty € I'(Dy, D), such that xp = (z0; Do; To + Ejpr; D + D) av
is the topmost element of A”(D + D'), for all D’. But the point
v = (20; Do; Elp + To; D + D)ar is > xp because of 12.1.25;
also Dy is # 0, since A” is connected and # 1, hence xp < z,

contradiction.
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4+ B cannot be of kind w: we establish first the

12.1.41. Lemma.

If A” is connected, then

(205 Do; T—i—EéD,; D+ D' an < (21; Dy ; EéD—i—U; D+ D")an .
Proof. Assume that the conclusion if false; then one easily sees (using
12.1.25) that: (29; Do; T"; D')an > (z1; Dy; T"; DY) pn for all D and T7,
T”. This fact can be used to decompose A” into a sum A; + A,.... O

Using the lemma, assuming that AJ(D}) = B” is of kind w, we obtain:

write B” = Y B/, with z limit and B} # 0. for all ¢, and choose D’
1<z

such that B(D’) # 0 for all i. (For instance D’ = a sum of all the finite

dimensional dilators.) Choose a cofinal sequence (z;);<, in B”(D’), with

> Bj(D') < z for alli < z. Then if T € I'(D', D") and z < B"(D"), one
j<i

can find i < x such that z < B"(T)(z;). But consider D" = D'+ D + D/,
T = Ep/pn, and z the point A"(Ejp, pr + Ep, p/)(20). The lemma yields

z > B"(T)(z;), contradiction.

+ by elimination B must be of kind 2.

(ii) Amounts to showing that T is deficient if 7' o (U + Id") is deficient;
but:

-~ UT =T +E}, B #0, then
To(U+Id)=T o (U+Id")+EZ,, pa
and B’ o (D' +1d") is # 0....

— Assume conversely that T o (U +1d") = T+ E2p,, B’ # 0; then we
successively check that T' cannot be of kind 0, 1, w or €2: T must
be deficient... . O

12.1.42. Outline of the construction.

Since this chapter can only be read by people who have a good understand-

ing of the concept of Chapter 9, it is not necessary to carry the construction

in full details... .
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Separation of variables is obtained as follows: if A is connected and
of kind €2, one can consider the functor By from DIL? to ON defined
by:

The functors UN? and bfSEP? are easily shown to be reciprocal.
Observe that the construction is the obvious generalization of 9.3.18
and 9.3.22 to ptykes of type 2.

The predecessors are defined as follows:

— A'is a predecessor of A+ A" when A" # 0.

— If A is a predecessor of A" and A’ is a predecessor of A”, then A is

a predecessor of A”.

— If Ais of kind Q and D is a dilator, then SEP?*(A)(-, D) is a

predecessor of A.

Since dilators are not linearly ordered, the set of predecessors of
a given dilator is not linearily ordered; but the order is still a well-
founded class, hence it is possible to prove a principle of induction

on ptykes of type 2.

A typical application of induction on ptykes of type 2 would be to
define an analogue of A in this new context. The choice of the
precise variant of this construction is a delicate problem; but the
general pattern of the definition of A can obviously be transferred to

ptykes of type 2....

12.1.43. Exercise.

(i)

Assume that A is a 1-dimensional ptyx of type 2, and that Tr(A) =
{(0, D)}, and let n = LH(D). Assume that D = Do+ ...+ D, (D;
connected), let D' = Do+ Do+ Dy + D1+ ... + D1 + D, 1, and
define, for i < n, T; € I'(D, D’) by:

T, = Ep, +bfEip, +...+EL_ +El,  +El, +EL + ...

+Ep,_, + - +Ep,
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(i)

(iv)

and consider z; = (0; D; T;; D), and define o by: o(i) < o(j) <
z; > z;. Show that the knowledge of o enables us to compare any two
points (0; D; T; D1)a and (0; D; T"; D)4, when T and 7" are of
the form » " 7;, > T/, and s.t. for all i < n:

i<f 1<g

— either f(i) = g(i) and T; = T/.
—or  f(i) €rglg), f(4) # 9(i) for all j <n.

Assume that A is a connected pttx of type 2, A # 1; if (z; D) €

Tr(A), define a permutation o, p of LH(D). Prove the following

property: Consider two points w = (z; D; ZTZ-; D’)A and w' =
i<f

(z’; D’ %; T/, D;)A, let m = 0, p(0), m = 0, p(0) and assume

that f(m) < f'(m’): show that w < w'.

Assume that A is as in (ii); if D and D’ are dilators, consider

A(D,D") € S(D'+ D): (z; Dy; Ty; D'+ D) € A(D,D’) iff Ty
can be written Ty = 7"+ T, T € I'(D},D), T' € I'(D}j,D’) and

LH(Dj}) = 0. p,(0)+!. Using the sets A(D, D’) define a biptyx A’ of
type 2.

Prove that A’ = SEP?(A); from this deduce a way of constructing

SEP? from the algebraic structure of the denotations... .

12.1.44. Exercise.

(i)

Let A be a connected biptyx of type 2; if D is a dilator, con-

sider A(D) C A(D,D): (z0; Dy; Dy; T';T"; D; D)y € A(D) <
3D 3D" AT € IY(D)), D") 3T € I'(DY, D) (T' = Bl + TL A T" +

EéD,,). Using the sets A(D), construct a ptyx A’ of type 2; show
that A’ is connected, and of kind €2.

Prove that A’ = UN?*(A).

Using 13.1.44 (ii) together with 13.1.43, prove that the functors UN?

and SEP? are reciprocal.
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(iv) Prove that:
UN?(A)(wtF) = A(wltF o1+

UNz(A) (Ql-FT) _ A(gl+T,gl+T)

UN*(U) (") = U, wht) .
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12.2. Ptykes

Ptykes are objects which generalize ordinals, dilators,...; for instance
ptykes of type 2 were at the heart of the preceding section. Many types
of ptykes can be imagined, and, according to the degree of generalization
that we shall allow, various portions of the result of Section 12.1 can be
transferred in the new context.

The difficulty of our task is to find a compromise between the generality
of the concepts and the results following from the use of the concept, since it
is clear that, the more general our concept, the less results we can expect... .
We have finally chosen a particular definition for “ptyx” which is a rather
good compromise. No doubt, however, that more general concepts can
be produced. Our principal motivation for this concept was (besides its
simplicity), its direct relationship to ON, which makes it explicit that
ptykes have something to do with ordinals.... A more general concept of
ptyx could perhaps be given by means of a list of requirements for a given
category C to be a category of ptykes (for instance existence of a functor
trace, existence of sums...), in the same way as one defines, say, abelian
categories.

In this section we shall try to follow 12.1 as far as possible: we shall
indicate systematically the analogues of the definitions, theorems, remarks

. of Sec. 12.1.

12.2.1. Definition.

(i) Let C be a category; C has the sum property when: given z # 0, A,
(B;)i<z, and morphisms A LN B; it is possible to find C, together

with morphisms B; Ui, € such that the diagrams:

are commutative. C has the dimension property when the class
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ICra] ={a € |C|; {(t,b);t € Morc(b,a)}finite} is a set.

A ptyx is any functor F' from some category C with the sum and
the dimension properties to ON, and enjoying the normal form
property: if z < F(a) (a € |C|), then it is possible to find unique
b€ |Csal, ffrom b to a, zy < F(b) such that:

1. z = F(t)(z0).
2. If 2z = F(t')(21), 21 < F(V), t' from ' to a, then there is unique

t" from b to b” s.t. 21 = F(t")(z0) (notation: z = (29; b; t; a)p).

If I and G are ptykes, then we define I(F,G) as follows: assume
that F' and G are defined on C and D respectively; then

~ifC#£D, I(F,G)=0.

— if C = D, then I(F,G) consists of all natural transformations 7'
from F' to GG enjoying the normal form property such that

T(a)((z0: b: t5 a)r) = (T(b)(20): b £ a)a

for all z=(z9;b;t;a)p in F(a), and all a € |C].

The ptyx F of (ii) is said to be of type C — O. In general, we define
the concept of type by: a type is a category of the form C — O: this
means that C is a category with the sum property, and the objects of
C — O are the ptykes of type C — O, whereas the morphisms from
F to G in C — O are given by the set I°7O(F,G) = I(F,G).

We shall usually denote types by the letters o,7,p,....

12.2.2. Examples.

(i)

(i)

The smallest category enjoying the property is the void category 0.
The type ) — O, denoted by (), consists of one element, and one

morphism.

The type () — O, denoted by O, can be identified with ON.
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(iii) In general, if & and 7 = C — O are types, then we can define a
new type ¢ — 7, by 0 - 7 = 0 x C — O. Here we use the
familiar product of categories. We have two definitions of o — O,
which coincide, up to a trivial isomorphism. Of course, it will be
necessary to verify somewhere that o x C has the sum property, and

the dimension property.

(iv) f 0 =C — O and 7 = D — O are types, then we can define a new
type o X 7, by o x 7 = (C + D) — O, where C + D is the familiar

disjoint sum of the categories C and D.

(v) The categories DIL, PT? can therefore be identified with O — O
and (O — O) — O.

12.2.3. Definition (12.1.9).
We define the functor trace from o to SET);:

(i) Tr(F) ={(z,0); 2= (z; a; ide; a)r}.

(i) T(T) ((z,a)) = (T(a)(2): a).

12.2.4. Lemma (12.1.10).
Definition 12.2.3 is sound.

Proof. (i): Tr(F') is a set, because Tr(F) C {(z,a); z € F(a) Aa € |Csql}.
(ii): Tr(T) maps Tr(F) into Tr(G) because T'(a) ((z; a;idg; a)p) =
(T'(a)(z); a;idy; a)g. I (z,a) # (2, 4d'), then either a # a’ (then (T'(a)(2),a)
# (T(d)(7),d")) or a = @ and z # 2’ (then T'(a)(z) # T'(a)(z')): this
proves that Tr(7') is an injective function. 0

12.2.5. Theorem (12.1.11).

The functor Trace has the following properties:

(i) Assume that (F,7;) enjoys 8.1.11 (i)—(iii) w.r.t. (£}, 7;;); then

(F,T}) = lim (F;, Tyj) < (Tr(F), Te(T))

—
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= lim (Tr(F), Tr(Ty)) -

(ii) Assume that ¢y, to, t3 enjoy 8.1.24 (i); then
tl A t2 = t3 — Tl’(tl) A\ Tr(tg) = Tl’(tg) .

(iii) Given a subset X C Tr(F'), there are unique G and T' € I(G, F) s.t.
X = rg(Tr(T)).

Proof. (iii): If X C Tr(F'), and a € |C|, we consider the subsets X, C F(a),

consisting of those z € F(a) of the form
(205 ao; to; a)p ,  for some (29; ap) € X .

If t: a — d, we can define a function X; from X, to X, by Xt<(zo; ao ;
to; a)p) = (205 ao; tto; a)p. One easily checks that X, is the restriction

of F(t), hence is strictly increasing. We define G by:
Ga) = [[Xal  G(t) = [ Xl -

We define T' € I(G, F) by the condition rg(Tr(T(a))) = X,; the dia-

grams

ca) ¥ F
G(t) F(t)
G(d) (@) F(d)

are clearly commutative.

G has the normal form property: if z € G(a), write T'(a)(z) = (20; ao; to;
a)r, and observe that (zo; a,) € X. This implies that zy € X,,, hence
2o = T'(ap)(21); then we can write z = (215 ao; to; a)g. This is a normal

form since:

2. 1f z = G(t))(#}), th: aj — a, then T(a)(z) = F(ty)(T(ap)(2})), hence
it is possible to find a unique form ¢’ from ag to ay s.t. F(t")(z0) =
T(ap)(2)). But then G(t")(z) = #....
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It is immediate from that, that
T(a)((205 ao; t; a)a) = (T(ao(z0) ; ao; t; a)r

hence T is a morphism from G to F. Obviously X = rg(Tr(T)). The
unicity of G and T' is immediate.
(i): Assume that (F,T;) = lim (F;, T;;); if we consider the subset X of

—

Tr(F): X = U rg(Tr(TZ-)), then the argument of 12.1.11 (i) can be used
el

to show that X = Tr(F'), hence (Tr(F),Tr(Ti)) = lim (Tr(ﬂ),Tr(ﬂj)).
Conversely, the hypothesis (Tr(F),Tr(Ti)) = lim (Tr(Fi),Tr(Tij)) implies

that (F(a),Ti(a)) = lim (Fi(a),Tij(a)) for all a € |C|.

(Proof. If z € F(a), write z = (20; ao; t; a)r and choose i such that
(20 ap) € rg(Tr(Ti)); then z € rg(Ti(a)). 0)

12.2.6. Lemma (12.1.12).
If (F(a),Ti(a)) = lim (Fi(a),T(a)) for all a € |C|, then (F,T;) =

lim (F},T;).

Proof. We argue exactly as in 12.1.12; we construct, given (G,U;) en-
joying 8.1.11 (i)-(iii) w.r.t. (F;,T};), a unique natural transformation 7'
from F' to G such that U; = TT; for all i« € I. In fact T € I(F,G),
since, given z = (zo; ap; t; a)r, one can choose ¢ and z; such that z =
(Ti(ap)(z); ap; t; a)p. Hence

T(a)(z) = Ui(a)((zi; ao; t; a)r,) = (Uilao)(21) ; ao; t5 a)p =
= (T'Ti(ao)(zi) 5 ao; t; a)r = (T'(ao)(20) ; ao; 5 a)p . O
The lemma concludes the proof of (i).
(ii): Assume that T; € I(F;,G) (i = 1,2,3), and that T3 and T3y

are such that T3 = T\T31 = T3T39; hence Tr(T3) = Tr(T))Tr(T3) =
Tr(Ty)Tr(Ts2), and rg(Tr(T3)) C rg(Tr(T1)) N rg(Tr(T2)) = X. We show
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exactly as in 12.1.11 that the hypothesis 77 A T, = T3 implies X =
rg(Tr(T3)>, i.e. that Tr(T1) A Tr(13) = Tr(73). Conversely the hypothe-
sis Tr(T1) ATr(Ty) = Tr(T3) implies T1(a) ATy(a) = T3(a) for all a € C (use

the normal form property), and the

12.2.7. Lemma (12.1.13).
If Ty(a) A Ty(a) = T3(a) for all @ € C, then T} ATy = Tj.

Proof. Left to the reader. O
concludes the proof. O

12.2.8. Corollary (12.1.14).
Assume that (A;,Tj;) is a direct system in C — O, and that (A, T;) enjoys
8.1.11 (i)-(iii) w.r.t. (A;,T;;); then the following are equivalent:

(i) (AT = lim (4, T).

—

(i) (A(a),Ti(a)) = lim (A;(a),Ti;(a)) for all a € [C].

—

(iii) (A(a), Ti(a)) = lim (Ai(a), Tij(a)) for all a € |Crd.

—

(iv) (Tr(A), Tr(T3)) = lim (Tr(As), Tr(Ty))-

—

Proof. Immediate, left to the reader. O

12.2.29. Remark (12.1.15).

(i) The existence of the direct limit lim (Ai(a),Tij(a)) for all a € |C|

ensures the existence of lim (A4;,T;;).
(ii) The existence of (B, U;) enjoying 8.1.11 (i)—(iii) w.r.t. (A4;, T;;) ensures
the existence of lim (A;,T;;).

—
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12.2.10. Corollary (12.1.16).
Assume that T; € I(A;, B), (i = 1,2, 3); then the following are equivalent:
i) ToAT =T

(ii) Ti(a) ATy(a) = Ts(a) for all a € |C|.

(iii) Ti(a) A To(a) = T3(a) for all a € |Cyql.

(iv) Tr(Ty) A Tr(T3) = Tr(T3).

Proof. Left to the reader. O

12.2.11. Remark (12.1.17).
Pull-backs always exist in C — O.

12.1.12. Remark.
Observe that we have no analogues for the parts (iv) of 12.1.14 and 12.1.16:
simply because objects of C — O do not necessarily preserve direct limits

and pull-backs: we know too little about C... .

12.1.13. Theorem (12.1.18).
Assume that, for ¢ < x, T; € I(A, B;); then it is possible to find C', together
with U; € I(B;,C) rendering the diagrams

commutative; furthermore for ¢ # j, U; AU; = U, T, = U;T;.

Proof. We essentially follow the argument of 12.1.18:

(i): In a first step we introduce, given a € |C|, the disjoint union
X = {(i,2);1 < * Az < Bi(a)}, preordered by: (i,2) <! (/ d) iff
(1t =17 Nz <2)V3zxn € Ala) (2 < Ti(a)(z0) AN Ty(a)(z) < 2/). The

associated equivalence relation (i,2) ~, (¢/,2")iff (i =i ANz=2)V Iz €
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A(D) (z =T;(a)(z) N2 = Til(a)(zo)> plays an essential role in the proof.
Our task will be to extend the well-founded order <! / ~, into a well-order.

(i): (i,2) <2 (i, ) & 3a’' I a — o'(i, Bi(t)(2)) <& (7', Bs(#)(2))).
<2 is transitive since C has the sum property, <? / ~, is a well-founded

order (the sum property is needed here: see 12.1.10) and we have, when ¢:
a— CL/, (i7 Z) Si (ilv Z’) N (i’ Bl(t)(z)) Sz’ (i/’ Bi'(t)(zl>)'
The linear preorders <3 and <! are defined by:
(i,2) <3 (,2) & (i,2) <b () V(I %) ZL (i,2) Ai <7)

a a

a a

(i,2) <b (i',2) & (i,2) <2 (1, 2)V ((I,2) £2 (i,2) Ai <7)

12.2.14. Lemma (12.1.19, 12.1.20).

(i) <3/ ~, is a well-order.

(ii) <}/ ~, is a well-order.

Proof. See 12.1.19. O
We define C'(a) =<! / ~,, and when t: a — d/, C(t)((z’, z)) = (i, Bl(t)(z)>

C'is (isomorphic to) a functor from C to ON, which is easily shown to

enjoy the normal form property. We can define U; by:

Ui(a)(2) = (i, 2)

and it is immediate that U; € I(B;, C). The property U;AU; = U, T; = U;T;

for ¢ # j is immediate. O

12.2.15. Theorem.
Under the hypotheses of 12.2.13, assume that ', A, T}, B’ is another fam-

ily, and that the function f € I(x,2’) and the morphisms V; € I(V}, f}(i))

render the diagrams:
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commutative. Then if U} and C” are the data obtained by 12.2.13 from

a', A, T}, BY, it is possible to construct a morphism V' € I(C, C’) rendering

the diagrams:

U;
T; B; C
A V; 1%
T B} C’
Ui
commutative; if x # 0, then V is unique.
Proof. Immediate property of the construction. O

12.2.16. Notations.

(i) In 12.2.13, let T = U;Ty; then (T,C) = > (T}, B;) (when z # 01; if
i<z
x=0let C = A, T =Ey,).
In 12.2.15, we use the notation: V' = _V; (when = # 0; if z = 0,
i<f
V is the morphism 7" such that (17",C") = > (T}, B))).
1<z
(ii) The category C — O contains an initial element, denoted by 0: apply
12.2.13 with = = 0; we obtain 0. Apply now 12.2.15 with: 2/ = 1,
By = A, Ty = the identity of A; we get V' € 1(0, A). In fact we easily
check that:

1. 0 is the only element of C — O with a void trace: Tr(0) = 0.
2. There is one and only one morphism Eg4 from 0 to A, when
AelC|.
(iii) If A; € |C] (i < x), we can apply 12.2.13 to z, 0, A;: we obtain B,
together with U; € I(A;, B); the notation for B is Y A;. If (A}) ep

1<z
is another family, if T; € I(A;, Ay)) for all i < z, and f € I(z,2'),
then by 12.2.15 we can introduce

T=YTel(X A, > 4).

i<f i<T i<z
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(iv) The notations (i) and (iii) have a special case when x = 2, f = Eo:

(Th, By) + (T2, By) ,  Vi+ Vs,
A+ Ay , T +Th.
(v) One checks the following property: A+ B = A+ B — B = B’;

from this it follows that we can always define, when B is of the form
A+ B', a morphism E,p5 € I(A, B):

EAB - EA +EQB’

where E 4 denotes as usual the identity of A; hence E4 = E 4.

(vi) Consider the order relation:, “B = A + B’ for some B'’; then if we
are given a family (A;);<,, which is increasing w.r.t. this order, it is

possible to define a supremum:

sup A; = Ag+ ) _ A,
1<x i<z
where A’ is defined by A;;; = A; + A..
In the same way, if we consider the following order relation be-
tween morphisms: “U = T + U’ for some U'”; then given a family
(T})i<z, increasing in this sense, we shall be able to introduce the

union

UTi=To+ Y T

i<z i<Eg

with Tjyy = T} + 77
12.2.17. Definition (12.1.22).
The set I(A, A’) is order by:

T < U Vae|C|Va e Aa) (T(a)(2) < Ula)(2)) .
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12.2.18. Theorem (12.1.23).
T < U, when T,U € I(A, A’), is equivalent to the existence of A", V €
I(A',A"), W e I(A”, A") such that:

VU =WVT .

Proof. See 12.1.23. O

12.2.19. Definition (12.1.28).

A is finite dimensional iff dim(A) = card (Tr(A)) is finite; dim(A) is the
dimension of A. (C — O)y4 denotes the full subcategory of C — O con-
sisting of the finite dimensional ptykes of that type.

12.2.20. Theorem (12.1.29).
Every ptyx is a direct limit of finite dimensional ptykes.

Proof. See 12.1.29. O

12.2.21. Definition (12.1.30).
A preptyx of type C —, O is a functor A from C to OL, enjoying the

following properties:

(i) A has the normal form property (straightforward adaptation of 12.2.1
(i1)).
(ii) Forall (29; ag) € Tr(A) and a € |C|, the set of denotations (2 ; ag; t;

a) 4 is well-ordered.

12.2.22. Theorem (12.1.31).
Preptykes are exactly the direct limits of ptykes in the category C —, O
of preptykes of type C — O.

Proof. The morphisms in C —, O are exactly the natural transformations
enjoying 12.2.1 (iii). Now the theorem is rather trivial, since condition (ii)
of 12.2.21 ensures that finite dimensional preptykes are (isomorphic to)

ptykes. O
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12.2.23. Remark.
We know too little concerning C to be able to replace 12.2.21 (ii) by a more

natural condition... .

12.2.24. Discussion (12.1.37).
Is it possible to define in a general setting the notions of recursive and
weakly finite ptykes? Obviously not; these concepts are twoo much linked

to the knowledge of C, which can be a very uneven category object.

The algebraic part of the theory has been developed to some extent, and
we turn our attention towards the well-foundedness properties of C — O;
now we stumble on an essential difficulty: we lose the unicity of the decom-
position into sums. For instance, if C consists of two objects a, b, with no
morphism from a to b or b to a, then the constant functor 1 can be written
as A+ B, or B+ A with A(a) =1, A(b) =0, B(a) =0, B(b) = 1. This is
due to a lack of connectedness of C; we shall recover unicity by restricting

our attention to connected types:

12.2.25. Definition.
A type C — O is connected when C has the following property: C is non
void and for all a,b € |C| 3c € |C| Morc(a, ) # O A More(b, ¢) # 0.

12.2.26. Theorem.
Every type is isomorphic to the product of a set of connected types. This

product is unique (up to isomorphism).

Proof. Given a,b € |C|, we define a ~ b by 3z € |C| (Mor¢(a,c) # 0 and
Morc(b, ¢) # 0). The sum property ensures that ~ is transitive. We can
consider the equivalence classes |C;| of ~, and define categories C; accord-
ingly. Then C appears as the disjoint union of the C;’s. The category
C — O therefore appears as the product of the categories C; — O. Now,
by the dimension property I = {i; C; — O # O} is a set, hence C — O is
isomorphic to ch‘ — 0. O

iel

12.2.27. Theorem (12.1.38).
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Assume that o is connected; then

(i) Every ptyx A of type o can be uniquely written as a sum A = Z A,
1<T

where the A;’s are connected. (B is connected iff B # 0 and B =
B'"+B" — B'=0V B"” =0.) The ordinal x is the length of A, and
is denoted by LH(A).

(ii) If B is another ptyx of the same type, whose decomposition is Z B,
J<y

and if T' € I(A, B), then T can be written in a unique way as a sum:

T = ZT% T; € I(A;, Byiy). The function f is the length of 7', and

i<f

is denoted by LH(T).

Proof. (i): We consider the class X of all pairs (z,a), with z < A(a);

we preorder this class by (z,a) < (2/,d') < 3 € |C] It I (a 4 bA

a -5 ba A(t)(z) < A(t’)(z’)). The relation is transitive because of the
sum property; moreover, since o is connected, it is always possible to find
b and morphisms ¢ and ¢ from a and o’ to b, hence we shall get A(t)(z) <
A" () or A(t')(2") < A(t)(2), and so (z,a) < (Z,d') V (2,d") < (z,a):
our preorder is linear. Now we again use the sum property, together with
the connectedness of C, to yield a point ay € |C| such that for all b € |Cyq4,
More (b, ag) # (). Clearly, given (z,a) € X, it is possible to find 2" € A(ag)

s.t. (z,a) ~ (Z,ap), ~ being the equivalence of <.

(Proof. Write z = (29; @'; t; a)a, with @’ € |[Cyq|, and let 2’ = (20; a'; t';

agp) a, for some t' € More(d', ap)... . O

This proves that the linear order < / ~ is equal to its restriction to A(ag) x
{ap}; but if z < 2/, then (z,a9) < (7, a9), hence the equivalence classes
X; modulo ~ are determined by their “traces” Y; = {z; (z,a0) € X;} on
A(ag), which are intervals. From that we obtain that < / ~ is a well-order,
isomorphic to a quotient of A(ag). Let x be this ordinal (well-order), and
let X; be the enumeration of the classes: (X;);<,. Define X! = X;NTr(A),
and apply 12.2.5 (iii) t X/: we obtain A; together with U; € I(A;, A) s.t.
X/ =rg (Tr(U,)). The fact that the A4,’s are connected, and that A =) A;

i<z
is left to the reader.
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(ii): Left to the reader. O

12.2.8. Corollary (splitting lemma).
If T e I(A,B), and B = B'+ B”, then T can be uniquely written as
T+ T, T € [(A, B)), T" = I(A", B") for some T', T", A’, A"

Proof. The proof is an easy corollary of 12.2.27; observe that the result
still holds when o is not connected, since it can be proved first for the

components of o, then extended to o. O

12.2.29. Definition (12.1.39).

(i) The ptyx A is of kind

0 if LH(A)
w it LH(A)
1 if LH(A)
Q fLH(A)=2"+1,and A, # 1.

0.

is limit.

2’ + 1, and A, is the constant 1.

(ii) The morphism T is said to be deficient when LH(T") = f + Eg, for
some z’ # 0; when T is not deficient, then the source and the target
of T" are of the same kind, which is by definition the kind of T

12.2.30. Remark (12.1.42).
It would be now the time to carry out an argument of separation of vari-
ables in the case of kind €2; unfortunately, our hypotheses on C are too
limited for that.

So essentially we have obtained a decomposition theorem, and a clas-

sification for connected types.

We shall now study more specific types.
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12.3. Arrows

12.3.1. Definition.
Assume that o and 7 (= C — O) are types; then we define the type

o — T to be
(oxC)—O0O.
This definition makes sense, since:
— o enjoys the sum property (12.2.13).

— the sum property is preserved by X.

12.3.2. Notations.
It is more convenient to consider o — T as a category of functors from o

to 7, namely, via the isomorphism between
— functors from o x C to ON.
— functors from o to T.

This identification is perfectly trivial, but may induce some ambiguity,

hence we make the following conventions:

1. When we speak of a ptyx of type o — 7, we view it as a functor from

o toT.

2. We shall denote by A* the corresponding functor from o x C to ON:
A*(a®d') = Aa)(d), A*(t@t') = A(t)(t).

3. We make similar conventions for morphisms.

The definitions of 12.2 enable us to define a trace for A, namely Tr(A*);

however, the following definition (a trivial variant) is far more flexible:
Tr(A) = {((z.0).0); (z,a® D) € Tr(A")]
THT)(((2,0),0)) = ((T*(a @ b)(2),b),a) ;

observe that
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Tr(T)((z’,a)) = (Tr(T(a))(%),a) ,

since

Tr(T(a)) (23 b)) = (T(a)(b)(2),b) = (T*(a @ b)(2),b) .

12.3.3. Theorem (Normal Form Theorem).
IfA€lo— 7|and a € |o|, if z € Tr(A(a)), then z can be uniquely

expressed as
z=(20;a0;t;a)a

where ag € |os4|, t € I(ag,a) and 2y € Tr(A(ao)); the meaning of this

denotation (normal form) is:
(i) == Tr(A(t))(z0)-
(ii) rg (Tr(t)) is minimal for inclusion among solutions of (i).

Proof. Assume that z = (z/,by); then the normal form property w.r.t. A*
yields a normal form 2’ = (2{; ap @ bp; t ® idp, ; @ ® by) 4+, and ay is such
that {(b,t);t € I(a,b)} is finite; this forces ay to be finite dimensional.
Now we propose the normal form (2, by) = ((26, bo); ap; t; a)A: certainly
(2/,by) = Tr(A(t)) ((z(’), b0)>, and the fact that rg(Tr(t)) is minimum for
inclusion among solutions of (i) comes from the normal form property of
A*. O

12.3.4. Proposition.

(i) Assume that A € | — 7|, t € I(a,b); then z = (20; ap; t';b)a €

rg(Tr(A( ))) — rg(Tr(t' ) - rg(Tr (1) )

(ii) Assume that T € I(A,B), a € |o|; then z = (2; ap; t'; a)p €
rg(Tr(T(a))) iff (20,a0) € rg(Tr(T)).

Proof. (i): Obviously A(t)((zo; agp; t"; a)A> = (20; ag; tt"; b) 4, hence
z € rg(Tr(A(t))) iff ¢’ is of the form ¢t":

— if ' = tt”, then Tr(t') = Tr(¢) Tr(¢") hence rg(Tr(t’)) C rg(Tr(t)).
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—if rg (Tr(t’)) crg (Tr(t)), consider the subset X C Tr(a) defined by X =
Tr(t)! (rg(Tr(t’))), and apply 12.2.5 (iii): we obtain ' and t" € I(d’, a)
with rg(Tr(t”)) = X; since rg(Tr(tt”)) = rg(Tr(t’)), we obtain tt” = t'.

(ii): Immediate, left to the reader.... O

12.3.5. Theorem.
| — 7| consists of all functors from o to T preserving direct limits and

pull-backs.

Proof. (i): Let A be an element of |0 — T|; we prove that A preserves

direct limits: if (a;,t;;) is a direct system in o,and (a,t;) = lim (a;,t;;),

—

then by 12.25. (Tr(a), Tr(t:)) = lim (Tr(a), Tr(ty))); if 2 € Tr(A(a)),

—

then we have the normal form
2= (2;a0;t;a)a

with ag finite dimensional; hence the finite set rg(Tr(t)) is included in
Tr(a) = U rg(Tr(t,;)); by 12.3.4 (i) this implies that z € rg(Tr(A(t,»))) for

some ¢. Hence (Tr(A(a)),Tr(A(ti))) = lim <Tr(A(ai)),Tr(A(tij))). We

now establish that A preserves pull-backs: if t; A to = t3, then, by 12.2.5,
Tr(ty) A Tr(te) = Tr(ts); if 2 = (205 ag; t; a)a belongs to rg(Tr(A(t1)>>
N rg(Tr(A(tQ))), this means that rg(Tr(A(t))) C rg(Tr(A(tQ)) N
rg(Tr(A(tQ))) (= rg(Tr(A(tg)))) by 12.3.4 (i); hence z € rg(Tr(A(t3)))
This establishes that A(t1) A A(t2) = A(ts).

(ii): Assume now that A is a functor from o to 7T preserving direct
limits and pull-backs; then one easily shows that A enjoys the normal
form theorem 12.3.3 (left to the reader). The question is how to obtain
the normal form property for A*; but assume that z € A*(a ® b), i.e.
z € A(a)(b); the normal form property for A(a) yields:

2= (205 bo; u; b))
and the normal form theorem yields

(20,b0) = ((26,50); ap; t;a)a
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from which we deduce
z2=(z; a0 Rbp; t@u; a®b)a .

This is a normal form, because if z = A*(t' @ u')(2'), i.e. z = A(t")(v')(2),
with ¢ € I(d',a), v € I(V,b), then, if 2" = A(t')(Ey)(2’), since z =
A(a)(u')(2") = A(a)(u)(2o), we obtain a unique u; such that z” = A(a)(u;)
(20), ur € I(bo,b'), i.e. 2" = (203 bo; u1; b')a@)- The unicity condition in
the normal form implies w'u; = u. Now recall that A(t') is a morphism
from A(a’) to A(a) in the sense of 12.2.1; hence zy = A(t")(bo)(2{) for some
2y € A(ad')(by). The normal form theorem yields zj = A(t1)(bo)(z) for
some t; € I(ag,a’), and )ty =t.

Finally A(t;)(u1)(z)) = A(a’)(u1)(2§) = y is such that A(t')(v)(y) =
A(t't))(Wuy)(2y) = A(t)(u1)(2y) = 2z, hence y = 2t from that we get

2 = A*(t; ® u1)(z;). The fact that ¢; and u; are unique is immediate. O

12.3.6. Theorem.
Assume that A, B € |o — 7; then I(A, B) is the set of natural transfor-

mations from A to B.

Proof. (i): Assume that 7' € I(A, B); giving back to the definition, this
means that T* € I(A*, B*), which in turn implies that the diagrams

A T B
A(t) B(t)
AB L, BO)

are commutative, hence 71" is a natural transformation from A to B.

(ii): Conversely, if 7" is a natural transformation from A to B, it is
immediate that T is a natural transformation from A* to B*, hence it
suffices to look at the action of 7™ on denotations, or equivalently the

action of T' on denotatins: it suffices to establish that

Tr(T(a)) ((20; ap; t; a)A) = (TV(T(GU))(ZO); ag; t; G)B

and the non-trivial part of the proof consists in showing that (z; ag) €

Tr(A) — (Tr(T(ao))(zo); a0> € Tr(B). This is established on the model
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of Lemma 12.1.10: if ¢ € I(ay,ap), apply the property 12.2.13 to A = a4,
By = By = ag, Ty = T1 = t; we obtain ay together with to,t1 € I(ag, as)
such that to VAN tl = tot = tlt

Alt) Alto)
A(ar) Alao) Alaz)
A(ty)
T(a;) T(ao) T(az)
B(tp)
B(a1) B(a) Alaz)
B(t) B(ty)

Now, assume that (z, ap) € Tr(A), and that z = Tr(T(ao)) (20) € rg(Tr(B
(t))), say Tr(T'(a0) ) (20) = Tr(B(t)) (y); then Tr(B(to))(x) = Tr(B(t))(v)
= Tr(B(tot)>(y) = Tr(B(tlt))(y). From that we obtain: Tr(A(to)) (20) =
Tr(A(t1)>(zo), since the function Tr (T(ag)) is injective. This proves that
Tr(A(t0)>(zo) € rg(Tr(A(to) /\A(tﬂ)) by 12.2.5 (ii); but A preserves pull-
backs, so A(to) A A(t1) = A(to At1) = A(tot), Tr(A(to))(20) = Tr(A(to))
Tr(A(t))(z{)), so we obtain zy = Tr(A(t))(z(’)) for some 2z € Tr(A(al)).
Now, the hypothesis z, € rg(Tr(A(t))) entails, since (zg,a0) € Tr(A)
that a; = ap and t = E,,. We have therefore shown that the pair
(Tr(T(ao))(zo),

ao) belongs to Tr(B). O

We have implicitly used the

12.3.7. Proposition.
Tr(A) is the set of all pairs (29, ag) with:

1. ag finite dimensional, zo € Tr (A(a0)>.
2. if zy € rg(Tr(A(t))) for some t € I(ay,ap), then ay = ap and t = E,,.

Proof. Immediate from the normal form theorem. O

12.3.8. Theorem.
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Assume that (A, T;) enjoys 8.1.11 (i)-(iii) w.r.t. (4;,T;;) in & — 7; then

the following are equivalent:

() (AT)=lim (4.T;).

—

(i) (A(a),Ti(a)) = lim (Ai(a),Tij(a)) for all a € |o].

—

(iii) (A(a), Ti(a)) = lim (Ai(a), Tij(a)) for all a € o 1] .

—

(iv) For any direct system (a;, t;;) with a direct limit (a, ;) in o, (A(a), Ti(ti))

—

(v) (Tr(A), Tr(T3)) = lim (Tr(Ay), Tr(T3;)).

—

Proof. This is very close to 12.2.8 and 12.1.14; left to the reader. The
equivalent (iv) is made possible by 12.3.5.... O

12.3.9. Theorem.
Assume that T; € I(A;, B) enjoy 8.1.25 (i) in the category — ; then the

following are equivalent:

() TWAT,=Ts.

(ii) Ti(a) ATy(a) = Ts(a) for all a € |o].

(iii) Ti(a) A Tz(a) = Ts(a) for all a € |0 4] .

(iv) Ti(t1) A Ta(te) = Ts(ts) for all ¢y, to, t3 in o such that &3 Aty =t3.
(v) Tr(Th) ATr(Tz) = Tr(T3) .

Proof. This is very close to 12.2.10, 12.1.16; the equivalent (iv) is made
possible by 12.3.5. The details of the proof are left to the reader. O

12.3.10. Theorem.

The objects of & — 7 are increasing on morphisms: ¢ < u — A(t) < A(u).
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(Infact T <U,t<u—T(t) <U(u).)

Proof. ¢t < u — Jv Jw vu = wut, hence A(v)A(u) = A(w)A(v)A(t), hence
A(t) < A(u). O

12.3.11. Theorem.

Let A be a functor from o to ,7 preserving direct limits and pull-backs;
assume furthermore that A is finite dimensional, and that A is increasing
on morphisms. Then A is (isomorphic to) a ptyx of type & — 7. (We use

the notation ,7 for the category of preptykes of type 7.)

Proof. It suffices to show that A maps (up to isomorphism) o in 7, or
equivalently that: A*(a ® b) is a well-order for all b € |C| (if T =C — O)
and a € |o|.

So let us assume for contradiction that z, = (2§ ; af @by ; t, @ uy ; a X
b)a~ is a s.d.s. in A*(a ®b); the hypothesis A* finite dimensional forces z{,
ag, by to vary through finite sets, and we may as well suppose that z = 2o,

ag = aop, bj = by; now two cases occur:

e Assume that there is an infinite X C IV such that n < m, n,m € X —
tn, < t,,; then if we consider z/, = (z0; ap ® bo; Eqy ® up; ag @ b) ax,
then n < m and n,m € X — 2, < 2/ 2z, = At @ Ep)(2],) <
A*(t, @ Ep)(z]) = 2, hence A*(t, @ Ep)(2],) < A*(tm @ Ep)(2),) <
A*(t, ® Ep)(2)), and so 2/, < z.. We have therefore constructed a s.d.s.
in A*(ap ® b) = A(ap)(b). Now observe that A(ag) is finite dimensional
(12.3.12 below!), hence the preptyx A(ag) is a ptyx, so A(ag)(b) is well-
founded.

e Assume that there is an infinite X C IV such that n < m, n,m € X —
tn £ tm. Assume that Tr(ag) = {(z1,¢1), ..., (zp,¢p) }; if t € I(ag,a) we
define a sequence s(t) by: s(t) = (y1, ..., Yp), Where y; is s.t. t(¢;)(z;) = .
Now, one easily checks that: if s(t) = (y1,...,4p), s(t') = (¥}, ...,4,), then
t <t ey <y A Ay, <y, We define a partition of C' = {(n,m); n <
mAn,m € X} by C = C1U..UC,, with (n,m) € C;iff y} < y]", ...,y <
Yty >yt where s(tn) = (1, -, 4p)s s(tn) = (U7, -, 4y"). Ramsey’s
theorem applied to this partition yields Y C X, Y infinite together with
ip < pst. (n,m) € C;, for all n,m € Y, n < m. Then the sequence
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(Y5t Jney is a s.d.s. in On, contradiction. O

12.3.12. Proposition (12.1.33).

If A and a are finite dimensional, so is A(a).

Proof. This is an analogue of 12.1.33; we easily get dim(A(a)) < dim(A) -
odim(a) O

12.3.13. Theorem (12.1.34).
Assume that X is a finite set of finite dimensional ptykes of type o; define
another set X’ by:

ac X' 3&1,@2,&3 e X Eltl,tg,tg,tl S I(ai,a) y (’L = 1,2,3)

such that Tr(a) = rg(Tr(tl)) U rg(Tr(tg)) U rg(Tr(tg)).

ay
tq
to
a9 a
T3
as

Finally, define X” by: a € X" < 3Jd’ € X' I(a,ad’) # 0, and define
the category Cx» by:

objects: elements of X",

morphisms: I(a,a’).

Now, assume that A is a functor from Cx~» to 7, with the following

features:

(i) Ifae X”and z € Tr(A(a)), then one can express z as Tr(A(t))(zo)
for some ay € X, t € I(ag,a), zy € Tr(A(ao)>. Furthermore, the

condition “rg (Tr(t)) minimal for C” renders ¢ uniquely determined.
(ii) A(a) is finite dimensional for all a € X.

(iii) If a,a’ € X", if t,u € I(a,d’), then
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t<u— A(t) < Au) .

Then there is one and only one ptyx F' of types o — 7 such that:
1. F[CX// = A.
2. Tr(F) is a set of pair (z; ag) with ap € X.

Proof. We define the functor F'* in a way very close to 12.1.34; the details
are left to the reader. O

12.3.14. Remarks (12.1.35).
(i) 12.3.13 extends to natural transformations: see 12.1.35 (i).

(ii) The question of the characterization of finite dimensional ptykes of
type o — 7T by means of a finite amount of information s not solved
by 12.3.13: even if we know the similar characterization for the type T,
there is still the problem of the finiteness of Cx~. Since this category
is a category of finite dimensional objects, this question reduces to the
finiteness of X”, which in turn can be reduced to the finiteness of X’.
Now we see that X’ will be finite, provided the following condition
is satisfied by o4 if A,B € |oq4|, then A - B € |osq|. There is
no evidence in general that A - B is even an element of C such that
o =C — 0. See Exercise 12.3.15 below. However, in practice 12.3.13
can be used to give finite characterizations, especially in the case of

the finite types, generated from O by means of — and X....
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12.3.15. Exercise.

(i) Assume that & = C — O. Assume that C has the following prop-
erty: given a,b € |Cyql, ¢ € |C|, together with a Lo b % oo
there exists d € |Cyq4| together with morphisms a -, d, b v, d,

d — ¢, rendering the diagram
t/

b u

commutative; moreover, if (dy,},u},v1) is another solution, there
is a unique w: d —— d; such that: t| = wt’, u} = wu/, v = viw.
Prove that, if A and B € |o|, so does their product A - B.

(ii) With the notation of (i), the 3-uple (¢, v/, d) is called a minimal cover
of (a,b). We assume not that it has the property of (i) together with:
For all a,b € |Cyq| there are only finitely many minimal covers of
(a,b).
Prove that, if A and B € |o44|, so does their product A - B.

(iii) Assume that o has the property that: A, B € |4 = A- B € |o4;

prove that given A, B € |o 4|, the set of C' € |o 4| such that for some

T el(AC),Uce€l(B,C), we have Tr(C) = rg(Tr(T)) U rg(Tr(U)).

From this deduce that the category o enjoys the properties of C
described in (i) and (ii).

(Hint. (i) and (ii) follow from rather immediate considerations as to the
normal form w.r.t. A - B. (iii) is obtained by considering the finite set
{a €|C|; 32 (z,a) € Tr(A - B)}, and by showing that the minimal covers
of (A, B) are determined by their restriction to the finite category gener-
ated from this set....)

12.3.16. Discussion (12.1.37).

In general, we cannot define weakly finite ptykes of type o — 7; however,
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in practice, we have often a concept of weakly finite ptyx in o and 7; then
it is possible to define weakly finite ptykes of type & — 7 to be those A’s
which send weakly finite ptykes of type o on weakly finite ptykes of type
7. This will be the case with finite types.

Similarly, it will be possible in practice to define various notions of re-
cursive tykes of type o — 7; this is left to the reader. In particular, this

definition is not difficult to give in the case of ptykes of finite types....

The non-algebraic theory is not very satisfactory, except if we assume
that 7 = O; this is not so bad because from that we can handle the gen-
eral case o — 7, when 7 is of the form 7" — O, using the isomorphism

between ¢ — 7 and o x ™ — O.

12.2.17. Theorem (12.1.40).
If a € |o|, let us denote by a + 1d? the element of | — o| defined by:

(a+1d7)b)=a+b (a+1d%)(t) =E,+1t.

Similarly, if ¢ € I(a,a’), let us denote by t + 1d? the element of I(a +
1d?, @’ +1d9) defined by: (t 4+ 1d7)(a) =t + E,.

(i) If Ais of kind ¢ — O, then A and A o (a + 1d9) are of the same
kind.

(ii) If T € I(A, B), then T and T o (¢t + I1d?) are of the same kind.

Proof. See 12.1.40. O

12.3.18. Outline of the construction (12.1.42).

Separation of variables and related topics can be easily carried out on the

model of what we did for & = DIL, in the general context of & — O.
There is, however, an important point: we used the unicity of the sum
decomposition in DIL; we cannot therefore transfer the argument to the
case where o is not connected. However, it will be possible to render

the decomposition unique, by a representation o = Ha',-; if the indices @

are themselves well-ordered, it will be possible to render unique the sum



414 12. Ptykes

decomposition (see 12.4.11 for more details). Hence, we obtain a separa-

tion of variables, which depends on a well-ordering of the components of o.

12.3.19. Definition.
Define Z& to be the sum Z B; of ptykes of type o (if 0 = C — O is

1<0n
a proper class: this is always true, except for C = (), listed in a certain

order, which we do not specify. When A € | — O|, we define

1Al = A(EG) -

12.3.20. Remarks.

(i) The meaning of the expression A(Z%) is the following: let a, be the

sum of th first z points in our given enumeration of |o|; then

|All = tim " (A(a,), A(Bq,a,)) -

This direct limit is in general a proper class. But this is a well-

ordered one.

(Proof. Assume that (z,) is a s.d.s. in || A||, then it is easy to produce

another s.d.s. in some A(ay).... O

This ordinal class corresponds to the ordinal classes F'(0n) that

we used for dilators.

(ii) ||A]l is of course independent of the order of summation in Z&: if

—=rcl

=’ is another sum, then we can easily build a natural transformation
T € I(E5,Z), and so A(T) € I(||Al, | A|l'), hence [ A] < [|A’[|. By
symmetry [[A[l = [[A]].

(iii) If we define the predecessors of A as we say in 12.3.18, then it is
likely that the class of predecessors of A, ordered by the predecessor

relation, is a well-founded order of height || A]|.

(iv) If we define |T|| = T(Z%), we obtain || - || as a functor, but this

functor depends on the enumeration of |o|.... Let us call such a
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functor a norm for & — O. Then “the” norm has the following
property: (A;,T;;) has a direct limit in o — O iff (|4, |T3;]]) has

a direct limit (of course among ordinal classes).
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12.4. Products

12.4.1. Definition.

Assume that (o)<, are types; then we define a new type o = [[ o; as
i<z
follows: if o; = C; — O, let C be the disjoint union of the categories C;;

then o0 =C — O.

A particular case is the case x = 2; then we use the notation o x 7.

12.4.2. Notations.

(i) A functor A from C — O can be identified with the family (A;);<x,
with A; = A]C;. In the same way T € I(A, B) can be identified with
the family (7;);<,, with T; = T|C;.

(ii) This induces the notation A = ® A;, T = ® 7T;. An equivalent of
i<x 1<z
H g; is:
1<z
objects: families (A;);<,, with A; € |o].
morphisms: families (T;);<., with T; € I(A;, B;)....

(iii) In the case x =2, weuse A® B, T ® U.

(iv) Typical functors are the ptykes 7’ of type (o — o;):

(@ A)=A ©(QT)=T.
J<z

i<z
In the case ¢ = 2, our notations are slightly inconsistent:

T (A@B)=A, etc.. 7(A®B)=B, etc...

12.4.3. Definition.

() Tr(® Ai) ={(zi); 2 € Tr(A)}.

1<T

(i) Tr( ® T) ((4) = (Ti(T))(2),4) .

i<
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12.4.4. Remark.
This is nothing but the application of the general definition 12.2.3. In

particular we can apply the general results concerning the trace.

12.4.5. Theorem.
The following are equivalent:

) (® A, @ T!) =lim (® A, ® T,).

<z <z — <z <z

(i) (AL, T}) = lim (AL TY) for all | < z.

1) g
e

Proof. Left to the reader. O

12.4.6. Theorem.
The following are equivalent:

i) TN Q@Ti= Q Ti.

<z <z <z
(i) TIATE =T for all | < .

Proof. Left to the reader. O

12.4.7. Theorem.

dim ( R AZ-) =Y dim(4;) (cardinal sum).
1<z i<x
In particular, @ A; is finite dimensional iff all A;’s are finite dimen-
i<z
sional, and all A;’s, but a finite number, are 0.

Proof. Left to the reader. O

12.4.8. Remark.
In particular, if we know the finite dimensional ptykes of alltypes o;, then

we have an effective way of generating the finite dimensional ptykes of type

o

1<z
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12.4.9. Proposition.
The preptykes of type H o; are exactly the @ A;, with A; preptyx of

1<z 1<z
type o; for all i < x.

Proof. Left to the reader. O

12.4.10. Discussion.
We only discuss the notion of recursive and weakly finite ptykes of type
X:

(i) If the notions of recursive ptyx of type o and of type 7 make sense,
then we say that a ptyx A of type o x 7 is recursive iff 7t A and 72 A

are recursive.

(ii)) The same thing for weak finiteness: if we have given a meaning to
“weakly finite” in o and T, then A is weakly finite iff 7'A and 72A

are weakly finite.

12.4.11. Discussion.

The principal problem, if we want to carry out the non algebraic theory for

products, is that, due to the lack of connectedness of the products H o,
i<z

we lose the unicity of the sum decomposition. However, it is possible to

obtain unique decomposition in the following situation:

(i) Assume that o = H o;, and that the o;’s are connected; then, if
i<z

A € |o], write m'A = Y A} (the unique decomposition of 7’A in
Jj<z;
o;). Let y =) x;, and define (B;);<, by: BZ vk the ptyx C

j<z —
of type o such that =
e ¥'C =0 when k' # k.
o MO = AL
(Of course we assume k < x;.)
Then A = Z Bj, and the coefficients B;, as well as the ordinal

J<y
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y, have been defined in a unique way. In the same way, we should
get unique decompositions for natural transformations. These de-
compositions are made unique by the idea that we first list objects

(morphisms) of Cy, then of Cy, ....

This idea can be used to yield unicity of the decomposition in general

types:

e we represent o as a product of types o; (i € I).

e then we well-order I: we are therefore in the situation of (i) (recall
that o ~ [] o).

i<z

If the components o; of o are enumerated in a well-ordered way,

(0;)i<z, and we want to define a norm || - || on o, then the natural
solution seems to be: ||A|| = Y ||7*A||, provided norms are defined
1<z

on the o;’s.
This norm has the property that (A;,7;;) has a direct limit in o
iff (|| 4s|l, [|734]]) has a direct limit in o.

Finally, can we say something as to the predecessor relation in o ?

Assuming that the components o; of o are well-ordered, and that the

predecessor relations are defined in the types o;, then the predecessors of
® A; are the @ A!, where: for some j < z,

i<T

1<T
A=A foralli < j
A’ is a predecessor of A;

A =0foralli>j.

This definition is obviously connected to the norm || - ||: the well-
founded class {B; B pred A} is of height || A]l.

There is an obvious analogy between the sum (of ordinals, dilators,

ptykes...) and the product of types....
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12.5. Ptykes of finite types

The finite types are defined by:
(i) O is a finite type.
(ii) If & and T are finite types, so is 0 — T.
(iii) If o and 7 are finite types, so is o X T.
(iv) The only finite types are those given by (i)—(iii).

Most of the important facts concerning finite types, more precisely,
ptykes of finite types, can be extracted from the results of 12.2-12.4; there

are, however, a few additional remarks that may be of some interest:

1. It is easily shown, for all finite types o, that:
A Be |O'fd|—>A - Be |O’fd| .

Hence, using 12.3.14-12.3.15, it will be possible to apply Theorem
12.3.13, and to obtain an effective enumeration of all ptykes of type

o — 7 which are finite dimensional.

2. From 1, it is now easy to obtain various concepts of recursive ptykes of

type o.
3. In a similar way, weakly finite ptykes are defined by:

e weakly finite ptykes of type O are integers.
e weakly finite ptykes of type o — 7T are ptykes A such that A(a) is

weakly finite, for all a € ||, a weakly finite.

e weakly finite ptykes of type o x T are ptykes A such that 7' A and

72 A are weakly finite.
4. We now turn our attention towards connectedness of

e finite types; each type o can be represented as a finite product oo X

... X o, of connected finite types.
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e O is connected (i.e. n =0).

o if T~ 7Ty Xx..xT,, then
oc— T~ (0 =Ty X..X(o—T,).
eifo~oyX..X0, T~Ty)X..XT,, then

OXT~O)X ... X O, XToX ... X Thy .

Let us observe that this decomposition lists the components o, ..., o,
in a certain order, hence the observations made at the end of Section
12.4 make it possible to define predecessors and norms for all ptykes of

finite types.
5. If we define h(o) =0, h(ec — T) = sup(h(a) + 1,h(7’)), ho x 1) =
sup(h(a), h(T)), then it is easily proved that

{e; e is the index of a recursive ptyx of type o}

is 1T}, )41 complete. (When h(e) = 0, the concept of “recursive” we
use must allow infinite objects....) The proof would use a generalization

of the 3-completeness theorem to finite types: see Exercise 10.B.4.
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12.A. Godel’s T and ptykes

The purpose of this section is to give a model of Godel’s T' by means of
ptykes of finite type. There are, however, two essential difficulties in this
task:

(i) The types of T are built from the atomic type I instead of Oj; this
difference can be formally abolished by identifying  with O. But this
means that the objects of T are now viewed as hereditary operations

(functors) acting on ordinals!

(ii) Of course, one wants this interpretation of 7' to bear some relation
with the original interpretation; but then a new difficulty arises: con-

sider for instance an object of type I — [ in T, representing the

function
f@2n) =n
f@Cn+1)=0

It is not possible to find any ptyx A of type O — O coinciding with
f on integers: it is well known that dilators are increasing functions (n <
m — I(n,m) # 0; I(n,m) # 0 — [(A(n),A(m)) # (...). We overcome
this difficulty by considering a system 7", which is a variant of T":
1" contains one more atomic symbol: the term +; of type I — (I — 1);

the rules for 1 are:
t+0=t t+Su)=S{t+u).
All the other rules of T" are unchanged, except the rule for R:
RO (t,u,0) =t

RO (t,u,S(v)) = R (t,u,v) +o uw(R(t,u,v),v)
with
to—r =\ dy Az +r (2(2),(2))

toxT =M Ay +o (T'r,7y) © +r (P, ) .
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In fact this system 7" was implicitly used in the proof of Howard’s
majoration theorem (7.A.25). Given a term of 7", the majorizing term
constructed in 7.A.25 can be written in an obvious way in the system 7".
Observe by the way that 7" can be viewed as a subsystem of T". T" is in
some sense an “unwinding” of T". The mathematical structure of T” seems

to be far more interesting than the mathematical structure of T'....

To each term of T”, we shall associate a ptyx of the same type; more
precisely, assume that t(xq,...,x,) is a term of type 7, and that all free
variables of ¢ are among z1,...,z, (of respective types o1, ...,0,); then
we define, given ptykes Aj,..., A, of respective types o1,...,0,, a ptyx
t*(Ay, ..., A,) of type T; we also define, when Ty € I(Ay, By),....,T, €
I(A,, B,), a morphism t*(T3, ..., T,) € I(t*(Al,...,An),t*(Bl,...,Bn)), in
such a way that the following hold:

1. t*(EAl, ,EAn) = Et*(Al 77777 An) .
2. (T, ..., To) t*(Uy, ..., Uy) = t*(TyUy, ..., T, U,) .

3. t*<T1, 7Tn) A t*<U1, ceey Un) == t*(Tl VAN U17 7Tn A Un) .

n’ - n

4 Tf (A, TY) = lim (A} TY), o, (A, TE) = lim (A3, T), then (¢*(Ay,

—

o ) (T, T)) = Tim (AL, AL, £ (TY, ., Ti)). (In other

—

terms, t* is a ptyx of type 1y — (... — (o7, —> 7)...).)

12.A.1. Case of a variable.
If t(zq,...,x,) = 2y, define t*(Ay, ..., A)n) = A;, t*(T1, ..., T,) = T;. Condi-

tions 14 are trivially satisfied.

12.A.2. Case of 0, s, +] .

0* is 0 (the ordinal 0)
s* is the dilator Id + 1

+1" is the functor (bilator) sum.
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(In fact, we should have written, for instance: 0*(Ay, ..., A,) = 0, 0%(Ty, ..., T,,)
= E,....) Conditions 1-4 are immediately fulfilled.

12.A.3. Case of AP.
We consider t(u)(x1, ..., z,),that we can rewrite t(xy, ..., z,) w(z1, ..., Tp);

we define
t(u)*(Aq, .y Ay) = (A, Ay u (A, L Ay)
t(w)*(Ty, ..., T,) = t*(Ty, .., T,)) w* (T, ..., T},)
Then t(u)* enjoy 1-4.

Proof. 1 and 2 come from the similar properties of ¢* and u*; 3 comes from
12.3.9, 4 from 12.3.8. O

12.A.4. Case of \.
If t* has been defined, and Axt(zy, ..., z,) is Am(azl, ey Ty, :U)), we define

(At) (Ay, ..., An) ) (A) = (A4, .., Ay, A)
(Nat) (T, ..., TONT) = t5(Ty, .., T, T)
(Nat)*(Ty, ..., Ta) A = (T, ..., Ty Ba) .

By 1 and 2 it is immediate that (Axt)*(A;, ..., A,) is a functor of the
appropriate type, and (Axt)*(T1, ..., T,) is a natural transformation. Using
3 and 4, it is immediate that (Azt)*(A4, ..., A,,) is a ptyx of the appropriate
type. Furthermore \zt* enjoys 1-4.

Proof. 1 and 2 are immediate; 3 and 4 follow from 12.3.9 and 12.3.8. O

12.A.5. Case of 7!, 72
Assume that t* has been defined; then

(7')*(Ay, ..., Ap) = wl(t*(Al, ...,An))

(T (T, ..., T,) = wl(t*(Tl, ...,Tn)>
(72)*(A1, ..., Ay) = 72(t(Ay, ..., An))

(w2)*(Th, .., To) = 72 (t(Th, .. T) )
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where 7! and 72 are the ptykes of 12.4.2 (iv).
1-4 are satisfied.

Proof. Because 7! and 7% are ptykes.... O

12.A.6. Case of ®.
Consider (t®u)(z1, ..., T,), that we can rewrite as t(zy, ..., £,)Qu(xy, ..., Tp,);
define

(t ®U)*<A1, 7An) = t*(Al, 7An) ®U*(A1, 7An)
(t@u)*(Ty,....,T,) =t (Th,...., T,)) @ u*(Ty, ..., T,,) .
Conditions 1-4 are fulfilled.

Proof. Immediate. O

12.A.7. Case of R9 .
We define

(1) R*(A,B,0) = A.
(1) R*(A,B,E) = E4.

(2) R*(A, B,z +1) = R(A, B,z) + B(R*(A, B,z), ).
2) R*(T,U, f + Ey) = R*(T\U, f) + U(R*(T, U, ), ).
(2)" R*(T,U, f + Eq) = R(T,U, f) + Eop s, ar)ar) When T €
I(A,A), U € I(B,B"), f € I(z,2).

(3) R*(A,B,z) = sup R*(A, B,y) when z is a limit.

y<x

The first thing is to show that these definitions make sense; we show,
by induction on x, the existence of a functor F, from ON < z to T such
that F,(y) = R*(A, B,y), F.(f) = R*(Ea, Ep, f) and which is a “flower”,
ie. F(Eyy) = Ep)r.)- The details offer no difficulty and are left to the
reader.... Then it remains to prove that the functor B* preserved direct
limits and pull-backs. We establish the existence of a normal form w.r.t.
R (a three-variable normal form): assume that z € Tr (R* (A, B, x)), then

we define the normal form of z by induction on x:
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(i) If 2 = 0; then z € Tr(A); consider ag, by, xo,to € I(ag,A), ug €
I(bo, B), fo € I(z0,): rg(Tr(to)) = {=}, rg(Tr(uo)) = 0, rg(Tr(fo))
= () (hence xy = 0, by = 0); then z € rg(Tr(R*(to,uo,f0)>). The
fact that this solution is minimum is left as an exercise to the reader.

i) fe=y+1, z¢€ Tr(R*(A,B,y) - B(R*(A,B,y),y)); we establish

a lemma:

12.A.8. Lemma.
If A and B are of type o, then Tr(A+ B) = Tr(A) U rg(Tr(EQA + EB)).

Proof. Easy induction on o ... . O

Now two cases may occur:

1. z € Tr(R*(A,B,y)); then the induction hypothesis yields a normal
form for z, by means of ty, uy, and fy € I(xg,y); from this we easily

obtain a normal form by replacing fy, by fo + Eo1.

2. 1f z € rg(Tr(Eoa+Ep)) with A’ = R*(4, B,y), B' = B(R*(A, B,y),y):
assume that z = Tr(Ega + Ep/)(2') with 2/ € Tr(B), and write z =
Tr(B)(T, g)(v), with T € ](C’, R*(A,B,y)), g€ 1(y,y); T, g, v are
unique if we require rg (Tr(T)), rg(g) minimal for inclusion.... If rg(T) =
{uy, ..., upn }, write, fori =1,...,n u; € Tr(R*(A, B,y)) under their nor-
mal forms, which exist, by the induction hypothesis: u; = Tr (R*(ti, u;, fl)) (z);

consider the sets:

rg(Tr(t1)> U..u rg(Tr(tn))
rg(Tr(u1)> U...U rg(Tr(un)) U{(v,A),y)}

rg(Tr(fl)) U..uU rg(Tr(fn)) U rg(Tr(g)) U{y} .

X
Y
A

If ty, o, fo are such that rg(Tr(tO)) =X, rg(Tr(uO)) =Y, rg(Tr(f0)>
= 7, with ty € I(ag, A), ug € I(bo, B), fo € I(xg,x); then z has a nor-
mal form by means of g, ug, fo: z € rg(Tr(R*(to,uo.fo))). The fact
that this 3-uple is minimum for inclusion is left to the reader.
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(iii) If z is limit, then one easily sees that

Tr(R*(A,B,x)) = U Tr((A,B,y)) ;

y<zx

if z € Tr(R*(A, B,J?)), we have z € Tr(R*(A, B,y)) for some y < =z,
and the induction hypothesis yields a normal form for z by means
of tg, ug, and fo € I(xg,y); it suffices to replace fy by the function
f1 € I(zg,x) s.t. fi(z) = z for all z < xy.... The unicity is completely

trivial.

We have succeeded in definining R*. Of course, if R is viewed as
R(.Tl, ceey

x,), then we proceed as in 12.A.2....

12.A.9. Theorem.
The interpretation ( )* is a model of T": more precisely, if t(z1, ..., z,) =

t'(xy,...,x,), we have t* = t"*.

Proof. The theorem means that, from
1, oy n) = (21, 0y )
we can infer that
t*(Aq, ..., Ay) = t*(Ayq, ..., Ay)
(T, ..., T,) = t*(Ty, ..., T,)

for all Ay,..., Ay, T1, ..., T, of appropriate types. But:

12.A.10. Proposition.
t*(Al, ooy Apyu (A ...,An)) = v*(Ay, ..., Ay)

t*(Tl, o, Ty, w (T, ...,Tn)) =¥ (Ty, ..., T,)
with

(T, ey Ty) = t(xl, ey Ty w2y, ,:I:n)) )
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Proof. Straightforward induction on t.... O

Now we observe that * is compatible with the conversion rules:

(i)  Axt(u) = t(u): we must show that (Axt)*(Ay, ..., A,) (u*(Al, o An))
= v*(ay, ..., a,), with U(ZL‘l, ey X)) = t(:vl, oy Ty w( Ay, oy An)) But
(Axt)*(Aq, ..., Ay)(B) = t*(Ay, ..., An, B), hence the property follows

from 12.A.10; the case of morphisms is similar.

(i) 7 (t®u) = t: obviously 7! (t@u)*(Ay,..., A,) = 7! (t*(Al, A ®
u*(Ay, ..., An)) =t*(Ay, ..., An). The case of morphisms is similar.

(iii) 72(t ® u) = w: symmetric to (ii).

(iv) R(t,u,0) = t: we must show that R(¢,u,0)*(Ay, ..., A,) = t*(4y4, ...,
Ap); but R(tu, 0)(Ay, .., Ay) = R (#(Ay, ooy An), u* (A, .y Ay), 07)
= t*(Ay, ..., Ayn) since 0* = 0. For similar reasons R(t,u,0)* (T}, ..., T,)
= t*(Ty, ..., T,,).

(V) R(t,u,S(v)Y = v, with v = R(t,u,v) + u(R(t,u,v),v). We must
show that R(t,u, S(v))*(Al,...,An) = v*(Ay,...,A,). But R(t,u,
SW)) (A1, o An) = R (1(Ar, oy An) u(Ay, o An), 07 (A, o A+
1) = R (£ (A, oo, An), u (A, oy Ag), 07 (Ar o, Ag) )40 (A o Ay)
(R (£ (Ar, oy An)o 0 (Ay, o, An), 0 (A oy An) ) 04 (Ar, o Ay)) =
w*(Aq, ..., A,). The same method proves the result for morphisms

(we are implicitly using the fact that +5 is the functor: A +* B =
A+B, T +*U=T+U).

(vi) t+0 =t trivial.
(vii) t+ S(u) = S(t +u): trivial.

It is not easy to establish, by induction on a reduction ¢t = t', that
=t

— This holds for the conversion rules.

— This is preserved by transitivity
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t=t t =t
t=t"

— This is preserved by the rules

t=t t=t = u
Axt = Aat! t(u) = t'(u)
t=1t u = u t=t t=t
tRQu=1txu it = 7l w2t = w2t
hence the theorem follows... . O

12.A.11. Comments.

(i)

The objects of 7" can be viewed as ptykes; concretely, this means
that, when ¢ is a closed term of type I — I, then the function ¢
from IV to IN associated with ¢ by ¢(72) = £(n) (see 7.A.23), that

one usually identifies with ¢, is “naturally” extended into a dilator

(ptyx of type O — O); in particular the expression £(x) makes sense
for any ordinal x. It is remarkable that the data contained in ¢ are
enough to make such an extension in a perfectly natural way: all
that we do in fact is to write the definition of the associated ptykes
t*:

1. By using the usual reduction rules: for instance from R(a,b,0) =
a, we define R*(A, B,0) = A.

2. By transferring 1 to morphisms: typically R*(T, U, Eq) = T.

3. By extending “by direct limits”: typically, in the clauses (3) and
(3)" of the definition of R*.

The only definition which does not follow “mechanically” from the
intended interpretation of 7" is (2)” in the clauses for R*; but this

clause follows from the fact that R* is a “flower”.

Hence the construction of ¢* from ¢ is a very natural and intrinsic
process. It is not an exaggeration to say that the conversion rules
are sufficiently powerful to define the terms of 7" on arbitrary ordinal

arguments... .
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(ii) An old question is the following: to find an intrinsic “ordinal assign-

ment” to terms of T, i.e., associate ordinals to all terms of T" in a

natural way. Here this becomes possible:

1. To each term ¢ of T', we associate a term ¢; of 7", which is formally

the same term. (But the reduction rules are not the same....)

2. Then we consider the ptyx t]. Let us now give some particular

cases, depending on the type o of t. The reader will easily find

out the precise general definition:

if o =1, then {7 is a finite ordinal, i.e. an integer; this is the

normal form of ¢; in 7". Let ||¢| = t}.

if o =1 — I, then t] is a dilator; we define ||t|| = ¢}(w).
if o = (I — 1) — I, then ¢} is a ptyx of type DIL — ON; we
define ||t5]] = t;(Z1), where Z; is the sum of all recursive and

weakly finite dilators.
if o = ((l — 1) — l) — I, we consider the ptykes A of type

2, which send weakly finite dilators on integers: we call them
weakly finite. We define =, to be the sum of all recursive weakly

finite ptykes of type 2, and we let ||t|| = t}(Z2).
Of course we must explain these typical examples:

In the case of type [, there is nothing special to say, except that
the ordinal ||¢]] is < w.

The case of tupe I — [ is obtained as follows: we want that
It(w)]] < ||t|| for all u of type I; since we have observed that
|lu|| < w, remark that ||t(u)|| = ¢ (u}) < t5(w) = ||t

In the case of type (I — 1) — I, we still want ||t(u)| < ||¢]| for
all u of type I — [l; however, here we must take an additional
requirement: we want the ordinal assignment to be preserved by
further extensions; in a reasonable extension U of T',t he ordinal
||t|| must be the same. What reasonable condition can we ask for
U? A reasonable hypothesis will be that all the dilators (ptykes
of type O — O) corresponding to objects of type I — 1 of U,
will still be weakly finite and recursive. Hence we are naturally
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led to t1(D) < ||t|| for all D, weakly finite and recursive dilator,
and from that, the value [|t|| = t7(Z;) naturally follows.

e In the case of type ((l —1)— l) — [, we argue just as above:
what is a reasonable general property of all ptykes appearing
as uj, for some v in some extension U of T": typically, to send
weakly finite dilators on integers, as elements u}, u € I do. This

gives the explanation for the values of ||¢|| in that case.

We have so far proposed no ordinal for the types involving the
product. The question is delicate, however, one can take for a rea-

sonable hypothesis that

[t > [l't]], [|=>¢]
hence

el =l el + fIw=t]

could be a reasonable solution... .

(iii)) When o is finite type, the natural question to ask is to determine
the sets:

Xo = {|t|; t closed term of type o of T'} .

e It is plain that X; = w.
e X; 1 is the Howard ordinal 7y: Since PA (or HA) and T are

“equivalent” systems, this can be viewed as a new evidence that
Mo is “the” ordinal of arithmetic; for indications as to the proof of
this fact, see (iv) below. A direct proof of this equality has been
given by Péappinghaus [120] (1982).

o Xj_1y_1 s asubset of the first stable ordinal o9, by 11.C.9, 11/C/12/
This set is not an initial segment of oy: for instance, it con-
tains an initial segment equal to 7y, and the next point is W%

(WK = H)\xl_’l:c(x((_))) H) . The question of the determination of

the ordinal

sup{z; z € X(lal)al}
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(iv)
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is an open question. Maybe this ordinal is strictly less than the

first recursively inaccessible... .

o X ((lﬂl)ﬁl)ﬂl is a subset of m; of course, such a set will mainly

consist of stable ordinals, and its structure is not yet very clear... .

The interest of these ordinals lies in the fact that, besides the now
rather familiar association of the recursive ordinal 7y to arithmetic,
we now exhibit “non recursive ordinals of PA”, typically the ordinals
rg = sup{z; z € Xg} (of course the order type of Xg is always
recursive...). The natural conjecture is the following:

Find generalized (elementary) principles of induction, involving
the ordinals xg, in such a way that formulas of a certain logical
complexity (say K) which are theorems of PA, are provable by this

kind of induction up t xg, o depending only on K.

An interesting neighbor is Feferman’s system [77] of hereditarily re-
plete function over the ordinals: Feferman’s paper was the first se-
rious attempt to analyze the idea of ordinal denotation by means of
families of functions. The precise details are of no interest here; for
us, we can consider Feferman’s system as being 1" + constants T for

all x € On, together with equations:

1. S(z)=x+1

2. 7+y=r+y

3. Axt(z)(u) = t(u)

4. Tt @u) =
Tt Q@ u) =u

5. R(t,u,0) =1t

R<t7 u, T+ 1) = R(taua j) + U(R(t7ua SL’),I)

when z is limit (with an ad hoc notion of sup), together with prin-
ciples expressing that = is an equality... .

This system can obviously be interpreted in the same way as T,
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if we set ¥ = x.... Of course, since every closed term of type O in
this system has a unique normal form Z, the question raised in [77]
by Feferman, can be translated as follows in our terminology: which
ordinals x are such that = x, for some closed t of type O, involving
no parameters g, with y > w ? Feferman’s conjecture (established
by Weyhrauch [121]) was that these ordinals are exactly the ordinals
< 1o. The conjecture proves that X; ; = no.

(Proof. If z € X, write x = t*(w) for some ¢ € T", t closed; then
t(w) is a term of Feferman’s system, and ¢(w) = Z in this system,
and by Weyhrauch’s result x < 7. Conversely, if x < 19, then = can
be expressed by means of a term ¢ in Feferman’s system, using only

w as parameter: t(w) = Z; but then t*(w) = z, and x = [|Agt(g)||.0)

(v) The relation of 7" (and therefore of T') to ptykes is a rather new and
unexpected phenomenon. I hope that this could produce a revival
of the interest for T'. Observe that the ptyx interpretation answers
(at least partly) the question: what is the meaning of closed nor-
mal forms # 7 (A closed normal form of type [ is an integer; but
closed normal forms of higher types are more delicate to interpret.)
Typically consider the normal forms A\z(1 + z) and A\z(x + 1) in T
they both represent the successor function: n ~» n 4+ 1. But the
associated dilators are 1 + Id and Id + 1, which are different. Hence
the interpretation by means of ptykes helps us to understand why
these two normal forms are different: the associated dilators are not
the same. (But this says nothing as to the difference between S and
Az(z + 1))

12.A.12. Exercise.
Show that, when t is a closed term of o, t* is a weakly finite ptyx, and is

recursive.
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12.A.13. Question.

What is the relation between the ordinal |t| and the structure of the com-
putation of the normal form of ¢? It seems reasonable that |t|, viewed as
a direct limit, can be shown to exist by elementary ways; of course these
elementary methods would only enable us to construct the linear order |¢|,
and nothing more; presumably a (weak) well-foundedness assumption as

to |t| would then entail normalization for t....



